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FIXING THE GAUGE AT FUTURE NULL INFINITY

&
Osvaldo M. Moreschi
FAMAF
Facultad de Matemdticas Astronomfa y Ffsica
Universidad Nacional de Cérdoba
Laprida 854
5000 Cérdoba
Argentina

ABSTRACT
After a review of the fundamental concepts around the notion of isolated
systems in curved spacetimes, we analyze the problem of the ambiguities of
the supertranslations at future null infinity. We propose a tool that
provides a clean way to fix the gauge problem; namely the notion of "nice
sections”. We conclude with some resent results on “nice sections” on a
particular class of radiating spacetimes.

Meminny of Crmsejs Navhnal de lavesligacinecs Chentificas y técniras
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1 INTRODUCTION

Among the interactions defined by physicists, gravitation appears as the
weakest of them. And since the source of gravitational interactions is the
prescnce of matter, physically interesting gravitating systems normally
involve large concentration of it.

There are two types of physical systems where the use of the general
relativistic picture of the gravitational interactions is essential, they are
the systems that involve very compact objects and the systems that involve
all known mater, namely the universe. We will next be concerned with the
first type of systems.

In the study of very compact objects it is generally the case that we
can ncglect the influence of the rest of the universe on them. In this case
we say that the system can be modeled by an isolated system. In the Newtonian
picture an isolated sysiem is normally represented by a gravitational poten-
tial that goes to zero at large distance as 1/r. In a relativistic ‘theory of
gravity onc cxpects that at large distances from the central object the
spacetime will approach more and more the characteristics of Minkowski space;
more precisely, the discussion of isolated systems is made in terms of the
class of spacetimes which have their curvature poing to zero when onc recedes
to infinity, these are called asympiotically flat spacetimes.

The notion of asymptotically flat spacetimes (that we will discuss in
the sccond part of our talk) introducés a partial boundary for the spacetime,
that is very convenient for studying the asymptotic physical ficlds. However
a new ingredicnt appears (in comparison with what happens in Minkowski -spacc-
time), now the gauge group at infinity is much larger than the Poincaré one;
in fact it has infinite dimension, This has as a consequence that it is much
more difficult to handle the physical ficlds in this case. We will later pro-
pose a solution for the gauge problem.

2 ASYMPTOTIC FLATNESS

2.1 WHAT SHOULD WE LOOK FOR?

Since isolated systems in relativistics theories of gravity should be
modeled by asympiotically flat spacetimes, we should have a precise idea of
the meaning of this concept. A definition of an asymptotically flat spacelime
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should include somehow the statement that the curvature tensor tends to zero
when one recedes from the central region where the sources are placed. How-
ever in a Lorentzian spacetime there are three types of distinct direction
which one could take to move away from the centrul region; besides, one
should be very careful with the idea of & tensor tending to zero since in
principle, the notion of the limit of a tensor is not geometrically Cclear.
Comparison of components with respect 10 some particular chart will not work.
Another problem that should also be considered is the one of having to
expressed the conditions in the limit to infinity.

Since we would like to take into account the effects of radiation, it
turns out that it is more convenient to discuss these phenomena when one
recedes along null directions; therefore we should search for the notion of
asymptotic flatness at null infinity.

Although the notion of isolated systems is very frequent in physics, we
note that there is a great difference whether the theory onc is considering
involves the very structure of the spacetime or not. For example in Maxwell
theory in Minkowski spacetime. the notion of isolated system does not intro-
duce any problem. In this casc if one have a localized distribution of char-
ges, and the electromagnetic ficld goes to zero at infinity (in an appro-
priate way) one says to have an isolated system. In contrast in general rela-
tivity the spacetime structure is not given a priori, in fact using Einstein
equation, it depends on the matter distribution. In this case instead it is
much more difficult to figure out which are the appropriate boundary condi-
tions 1o be imposed on the spacetime and which are also consistent with the
field equation.

In order to deal with the difficultics of taking the limits of tensor
along asymptotic regions, it has been convenient the use of the conformal
techniques, by which one introduces a conformal metric

- 2
=Q
B B

Since w0 ge1 o infinity one needs to cover an infinite distance, with
respect to the metric g, one muy think that if one makes an appropriate
choice of £, infinity will be at a finite distance with respect 10 g . The
function Q should go to 2ero as we approach infinity. Also in these
techniques one usually attaches new points to the spacetime manifold, so that
the region where Q = 0 is included in a new enlarged manifold. By doing this
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one could replace limits to infinity by statements on these boundary points.

In the definitions of spacetimes representing isolated systems, one has
to specify the precise asymptotic behavior of the geometry as £ goes to zero.
The choice of appropriate asymptotic conditions for a spacelime is a delicate
one, since conditions too strong will rule out solutions that clearly repre-
sent isolated physical systems, and conditions too weak will allow for too
many cases in which useful aspects of the asymptotic behavior of physical
fields are messed up with unnecessary bad behavior.

It is inweresting to consider the possibility of separating the notion
of isolated system in pgeneral relativity from a particular field equation.
This is suggested by the following fact. Taking into account that any physi-
cally meaningful gravitational theory has to have Newton theory as a weak
field limit, one can deduce from the geodesic hypothesis that in such a limit
the time component of the metric should have the following asymplotic
behavior:

B, =1+ -+ 0(_;'?)

Then, assuming some uniform smoothness condition (that we will not discuss
here), one could expect that all physically meaningful theories of gravity
should admit the notion of asympiotic flatness.

However, in studying this kind of ideas it is good to recall a statement
appearing in the literature': "so far no firm arguments have been presented
cither in favour of or against the conjecture that nonstationary isolated
systems can really be described by asymptotically flat spacetimes, in the
sense in which this concept has been made precise up to now".

We can deal partially with this situation by working with a notion of
isolated system which is independent of a particular field equation; in this
way one should see later whether the theory one likes admits this notion. We
will next present a definition of an asymptotically flat spacetime which does
not refer to any field equation.

2.2 GENERAL FUTURE ASYMPTOTICALLY FLAT SPACETIMES?

Let M be a C™ manifold and g & C' metric in M. We define the orientable
spacetime (M.g) to be general future asym@mica"y flat (GeFAF) if there
exisis a manifold M with boundary 9°, metric g " and a funclion © on M such
thut M is diffeontorphic 10 (and therefore identified with) M U §* and

) onM: QisC”. Q>0 and ;¢=ngm;
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b) as:Q=0and QisC; 5 is diffeomorphic to $? x R, at every

point of ' there end future directed null geodesics of M, and ; is
non-degenerate; and finally

¢) the leading behavior of the Riemann tensor for @ —» 0 can be
cxpn_:ssed by

A

R '=ADR ‘+3R ° (2.0)

A
4/ 50, im 1 =0 R,
is a regular tensor at 9°, and SR m" is a tensor that goes _to zero faster

than Q) for @ — 0. Condition (2.1) must be understood as saying that every
component of the Riemann tensor R lk" with respect to an orthogonal tetrad of
g, » which is regular at 3°, behaves like eq. (2.1).

_ Note that from condition b) one can see that we are implicitly requiring
g, to be C' at §°, since we can write and solve the geodesic equation up to

where -there exists ﬂo > 0 such that for < ﬂo.

5 isell’. Also observe that in general the tensor ﬁ is unrelated to the
curvature of the metric g.

This definition of asymptotic flatness along null directions is clearly
more general that former ones; in panticular it is clear that implies a
.flatness condition, and also has the property that it does not refer to any
field equation.

2.3 DISCUSSION OF GEFAF SPACETIMES

Since the definition of GeFAF spacetimes involves metric conditions
along with curvature conditions, it scems that a direct way of obtaining
information is to introduce a tetrad, if naturally available, in order to
study cverything with respect to it. The use of null tetrads for the study of
gravitational radiation has proved to be quite useful over the years. Here we
will use the G.H.P. notation® for the spin coefficients.

Using these technic one can prove for example that future null infinity
is a null hypersurface. Also that the components ¥, and ‘I‘, of the curvature
tensor (in the above notation) behave like radiation field, although one has
not mentioned any ficld equations yet!

1.

+ . -
9 s prwmnunced “weri phn”.



In what follows we give the explicit asymptotic behavior of the
spacetime implied by the definition of asymptotic flatness. We make use ‘of
the fact that the conformal factor Q can be taken as the inverse of a radial
coordinate that measures affine distance along outward null geodesics; that
is:

—— I .
Q= -
and we also take the physical asymptotic behavior described by:
) =0

For completeness we write down next all the quantities that can be defined in
our formalism.

In the framework we are considering, the most basic object is the te-
trad. Each vector of the tetrad can be expressed in terms of the coordinate
system (x’= u, x'= r, x%, x) by the equations

8
F=(m)
m=(85) 1=2
ax

u a a8 -8

n=(mtUzmz+X !)' ;
ax

where m" is a complex vector, and it is satisfied that

l'n.=l

mm=-1,
and all other contractions give zero.

The torsion free metric conditions on the connection provide 'equations
that relate the spin coefficients, as defined by G.HP., and the tetred
componems’. These equations can be used to express the spin coefficients in
terms of the tetrad components as described in ref. [2).

The definition of asymptotic flatness impose conditions on the behavior
of the mewic and the curvature tensor explicitly. Using these conditions and
after a long calculation' one can obwin the leading behavior of the diffe-
rent fields.

The spin coefficients with spin-boost weight have the following
asymplotic behavior
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k=10

P"’z—r"‘ - ] +o(r-3)
: r
0 (586”-—‘30
o=-2-+ 22 1 406"
r
T=-T
l:'=0(r'2) .

The spin coefficients p and ¢ express also the expansion, shear an twist
. of the congruence of null geodesics generated by the vector field /.
The leading behavior of the curvature components is given by
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1]
]
<|a,):
ol
+
S
L]
vr'.a

2
2, =0 - ¢2z= + O(r'")
v, =- — + o™ .
r P = + O(r™)
2
]
v, = ri +0(7Y A® O = +00Y ;
0 ® = + 0(r)
| s (]
‘vl= r‘ + 0O(r’) R :o O(‘)
= +. r
00 3

0
v ]
v, = r: + O(r'%

where the y’s arc the components of the Weyl tensor, and A and the ®’s are
the components of the Ricci tensor.

One often deals with the case of Einstcin vacuum field equation, that is
the case of zero Ricci tensor. The behavior of the Weyl tensor in this case
is usually called peeling behavior.

In analogy with the case of Maxwell field in Minkowski spacetime one
associates the component W, 10 the notion of radiation. So \il‘ =0 ‘means
absence of radiation. In fact, neglecting divergent asymptotic behavior of
the Weyl tensor, one can actually prove that v, = 0 implies that all the
other components are constant in time. This reinforce the interpretation of
v, as the gravitational radiation content of the spacetime.

It is also observed that v, refer to radiation content, since when there
is no radiation y, = 0.

We will later refer to the physical meaning usually attached to the
components y,, ¥, and Vo
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3 ASYMPTOTIC SYMMETRIES

3.1 THE BMS GROUP _

The asymplotic structure of an asympotically flat spacetime singles out
a preferred set of coordinatc systems and tetrads at null infinity. This is
analogous to the case of Minkowski space in which the metric gives preference
to the orthogonal Cartesian coordinates along with their associated tetrads.

A set of coordinates at future null infinity are said to be of Bondi
type if the restriction of the conformal metric to the boundary of the
spacetime is given by the metric of the unit sphere; that is:

gl =-ds?=- 4dg df
I (1 + gB?
where we have used stereographic coordinates.
Transformations among these coordinates system form a group; the so
called BMS*® group.
The following is a representation of the Lic algebra of the BMS group in
terms of the generators acting on °: '

R =i (5 -EL B =880, 2 . ¢2 .72
f& BE] ad o
R'=- ;281'8— B=_zg_ a_ ;28.8_
[ aT BE] TR MR o

R =R B =B

= a_ .

Po=VYudm
where Y are the spherical harmonics, and 1 as usual is any non-ncgative
integer, while |m| <1 In Minkowski space one can chose the Bondi frame so
tha: the pgenerators R, R' and R coincide with the Killing rotations, the
generators B, B' and B° coincide with the boosts symmetries, and the

gencrators p, - With 1, <1 coincide with the generator of translations. The
[
rest of the infinite family of generators p - with L, >1 do not have a

Y

Minkowskian analog and arc associated to the notion of the so called
supertransiations,
The appearance of the supertranslations constitutes the main difference
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between the asympiotic symmetries of an isolated system and the symn-wu-i'cs'of
Minkowski space; and because of this it is difficult in general to extend the
physical concepts of flat space to the boundary 9° of an ' nsy'mploti;:ally flat
spacetime. ' o '

3.2 PHYSICAL QUANTITIES AT FUTURE NULL INFINITY

One of the main reasons for introducing the notion of isolated systems
is that one would like to have access to physical concepts, like total
momentum or total angular momentum of the system, in order to simplify "the
description of the system, ' g

Therefore having defined the notion of asymptotically flat spacetime, we
would like now to know what is the appropriate notion of foral momentum at
null infinity. '

Let us recall that in flat spacetime the total momentum is given as an
integral over a spacelike hypersurface, where the integrand contains_ the .
translational Killing vectors as argument. We also know that this. integral is
equivalemt to an integral on the boundary of the hypersurface, that is on a,
2-dimensional surface.

To each generator of Bondi transformations one can associate an integral
on a section of §°. Following the approach of Geroch and Winicour’, as
described by Walker’, we define de components of the supermomentum with
respect to a section u=constant of scri, by the equation

Ph(u)a-‘,_"—_:“[;lfh(qq+0°t;!°+a:6“)dsz

Only the P_ with 1 < 1 have an invariant meaning since only the four genera-
tor of translation generate an invariant subgroup of the BMS group. It is
because of this reason that the Bondi momentum, defined by:

1
P PPPY = (P, — *,

i 1
-PD - 7B P, + PI-I)'E P
is a physically meaningful object.
The Bondi mass is given by P from which it can be seen that when we
take a frame for which the spacclike components of the Bondi momentum are
zero, the Bondi mass gives the total energy content of the spacetime.

The fact that translations form a normal subgroup of the BMS group,
permits to relate the Bondi momentum defined on two different “sections of
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scri. In fact one can express a flux law. _ _ '

Since there is no Poincaré subgroup of the BMS group, it is not simple
to extend the definition of total angular momentum to asymptoticaily flat
spacetimes. In fact, there arc scveral inequivalent definitions of angular
momentum at null infinity. The usual problem with these definitions is that
they depend\'too much on the section in which they are calculated; and so it
is very difficult to relate the comresponding angular momentum values which
belong to two different cuts. A further difficulty in standard approaches is
the supertranslation ambiguity, since even if one had succeeded “in relating a
definition for two different cuts, one is still left with the superwransla-
tion gauge freedom. The only definition of angular momentum which is free of
supertranslation ambiguities is the one introduced in reference [9). In order
to get rid of the supertranslation gauge dependence, a unique Bondi system
was defined by imposing some conditions in the limit of the retarded time u
going to -oo. This kind of construction has advanlages’ and disadvantages.- One
natural criticism is that we think of an astrophysical observer as residing
at future null infinity, which we assume has complete information on the
local properties of the spacctime. This observer, using the local informa-
tion, should be able to make a physical description of the system. If we were
forced to define a Universal center of mass system by using the properties of
thé spacetime at the retarded time u = -oo, then, this would imply going
against the idea of local information description.

Since the definition of angular momentum at future null infinity is a
difficult task, one can imagine that the definition of multipole moments will
be even worse. As usual the difficulty has to do with ihe supertranslation
problem, since one does not know in general what to do with it. In 3* Janis
and Newman'® have argued on 2 interpretation of data at null infinity and
multipole moment structure of the sources. In relation to this, a personal
interpretation is that: the leading behavior of y, is associated with the
monopole structure which in turn has to do with the mass aspect of the sour-
ces, the leading behavior of W, is associated With the dipole Structure which
in twm has to do with the angular momentum aspect of the sources, and the
leading behavior of W, is associated with the higher multipole structure
which in first order would describe the quadrupole aspect of the sources. For
the cases of static and stationary spacetimes Geroch'! and Hansen' have
introduced a definition of multipole moments; however their construction is
done at Spacclike infinity. In other words, there is still lacking a Systema-
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tic study of multipole moments at future null infinity.

4. SUPERCENTER OF MASS SYSTEM

4.1 "NICE" SECTIONS OF FUTURE NULL INFINITY

The fact that the group of symmetries of mull infinity, of an
asymptotically flai spacetime, is not the Poincaré group but the  infinite
dimensional BMS group, has been a difficulty in the physical understanding of
the geometric asymptotic fields.

Over the years a number of trials have been made in order to restrict
this infinite dimensional frcedom to a more convenient one. Some of ‘these
efforts included conditions of a global character, as has been mentioned, in
which a unique Bondi system was singled out by imposing conditions in the
limit for the retarded time & going to 4o, OF -co.

Let us recall that in Minkowski space, every point singles out a Lorentz
group, which leaves that point intact (thosec are the Lorentz rotations around
that point). Analogously, in a general future asymptotically flat spacetime,
any section S of §' singles out a set of fix generators of the BMS group that
leave S intact. For a general space, S will not be the interscction of the
future null cone of a point with .

Is there any invariant way we can fix a family of sections at future
null infinity?

We present here a choice of retarded time which is local in character,
in contrast to the previous ones, and which has a clear geometrical meaning.

We define' a section S to be nice if the G-W supcrmomentum P satis-
fies

P =0 for 1=20. 4.1

Let us study next this definition in the simple casc of a stationary
isolated system.

4.2 THE CASE OF STATIONARY ASYMPTOTICALLY FLAT SPACETIMES
When there is no radiation content in the spacetime, we can prove“ that
it is possible to find a section S that satisfies

PM(S) =0 for 120

12



which is our condition of nice section. )

If we now make a translation from §, we will still get a nice section.
In other words, there is a 4-parameter family of nrice sections in stationary
isolated systems.

In order to determine a unique set of sections, we select a family of
them that follows the system, as we now cxplain. Using the construction of
reference [9], we can define an asymptotic section for the retarded time
u ~— -0, by the requircment that the angular momentum coincides with the
intrinsic angular momentum. Then, if we allow only for translations that are
parallel 10 the Bondi momentum, we will get a unique set of sections on s
which, in this particular case, agrees with the set of sections given by
u = constant of the Center of Mass Bondi systcm’. '

The question arises: can we carry out this construction in the presence
of radiation?

4.3 THE CASE OF "NICE" SECTIONS IN RADIATING
ISOLATED SYSTEMS

It was pointed out in ref. [9] that in any asymptotically flat spacetime
admitting the notion of angular momentum, one could single out a Center of
Mass Bondi system, which in particular contains an asymptotic sphere in the
limit u » -eo which satisfy the property of nice spheres. As was mentioned in
the previous section, when there is no radiation content, we can obtain a
unique set of nice sections by performing timelike translations which are
parallel 10 the Bondi momentum. Since we know that physically reasonable
astronomical systems will radiatc gravitational energy very slowly, we expect
o be able to find a consecutive section from the original one, which will
still be nice even in the general radiating case.

More concretely in ref.[13] it was shown that if the time derivative of

v+’ P+
is less than one; that is
ye<li

then given an initial nice section S, there exists a local family of nice
sections around S.

At this point two questions remain open: a) is the condition Yy < |
physically reasonable?, and b) can we find an original nice section S in' a
non-trivial radiating spacetime?

13



Question a) was answered in reffl13]. It tums out to be reasonable
condition; since even studies on systems including collapsing black holes
have

¥ < 10°

In the next subsection we refer to question b).

4.4 RESULTS ON "NICE" SECTIONS IN THE
ROBINSON-TRAUTMAN METRICS

A very important example of radiative spacetimes is the one of Robinson-
Trautman metrics'® (R-T). These are spacetimes which are solutions of the
vacuum Einstein equation, and which contain a congruence of null geodesics,
with vanishing shear and twist, but diverging.

We will specialize our study to those (R-T) spacetimes whose null con-

gruence reaches future null infinity and has no angular singularities.
' From the assumption that the twist is zero, it can be deduced that the
congruence is hypersurface-orthogonal; that is, by hypothesis, there exists a
family of null hypersurfaces which contain shear-free null geodesics. This
fact allows us to introduce a coordinate system as follows. Let u be a para-'
meter which labels these null hypersurfaces with u=const. We can associate an
affine parameter r for the null geodesics of the congruence.

To complete the coordinate system we introduce a pair of complex
stercographic coordinates § and § for the 2-surfaces §,, defined by
u=const., r=const., which are topologically 2-spheres. The pair ({,{) labels
the geodesics in the hypersurface u=const.

With this choice of coordinates, the Robinson-Trautman line element
takes the form: '
L i

T

2 y, , r? -
= [2Hr+K+2 2 ) dt+2dudr- oLl
P

where P is a function of u, { and E, and the functions H and K are related to
P through:

H = PP

K=Aw |,

where (-) stands for 6/8u, and A is the 2-dimensional Laplacian for the 2-
surfaces Su with line clement
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ds? = # dg df

The function ¥} is the coefficient of the leading term in an expansion in
powers of (1/r) of ‘Pz' which represents a component of the Weyl tensor in the
spin coefficient formalism.

The vacuum condition becomes an equation for P as follows,

- b .
-2‘1‘:+6‘l‘;’H-2—AK ;

which is called the Robinson-Trautman equation.

An immediate solution to this equation is V = constant, which when V =1
characterizes the Schwarzschild metric. In several works'™'&™® ¢ has
been indicated that the R-T metrics of the spherical type tend asymptotically
to the Schwarzschild form. More concretely, in ref.[16) it was established
that the Schwarzschild solution is asymptotically stable in the Lyapunov
sense.

This means that when the retarded time u tends to o= the R-T spaces cease
to radiate, since they tend to the Schwarzschild spacetime which is static.
Then this suggests that probably in this asymptotic regime, one can find nice
sections (which we know exists in stationary spacetimes).

In fact in the Appendix it is proved that in the R-T spaces one can find
nice sections in the asymptotic region of 5% for u — o

In this way we answer question b) of section 4.3, on the existence of
nice section for non-trivial radiating spacetimes.

§ FINAL COMMENTS

Whether one is interested in asymptotically flat spacetimes becausc one
wants to tackle problems of celestial relativistic mechanics, or the quanti-
zation of the gravitational degrees of frcedom, one is always faced with the
gauge problem at null infinity. We have here presented, by a clear geometric
and physical construction, a way of fixing this gauge problem.
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APPENDIX

The Robinson-Trautman equation
=1 .
-2¥) +6 ¥ H= - AK ;

can be simplified by noting that the function ‘l‘z can be made constant i:y

redefining u without involving other coordinates; more concretely, by a
transformation of the form v’ = f(u). )

It is convenient to make use of the GHP notation’, where the differen-
tial operators edth and edth bar :I'e defined; and which in our case, for a
function f of spin weight s, become

af = Lf P %C(P"D
and
Ef = if_ ples 8—_(9"!) .

9
respectively. Furthermore, we define the function V(u,L,{) and P, by

Poa(l"' -) '

.and

I’EVP°

With this conventions, the Robinson-Trautman equation can be put in the
following form:

uV=VFFV-V SV AV W
where
p,e-3‘i':>'0

and & and & are defined with respect to the unit sphere; that is

]

Originally the edh operator is denoted by &8, which however we anm  going to
ue o wpresenl the efth  opemlor  for  the  wnll  sphere,  sinee W will  sppesr
frequently,” For this reason we here denote the original cdih operator by 8,
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¥F=vZp g;kp;f)

¥= 2P Loy
o

The namral coordinate system adapted to the R-T family of spacetimes,
which we have already used in the last section to express the line element of
the Robinson-Trautman metrics, does not coincide with a Bondi system;
instead, it belongs to a more gencral class of coordinate systems that we
could call NU (Newman-Unti) type.

The induced conformal metric on scri in terms of a NU system will be

d5? = - 2duda - |l>‘ &Kt
where one has taken @ = l/r and P = P(u.C.E) is smooth and positive. Among NU
coordinates there exists the freedom in the choice of the coordinate u at

future null infinity, given by

u* = G(u.C,E) ;

where one should also change accordingly the conformal factor Q = r' and the
radial affine coordinate r by

r=6Gr

o'=6q .

for some smooth function G such that G is also smooth and positive. In this
way one obtains another coordinate system (u .r (Q in a neighborhood of
future null infinity which is also of the NU type; for which

P=6'p
A Bondi coordinate sysitem can be characterized in these terms by those
which have the property that

=p = {1+ &0
P=P =
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It follows that a coordinate system (u.r.l;.E). adapted to the
Robinson-Trautman metrics, is related to a Bondi coordinate system
. (u'.l’.l;n.cn) by a transformation for which

G=V

More explicitly the relating transformation has the asymptotic form

u® = f' V@', 4D du + BED + o)

®=Vvr+o(l)
=t ;

where wB(C.0) is an arbitrary smooth function. Note that u® and u have the
same_origin, that is they define the same section u = u® = 0, if one chooses
u(C.0) = 0 and u, = 0.

In ref. [19] it was shown that in the asympiotic future one can
expressed the function V by

V=1+ [‘E 8:"(u)
H|

«] «m<l]

where the &’s have the following asymptotic behavior

Y, Q0

-6
ﬁlm(u) = exp( T ) q:"'(u) .

in which the q:"‘ are polynomials of order s, with s < n.
Therefore one can write the transformation from RT coordinates to Bondi
coordinates in terms of this expansion

o = r 1 + I 8w Y, @0 @' + 2D
u
0

=u-u + [[ r S:m(ll') dll'] Yh(C-E) + “:(C-E) ;
u
(]
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and carrying out the integration, onc obtains

(E-nu

w=u- u + [): exp L3 p:"‘(u)] Y -

nu) - _
[{ exp H 0 p:'"(uo)] Y + u:(C,Q 4.%)

where again p'“(u) is a polynomial of degree s < n.

It is observed in the last expression that the departure of the RT coor--
dinate system from a Bondi coordinate System is given in terms of an asympto-
tic expansion of the form

oo -
A= T e"w Y GO ;
=
-lem<l|
where the s"(u) have similar behavior as the 6"'(u); in particular they are
govemned by the cxponential exp(-6nu/jt). We can then carry out a Sum, up to |
certain order n=N to make an approximation of this expression with crror of
order N+1. All the discussion on the asymptotic behavior of the 5, of ref.’
[19] are applicable to this expansion also.

The first order calculation

Let us assume that the section u® =0 coming from the above
transformation does not coincide with a nice section; then we can try to
reach onc of them by a further Bondi transformation

P=K@-9

Then the supermomentum in the new section u® = 0, with respect to the new
Bondi system, is given by

=
" T J8=u=0)

7, L0 PG = 0) &5,
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- where we are using the definition

‘PE‘P2+03+623 .

in order to simplify the expression.

f we set u: = 0, then the section u® = 0 coincide with tllu_: section
u=u of the original RT coordinate system. Then, since the RT metrics tends
in the asymptotic future to the Schwarzschild space, for which the sections
u = constant are nice, we expect that if we take u, very big the section
'u® = 0 will be very close 1o a nice section. More ‘concretely we expect ¥ to
be ‘small, in some appropriate measure, and K to be almost the identity.

We can also express the supermomentum in the new section § with respect

to the original Bondi system, giving

P =0 = - K,,,""'J ¥, G0 [¥%0 =y - £5 a5’
T P §=(u=1)l .
where the matrix Kh""" is the transformation matrix of the generators of
supertranslations, that is

P b Klnl " P+
and where the generators are given by
'plﬂ = Yh(C'E) gT' .

The quantity %2 can be expressed by
B, B “B=1 B B
‘!'(u=1)=l ¥® du™) + ¥2

where ¥2 is the limit of ¥* for u® — oo and - denotes now a/au”.
Calculating %" in terms of the Bondi quantities, it is obtained

YoPE

and 6® can in turn be expressed in terms of the function V characterizing the
RT metrics as follows
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a®=v!gv
~(1-8 +.) (a‘tiI + a‘&z +..)

~ 62 81 + ..
Therefore the first order of the asymptotic behavior of 6" is given by

-6 .
&=V3 A" T ) 2You&D + 00=2) ¢

where the A""l are constants determining the space; and so the first order of

the asymptotic cxpansion of ¥® is

(-12

—=u ’
B )z . Al A Y .+
m,m 1 1 -

w8
Y = 3 exp 2Yom 2V2m' *

G v

- LM
= 3 exp }.‘.LM B," Y, *

for 0 SL <4y-L <M <L, The coefficients B'z'”I are given by:

B = 5 [4n2+1)]"® T (1) A A% Q2mm’|LM>

where the sum is over all values of -2 <mand m’ <2 such that m + m' = M.
Explicit calculation of B;" and B:"' show that they are zero.

Working up to second order in the calculation of the supermomentum, we
can replace du® by du, since they differ by first order terms. In fact onc
has the relation

du® = [1 + T &) Yh(C,E)]] d .

Let us define the quantity

-6
o=cxpl B "0
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and assume that the function ¥ is O(w); then we can express Y8 evaluated at
the new section by

u_+Ye... (ﬂ Il)

w“(u"=y)=v:+l° exp B T du3IBY 4.

coneen® o] [t v

-12

=‘l‘ + exp "l "o [—E—B'"‘Y]#-o(m’)
Let us define
-12
xaexp uo) [%—B"‘Y]
and let us express Y by
T=%*+% -

where ¥, contains only spherical harmonics with 1 =0, 1 and Y, is expressed
in terms of spherical harmonics with | 2 2. Then if T satisfies

S B

onec has

VP10 - FFACD = ¥2 + C + o)

where C is a constant term of order @’.
Therefore, for 1 = 0 the expression

[ LD - S0 Y, D o
S(u"=y)

ya_nishles up to order w’.
A Lorentz transformation of order @' induces a transformation of the
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form
K=1+00) :

which does not alter the present result.

We conclude then that it is possible to determine a nice section in
order O(w?) by finding Y from the above condition and choosing some Y,
(which should be &(w)).

It is important to note that in this order of approximation A is
independent form the proper translation part ¥y, This is so because an O(w)
Y, induces variation.in y, of ow’). '
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Abstract

Finiteness properties of gauge field theories are discussed by means of
functional differential equation which holds in the Landau-gauge and which allows to

estabilish the non-renormalization of the ghost field ¢ and of the composit eperator (re®).
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1. Introduction

It is known since many years. mainly throngh direct inspeetion of Feynman graphs
[1], that the Landau-gange |2,3] exihibits remarkable finiteness properties.
Recently [4], a general renormalization scheme independent proof of these finiteness
propertics has been done by means of a functional differential equation which holds to
all orders of perturbation theory.
This equation, which represents the integrated equation of motion of the ghost field, can
be imposed ( among the class of linear 1enormalizable covariant gauges ) only in the
Landau-gnuge and turns ont to be very powerful for studying the quantumn properties of
a large class of models as, for instance, the Yang-Mills theories and the recently proposed
topological field theories in three and four space-time dimensions |4,3).
In these notes, which are close related to a wark [4] done in collaboration with A. Blasi and
0. Piguet, 1 will limit myself to discuss in details the example of the non-abelian gauge
theories in four space-time dimetisions.
We will sec that, thanks to the ghost-cquation, 1he model turns out ta be described only
by two independent parameters which can be associated with the renormalization of the
gauge coupling constant and of the gauge fickl-anplitude: in other wards the ghost field e
is not renormalized.
A second important consequence of the ghost-equation is related to the proof of the
finiteness of the gauge-mvariant composit operator {tre?), whose importance is due to its
relation with the U(1) axial anomaly [1]. Tndeed, as it is well known ( sce for instance [6] ),
the anomalies in n gauge theory ean be characterized by means of a set of descent equations
whose solutious are given by gauge invariant polynomials in the ghost-fields. Tt is not
strange, then. that the finiteness of (#re%) plays a crucinl role for the non-renormalization

theorem of the U(1) axial anomaly.
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The work is organized as follows: in section 2. we establish the classical ghost-equation
and the non-linear algebraic constraints which will be the starting point for the quantum
analysis. In section 3. we discuss the gquantum extension of the ghost-equation and we
show the nou-renormalization of the ghost fivld . Finally, in section 4. we present the

proof of the finiteness of the enmposite operator (1re).
2. The ghost-equation

Let us start with o purely massless gange theory guantized in the Landau-gauge:

1 " eA 4T | =a n
S= —:‘?/d‘;(f-‘:,,F"“)-i-/d‘:(b A" +2°0%(Dye)") (2.1)

where b, ¢.7 are respectively the Lagrangian multiplier, the ghost, the nnt.iglmst-and
(Duc)® = (Bue® + [ ALe7)

is the covariant derivative with f2* the structure constunt of a compact semisimple gauge

group G. The action (2.1) is invariant under the nilpontent BRS transformations |7):

aA® = —(Dype)*
ﬂﬁfcﬁ’:l
st = =

2 (2.2)

=0, A =0
=0
To write down the Slavuov idenlity rorresponding to the s-invariance we couple [7] the

non-linear transformations of (2.2) to exterunt sourees 0, 1.

S, = / d'r (-Q“"( Dyc) + f!-%"—) (2.3)



Then, the complete action

Y=8545, (2.4)
oheys to the classical Slavonov ity
. Y AN AL AL EAN
R(SY = [l e e e e e ) = 9
! (ﬁ‘) ./ ’ ! (hs!l’lll lu l ﬁ’;“ éf.'" l h h‘Fl’l ) " ("5)

Let nis introdiee, for fimther use, the ineacized ailpotent operntor By

an 4 6T b AT & AL & 5
By= [dr| = T A S i LT T o
-/' " (““"" Ay oy A8 AQn F¥leae VG bln H e ) (26)

By by, = 1)

The dimensions aud the ghost wmunbers of the fields and the sonrees are ( see table 1 ):

A I v ' Q L
Jim 1 2 )] 2 3 4
7 0 0 | -1 -1 -2

‘Talle 1. Dimensions aned Shosxt aumbiers
The Lanchiue-gauge. heing knear in ihe Lagrangian-multiplier, allows ns 10 impose [8] the
equation of imntion of the kfeld:
oYl P
mr—— 2z ) 2.
abe{r) (27)

Conmmuting (2.7) with the Slavnov identiny (2.5) eoe nhitaing the usnal constraint [8):

o &
G (xS = T+ o U= ' 2
() (a‘r-"i..:) k) m--w) 0 (28)
which is nothing but the equation of mation for 1he antighost fiell 7).

The action (2.0) is also variant sauler the rigiel gange teansformations:

M =1 (2.9)

rry
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where

e, = Lj"l rfob s____

(2.10)
¢=d,,e,f 0 LQ
i. e.. all the fields beloug to the adjoint representation of the gauge group 6.
Let us look now at the equation of motion of the ghost field ¢
oL 3 : abe =
== — %" - O0N° — fULhe 4 frtet AL 4 N (9MR) A, (2.11)
lutegrating on space-tine and using the gauge condition (2.7) we get the ghost functional
equation;
g'S = A" (2.12)
where
wbeh O
/d'.r( +f 65“) (2.13)
and

A% = / e [ (52 A — [V (2.14)

The ghost-equation (2.12) is peculiar of the Landan gauge anid, as we will see in the nexi
sections, imposes strong canstraints oi the stracture of the Slavnov-invariant counterterms.
The breaking A®, being linear in the quapim fields 4, snd ¢ is a classicnl breaking and
allows us to try the quantunt extension of 1the ghost-eqnation.

The Slavnov identity (2.5). the gauge condition (2.7) and the ghost-equation (2.12) form

n non-linear algebran whose relevanr part takes the form:



B,8(7) =0

T'B()A B, (% - &)= 1,0

il-i-gl-)- ....93.... 4 L
fbelr) (o:.--(..-) o4 ) =5

N

5 = [ o .
5 (r) (g", _,y) ¢ (ah:?:) - 04 ) =1

iGN + 6%x) (T7y - a°) = foke ( 6%} - 3.4“)

|#2. 8] = - 14T (2.15)

where v is a generic functional with even glost number. It is interesting to note that the

rigid gauge invarianee is a consequence of the Slavnov identity and of the ghost-equation.
3. Stability and Renormalization

To promote the previous classical equations to the quantum level, let us begin by showing
that the ghost-equation (2.12) holds 1o all orders of perturbation theory, The proof is

Lased by assmmning the existence of a quantim vertex funclional

=S4 0h) (3.1)
which oheys:
i} the Slavnov identity [7):
Biry=0 {3.2)
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it) the gauge-rondition {2.7) [8}:

o a
iti) the rigid gauge invariance |8):
He =0 (3.4)

Let s write, now, a broken ghost-equation:

[~ A4 Z (3.5)

'~

where 27 represents the brenking indueed by the radiative corvections. According to the
Quantum Action Prineiple [9] the lowest-order nouvanishing contribution to the breaking -
of orrler h at least - is a loeal integraterd field functional of dimensions 4 and ghost number
-1.

The most general expression for 22 reals:
i

2= /cf‘:r (wbrQbn AS + 7L 4 ot (00 AS A AvbrtEbEred g gobegbhe)  (3.6)

where wbe, pobe gobe ynbed gobe o arhitrary coefficients. From the non-linear algebra
(2.15) it follows thar the breaking =° must satisfy the consisteney conditions:

ByES -0

Gr)=b = 0 (3.7)
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from which it follows that:

e = pabe o obi o \abed - gabe - g (3.8)

Equation (3.8) prewes the ghost-cqmation (2.12) at the order considered, hence to all orders
by induetion. .

For what concerns the stahility [4), let us pervarh the classical action £ by an integrated
local functional £ of dimensions 4 and zero ghost number and let us impose that the

perturbed action

(E + fﬁ) (3.9)

satisfies, to the order ¢, the same equations of £, i. e

B(E+f§) =0 +0(¢)

(k)
—et = 84" +0(e) (3.10)
G*(z) (= + ) =0+ 0e)
T(2) (S+E) = a* +0(e)
To the first order in € one gets:

B:;i‘ =0 ’ . (3.11)
:,—: =0 (3.12)
GUx)E =0 (3.13)
g't=0 (3.14)

The conditions (3.12) and (3.13) imply that i h-independent mnd that the field 7 and

the sonree 2 enter only through the combination

o= QM OYET (3.15)
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\
From the condition (3.11) one hins:
£=- i’;’,‘- /rl‘r (F ") ) Bz /.f‘.r {=C L% + Can?rAy) (3.16)
where
=m- /d'.r(b"i).-l") (3.17)
and
28 65 &4 aS & 6% o
- — ' vt e — vt afe At — ———— = — .
By _/d T (5.4"', dyar : b2t A F AN T + be” bﬁ') (3.18)

is the restriction of the lincurized operator By to b-independent. finctionals obeying to
eguation (2.8).

As it is well knawn [8]. the expression (3.16) shows that the most general local solntion
of the Slavnov identity (2.5) compatible with the gange-condition (2.7) contains three
arhitrary parmmeters (g, Ge. €4 which. in the parameterization of the classical action (2.4),
can be identified with o renomnalization of the coupling constant g { given by ¢ ), a
renormalization of the gauge ficld A ( given by (4 ) and a renormalizarion of the ghost
field ¢ ( given by (. ).

Fmally, from the ghost cowrldition {3.14). it follows that

cf =0 (3'9)

which means that the ghost field e is no1 1enonnalized.
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4. Non-renormalization of (fre*}

To study the BRS invariant compusite operator {7re™) we conple it to an invariand external

field p of dimension 4 and ghost number =3, 1. e, we add jo the classical eqiation (2.4)

the term

!l! 1 b
o foo (252

It is not difficult 10 see that the action

S,=5+5. 45,

satisfies:

t) the Slavnov identity

B(t,)=10
#i) the gange-condition
«w
220 _ par
ab?

tit) the mnadified ghost-equation

Lo o pabe- l."-p 4%, )__ u
/lﬂ!( £ f + l‘L" -—A

(4.1)

(4.2)

(4.3)

{4.4)

{4.5)

The possible invariaut conutericrins allowed by the Slavnov identity {4.3) and by the

gauge-condition (4.4) are the same ns hefore { see expr. (3.16) ) with in addition one local

connterteri of the fornm

0 [ o (fd“ﬁ:"'(' ) o)
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where o is an arbitrary paenneter, However, preservation of the modilied ghost-equation

(4.5) smplies that

a = (‘IT)

Thiz menns tha the external fick] pis nal coponnalized or, in other words, the composite

field (2ret) is finite
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A PRESENCA DA CONSTANTE COSMOLOGICA NA TEORIA DE BRANS-DICKE E A
SOLUCAD GERAL PARA O VAZIO. i

C.Romero ¢ A.Barros
Departamento de Fisica / UFPb
58059 J Pe 5s-:a Pb BRASIL

1. Introducéo.

A teoria da gravitachn Jde Hrans-Dicke, surgida em 1961,
desfrutou de grande popularidade 10s anos sessenta, ocaslfio em que
fol conslderada upa séria alternatlva 4 Relatividade CGCeral
Iref.1). Tendo cumo princlpal caracteristica a presenca de um
campo escalar ¢ na lagrranglana Jde agao acoplado ndo-minimalmente &
geometrla, a teoria de Brans-licke pertence & classe das teorlas
da gravitacio com G varlavel (ref.2), sendo G a constante
gravitacional Newtonlana, Fabxrez :lhia cwegam de conflirmagho
experimental, esta classe de Leorlas vém apresentando recentemente
grande Interesse tedrico, especlalmente em conexiio com a questBo
cosmolégica. . '

As equacles de campv da tecoria de Brans-Dicke
c/constente cosmolégica provém da lagrangiana total

Lo Vg 4R+ Sehad™ v2h)s L, ,
onde w é un parédpetro adimensional. .. s2r deterninado a posterlorl
8 ln é& a lagrangiana da matéria. Dados observaclonals Impdem o
limite inferior w>S00 e se fizZzermos w—ra e ¢ = const. as
equagBes de campo ge redyzem As ecua:%es e Elnsteln.

Em 1868,Dicke [ref.3] obteve uma solugho cosmolégica, a
partir desta teoria, que representava um modelo de universo
espacinlmente homogéneo e Isotrépico. com se¢lo espaclal
euclidiana, e que evolufa a partir de uma singularidade iniclal.
Curiosamente, esta solugfio era a npespa que havla sido proposta em
1933 por-Dirac [ref.4] através de argumentos heuristicos que
partiam da hipdtese de G ser varliavel. A genera.lzaglio do modelo
de Dicke fol posterlormente obtida por Narial (1968){ref.S).

' A inclusfio da constante cosmoléglca na teoria origlnal ’
deu origem a dlversos trabalhos na 1iteratura, em particular,
citamos os de Uehara e Kim (1982), Lorenz-Petzold (1984), os quals
consideraran um fluldo perfelto como fonte da curvatura
[refs.6,7).
’ , Por outro lado, solucles para o vazlo de matérla foram
obtidas por varlos autores, destacando-se o trabalho de 0'Hanlon
e Tupper (1972} [ref.8), os quals encontraram 8 solugio geral para
no caso de geomstria do tipo Frledman-Robertson-Walker com k=o,
demostrando também a nlo-existéncla de¢ solugles para w <-as/2. Os
resultados de 0'Hanlon e Tupper foram reocbtidos num contexto bem
mals geral por Romero, Ollveira e Mello Neto (1989) (ref.9), os
quals aplicando métodos da teorla de sistemas dinAmicos, também
investigaram exaust|vamente as propr-iedades de modelos 1sotréplcos
con homogeneidade espacial e k=0 para fluldo perfelto com equaclio
de estado p = Ap na Leorla de Brans-Dicke.

Em 1983,Cerverd o Estévez propuseram uma teorla na qual
o termo cosmologico aparece modificade comparando-se com a
ta,’ungiana usual e encontraram solugdes para o vazlo de matéria
lref.10].

Mauntendo a lagranglana original da teorla de Brans-Dicke

36



e incluindo o termo cosmoldgico A da maneira usual, - Romero e Barros
_(1991) [ref.11) abordaram o problema do vazio e obtiveram a solugho
para modelos lsotrépicos espaclalmente homogéneos com Seglio

euclidiana. ' .

Neste trabalho, mostramos como as propriedades destas
solucdes podem ser estudades através dos chamados dlagramas de
fase definidos pelas equagbes de campo. As expressdes analiticas
das solugSes estéio contlidas na ref.1}.

11.Representactio des solugbes através dos diagramas de fase.
Partindo-Se da métrica ds‘s dti- Rig)Fda'y xt(dol letodd]]
isto &6, tipo FRW com k=0, as equagdes de campo para o vazlo de
matéria e constante cosmolégica A na teoria de Brans-Dicke sfio
dadas por: )
Ruv = -2Aliwn)/aws3) + ¥ Gndy, « $ Py . )
R = 24H/caws3) cLb)

Definindo ¢ = ¢/¢ , as equacBes acima podem ser postes
na geguinte forma:

$:=-90% - \'y-(uuw'-.. .M(un)/(aun), (2a)
8o -0'-40 +6A(w1—l)fﬂwﬂ), (1\7)
P -¥-40 + WU faus) ) : 2¢)

‘onde 8 = 3R/R descreve a expansio do modelo. Como na teoria de
Brans-Dicke o campo escalar ¢ ¢ identificado a G, .9 5 ¢/¢ &, na
verdade, uma variavel aspociada a variacio no tempo da constante
gravitacional Newtoniana G. Estas equagSes conduzem a uma relagSo
algébrica entre as varidveis 6 e ¥:
0 + 0 Mtz A, :

que funcliona "como und espécle de vinculo do sistema dinfmico
definido por 2b e 2c.

Os dlagramas que .se seguem representam as solugbes das
equacles ‘de campo expressas nas varldvels & e . Podemos, assim
ter uma visfio da evolugcfio dos modelos com relagio & wvariagho
desses dols parametros, conforme o valor da constante de
acoplamento w.

v
L

k LR \\\' |
e e NN \°\\e

AB~
Fig. la F-'a. 1b ‘:u'-a le
w— - We =Yg W= 3/
o) No presente trabalho veostomos considerando do. Para °

cano A<Q ver ref.i1.
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Fi%. id Frg. 4 Fig. A
LY -f
-3/9_<w..‘.'--"/3 ~Y/3¢we=-4 aU -1
b 4 g ¥

8\ [© e ) 0\\9 MR T T
ig - Fgad Fig. 1 &
=0 w20 W— +%

"Comentemos brevemente alguns desses dlagramas. Em primelro 'lugar,
com exceglio do caso em que -3/2 S W S -4/3, verificamos em todos
os diagramas 2 presenga dos pontos de equilibrio A e B, 03 quals
correspondema. & solucdes (@,y)=(8, ,p, )= const., descrevendo,
portanto, modelos cosmolégicos do tipo de Sitter. Esses pontos de
equilibrio realizam uma rotaglio no plano de fase 6y A medids que w
varia no Intervalo (-w,+«m) (ver flguras la-11). Quando-w =-1,
vemos que A e B representam duas solugbes estaticas (6=0),
configuracio que correspordie a uma geometria de Minkowski, porém -
" com a constante gravitacional G variando no tempo (crescendo num
caso e decrescendo no outro). Nestes modelos constatamos que ‘a
dinAmica de G-é determinada unicamente pela presenca da constante
cosmolégica A uma vez que nfio existem campos de matéria e devido -
ao fato de a geometria ser estitica. Estas consideragdes nos levanm
naturalmente a indagar a respeito da existéncia de uma relaglo
cosmica entre G e A, -fdéla que Ji fol levanta.da em contextos
diferentes {ver refs. 12 e 13, por exemplo).

A conjectura formulada por Dirac de que G deverla
decrescer em nosso Unlverso A medida que este expandisse pode ser
encontrada nos dlagramas de fase como uma propriedade exibida por
algumas solugdes desde, que w & 0. Estas solugBes sfio representadas
pelo ponto A e pelas curvas que tendem a A com ¢ > O,

Com relagio & existéncia de singularidedes, uma
sipples inspecgio dos dlagramas nos mostra que ndo existem Solugdes
singulares para W < -as2. _Por outro lado, quando w >-43 as tnicas
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solugles nfo-singulares sfo as representadas pelos pontos de
equilibrio A e B. ’

Finalmente, no llnlte em que wW-—»+« (ver dlagrama)
obtemos quatro solugles: os pontos de equilibrio A e B, e, também,
as duas curvas que tendem a estes pontos. A € B correspondem
exatanente ao modelo de de Sitter p/ o vazio na Relatividade Geral
com G = 1/¢ = consiante. As outras duas solugdes, todavia, nfio
satisfazem as equagdes de Einstein p/ o vezio com constante
cosmolégica, correspondendo , na verdade, a conflguragdes da
Relatividade Geral geradas por uma distribluigho de matéria
equivalente a um fluldo perfeito com equaglio de estado p = p.
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ON GRAVITATIONAL WAVES, VORTICES AND SIGMA;MODELS'

Patriclo S. Letelier . -
Uepartainento de Matematica Aplicada-IMECC

Universidade Estaduai de Camplinas
1308] Campinas, $.P., Brazil

We 'l'lnd that e existence of either vortices or cqs:;ﬂc,
strings solutlons is not affected by the presence of _grau_rlunlonnl
plane fronted waves and that curvature singularities appear due to
I:Ile Interaction between the wave and elther the string or tlie
vortex.

The metric assoclated to a finite number of paraliel cosmic
strings and Its pgeneralization for a continuum of phrallel cosmic
strings was found by the authér without making reference to its
fleld theory origin! Since cosmic strings are produced by .symmelry
breaking in earl& stages of the evolution of the Universe a
consistent way to define cosmic strings is to copsider the
Einstein equations coupled to the Yang-Milis-Higgs fleid
equations? A solution to the previous equatlons Lhat can be
interpreted as a fluite number of parallél vortex lincs. or a
finite number of parallel cosmic sirings was considered by Llnet?
A similar solution was studled by Comtet and Gibbons' together
with solutlons to the ‘E'.Inst-ein equations coupled with o-model type
of fleld theorles. The exlstence of the ;bove mentioned solutions,

as well as the multiple vortex solutions, relays on the fact that
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in a particular curve spacetline, albeit sufflclently gencral o
contaln the cosmic strings, the Bogomol'nyi equal.lons5 obtained in
the Bogomol'nyl limit are essentially the same equations that in
Minkowskl spacet tme?**

‘ihe purpose of thls communication Is to swdy the Einstein
equations coupled with either an Abelian gauge [ield interacting
wilth o charged scalar (leld In presence of the usual syimmelry

Lreaking potential or a nonlinear e-inodel type of ficld equations

for the melric
ds®s (idu+2dudy + 2Adudx +2Bdudy - e *Vtax?s dy?), tn

where 1, A and B, are lunctlons of u, X, and y; V is a Tunclion of
X, aml y only. In particular, we shall be Inlerested in the
sojutions that can be interpreled as cosmic strings. In Refs. 3
and 4 Lhe existence of cosmic strings solutions were studied for
Lthe special case of a spacetime {1) with =aA=B=0. We shall
conslder the case In which the functlons A, B, and [l are
restricted by

+B v 0. it_+H =0. (2)

A -B =0, A
' 1 XX Yy

¥ X X

When V =0 Lhe metric (i) with the restrictions (2} represents a
plane (ronted wave® with a constaut wave vector k*. The metric (1)
Is a particular case of the general metric that admils a mull
vector with zero covariant derivallve,

The Einsteln tensor for the metric (i) with the restriculons
(2) can Le casl as

av
G'w=-2e (V'“+ \ ”l(iukv+ Ivkp" (3)
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-2V . x -2V.y

e k =(H/2)8" +5"+A8"+B3Y, | =5, m =c < 5 .andn =¢°'3

where k =tH/2)5, +8,#A8, B3, =8y u u n
is and orthonormal vierbein,

The Lagrangean for the Ull) gouge field that we shall

conslder Is the the covarlant gencrallzatlon of Lhe

Ginzgurg~-Landau model,
» ] [] "
LA (17200, @ -leA 0)(a"0 sica¥s ) -AI01%- 7P, (@)

wiere Fuv a"l\v- avAu; e, A, and y are three coupling coustants.
Assuming that A"= (0.0.A!). and that Althx.Ayl. and ¢Ewl+iwz. are

functlons of x'= (x,¥) ouly, we get

= in_Jm _ 1) - 2_ 2,2
L ==(1/74) "7 FuFm (172)y Dlw_D,v. All@%- "), (s)
- u= v U B - 1~ =
wliere e &7 and Dlw.ﬂ alop. cc.bﬁlpb, with l:lz <, 1, ond
STh l:zz="""

When the coupling constanl are related by e?=8A and thic fields by

_ 2 2 - -
F"— e n”(wl 1 )/2, Djv_ M,E 7 Do, (6)

wlhere ||’k= e-wl:u. the Lagrangean (5) is a totlal divergence amnd

in consequence the solutions. ol: the first order equatlons (6)
(Bogomul'nyl cquations) are solutlons of the second order
Euler-Lagrange ficld equations derived from (S). Furthermore, by
direct substitution one cun verify that Tll= 0. In this case we

cah cast the EMT associated to (5) as'

I'w=-L(I"kv+ ka“l. 7
with -L .=ll/4)e"6”a|8’(-lﬂz+ nzlnlﬂz). Definlng the

orthonormal vectors V2t = kM+ 1! v2ab=s kM- 1, .we can put (7) In
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the form of the EMT that represents a cloud of strings,
1Y p(l"lp-z"zv). (8)
wilh p=-L. When -L>0, p represents the densiiy of the cloud. For
multiple vortex solutions p s a distribution wilth support on
straight lines. From (3), and (7) we have that the Elnstein
equations reduce to Lhe Laplace equation and can be explicitly
integrated. Morcover, one can show for the field equations (6) the
exisience of solutions lorr the boundary conditions that define one
or several vortices ' **?,
Now we shall consider a a-model with larget metric on a
Rahier manifold. Lect ¢“(x') a map from S into a 2n-dlmensionai
Kahler mnanifold M with me!.rlc Gmw) and complex structure J;I¢).

A=1,2,....n,. The Lagrangean for thls 2-dimensional model is
- 2 A B _u
L==(1/2)n C'an 8|¢ 819': 7. (9)

The quantity r* Is another coupling constant. When the fleids are
related L a',p‘ = .l: 'u: aﬁf. the Lagrangean is a tojwlogicai
invarlamt and in consequence the Euler~Lagrange equations
associated to (9) are identlcally satisfied. Agaln, one can show
by directl sul.»stilul.it.ma that Tu=0. Thus, when the ficid are
holomorphic the EMT lor Lhe o-model (9) can be cast as (7), l.e.,
as a cloud of cosmic strings.

Since In the Interaction of cosmic strings with plane fronted

gravitatlonal waves the spacetime can develop nomrivial curvalure

. 10 ; . -
slngularluesl we have that in the cosmic string limit the vortex
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and the holomorfic o-model solutlons will present the same

singuiar behavior, In other words we have proved that the

singulorities studled in Refl.l0 have a physical origin.
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Abzstract

n prohk-l}m da constante cosmolégica ¢ examinado em uma cosmologhi
de volume mmimo. Nesta cosinologia a constaute cosmolagica ¢ v quadrado
rla curvatura extrinseca do espago-tempo.

O aparccimento da constante cosmoliogica em relatividade geral ¢ uma «on-
seqénela da geometria riemanniana adutada para a descricio do espaco-tempo »
rla estrotura das equagoes de Einstein. De falo, o teasor mais geral, construido
com 2 méLrica o sias derivicas até ordem 2 e satisfazendo a condigin G4, =0 6
o tepsor de Einstein com a constante A (jd que g, =D):

i
Gil= R|,+ iRyi,"'f‘gu- “)

Isto resulla da inlegral de agio

A= ] (R + A)y/=gdv,

onde o leruw em A ¢ dindmito ¢ assume o papel da densidade de ecnergia do
viicno.  As estimativas atuais da astrofisica sugerem o valor A & HFYGeV! e
ronsequentenente o terno e A pode ser desprezado em consideragies clissicas,
Por outso lada, se levannes em conta a Woria quantica de campxs ein espags
ruevas, esite ternn de vibao com mma constante de proporcionalidade Ay, sofre
mipa colregan 8N resullante das luleacoes quanticas do campo, resultandn cm um
valor efetivo para a constanle casmobigica

AG!! = Ay I—(\:\

T il MDALGLNCCITNET
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Tomando o exemplo do campo escalar oblem-se |1} 6A s 107GV, Assim, dove-
su proceder mua regularizagio do campo de modo que Ay compense o 6A para
comparar Ay com o valor observado.  Como isto deveri ser ‘repetido a cada
interagio e como o universo se expande continuaniente, o processo de regularizagio
nunca cessa, persistindo mesnie nos dias atuais.  Assim,o problema da constaite
cosmologica pode ser fesumido como sendo um problema de "siotonia fina® em
teoria de campo, relativamente ao valor observado de A [2]. A miera substituicio
de A por uina fungio escalar como sugerido em [3] e ontros, nin resolveria o
problema pois de qualquer forma teriamos uma constante A e (1), a nienos que
s¢ altere a geomnetria de modo que g, ., # 0.

Nesta nuta, exploramoes a possibilidade de que A possa ser interpretada como
um campo escalar de natureza geomélrica (ji que a mesma esta wo lado esquerdo
das equanges de Kinstein), sem contudo madificar a geometria riemanniana. Para
implementar isto, considere o espago-tempo como uma hipersuperficie de um
espacn plano D-dimensional My, As coordenadas de imersio X* salisfazem as
eqracoes!

8y = -'\’,.:-\-.”j'"llll N,:Xl:qll' =0, fap= N:N;"'"" . (2) |

onde N, sio vetores orlogonats an espago-tempo e gag = £1. As comlicdes de
integrahilidade de (2] sio as equagies de Gauss-Codazzi-Ricei para subvariedades.
Para as nossas consideragdes é suficiente tomar a equagdo de Gauss

Rijui=2¢* PR ak)jn - . _ (3)

(e relaciona a curvatira riemanniana com os coeficientes da segunda forma fun-
damental Kj;4, definidos por

Kija = X5;Nin,.. ‘ (‘.l_)
Por contracio tensorial etn (3) oblemos
By = R0 = KinaK P4 = HaKf - MK = WYy - (5)
omle denolamos a5 cuvaluras extriseca e média respectivamente por |
K? = AP KpuiaK = Kaiah™® ¢ H? = g""t,sHpg, Ha =g K.

Assumindn agora quy g,; satislaz as equagdes de Finstein para um dado tensor de
energin-momembo 7);

i - . .
Rij ~ 38 = T,; - Agy; (6)

103 Tndices latines pequenos variam de ) A 4 ¢ os indices latfnos maliisenlos variam de 52 ).
Tudos os fndice gregos variam de | 3 ).
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¢ comparando esta equasio com com (5), resulla
Kim oK% = HoKf = 5(K? = By =T = Mgy m

Fstas equagies dizem que a segunda (orma fundamental K;,, deve ajuslar-se com
a fonte dada e a constante cosmologica. Note que {7) é uma equagaa algébrica em
K,ia, cujo traga 8

(K*—H)=4A-T (8)

Para determinar a geomelria associada 3 constante cosinolégica, considere o caso
do viiewo T, = G, obtendo de (8)

B a4 — %K"'g.-, = —Agi, ¢ K?= 1 = 4A ()

Vemos que A esta associado 4 curvatura extrinsec A® ¢ a curvatura média H?, as
quais devem se ajustar de forma a compensar o pequeno valor observado de A,

Umi caso particularmiente interessanie é aquele cm que o espago-lempo pos-
sni volume mininiofd], caracterizado por H = 0, de forina que o espago-tempo
compnrta-se como uma membrana de 4 dimensoes iinersa em M. Neste caso ¢
oblemws de (9) A = K?/4, permitindo descrever a constante cosnioldgica exclusi-
vamenie em terinos da curvatura extrinseca K2, Como esla curvaturas extrinseca
nin ¢ acessivel a0 observador riemanniano classico, interpretamos este resultado
afirmando que a adogao da geometria rienianniana é correla ao nivel classico da
Learia. Par outra lado em teoria quantica, A comporta-se como um campa escalar
devidamente inserido na geometria, o qual deve ser sintonizado,
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TOPIPOLOGICAIL EFFECTS DUE T'O A COSMIC STRING *

Y. B. Dezerra and 1. B. dos Sautes
Departamento de Fisien,
Undvesnlchide Fedeond da Parntin
BROGD doito Pesnon, PPh, DBrazil.

Tapological deferta of aprecthine can be characterlzed by a spacetine metiic with imbt Hiewmnin-
Clwistdfel coryature tennor everywhere exeept. on e defecta, that s, by conle type of eneenture sligu:
Imities. Heeent attempls o maery Ui geand unifieal theorive of partlele physicn witls garceral iclntivistie
models of Lhe enrly evolution of the unlverse hinve predicted Lhe existence of mich topnlngicnl defecls, (e
oxnmple of these topnlogicnl @eferta are the cosmic atrings! which appear naturally i oyte theories with
apont purous syitnietry hreakling.

esnie abring- are expecied Lo be crented durfug the phiase transitions. Some may still exiat and mny
even lie observable; athers mny have collapeed kg ngo, get have acrved as the seals of Lhe galnxies'?.

The line elenent of the spacetime described by an ufinite, straight aid statie cylindrically aymmetrie
vosnbe string?. lving along (he 2-nxis, is given by?

it = dP — dp? — o?plit * - P )

I o eylintrical coordinate systemn {hp,n,2) with p 2 0 and 0 € 0 £ 27, Lhe hypraurinee » = 0
nml @ = 2a being ktentlticd, The jmrmeter o I8 relatan] W the linear mass dewity po of Uhe stiing
by o=t 1 ~di. ‘This metric describes the spacetime which is locally flat (for p 7 0 ) but hes conelike
Ringalarity st p =4 with the angle deficit 8ap. Then, the apacetime around an hfinlte stralglit and static
cospuic aliing i locally iiat but, of courne nut globmlly ling, It doon not differ frotn Minkowskl apeetling locally,
I o ddilfer glolmdly. There Is 1 Newtonion gravitational potentinl aromal the string, lmwever we have
smne very hiteresting gravitatlonnl effects amocinted with the son-trivial tapology of Lhe apnee-like sectlons
aromnl the comnic string. Amuong theae offects, a costile slring can acta s a gravitational lens® ol can
hxlnees n repulaive foree on an cleelric charge ot rest?. Others cffecta include palr production by a high
energy plinton when tt Is placed in the spincetiine niv...d a cosmic string® and a gravitativiml analogue® of
the clectimmnpretic Alimonov-Tolun effect?.

in this pnper we stinly some elfects of the global fentures of thic spacetime of a straight cosmic atring
ot quunntomn partieles. To do this we vae the Klein-Gondon and Ditne equatlons In covnriatil firins.

Lol us comicer o senlnr quantien poptivle iimbedded In n clnssienl background gravitational fichl. tts
hehnvier ja described by the covariant. Kleln Cordon equntinon

|;/.!._H::,.(\/:a §*0) + ] g= @)
wheie mris the nmss of the pyrticle md A= ¢ =1 nnlta are chosen,

‘I'ne spacetime correnpatndling Lo o coamle strlug Ia Line Independent, sv the Uine dependere uf the
wave fimpcthne that sulves 1(2) way be sepmented i e 0 and ona Is ledd to o atatlonary prablem sl fixed
energy 8. Moreover, rutatlonsl fueaslance aied invarlanee aliug the z axls of the inntrle allow us 1 separale
the i enel 2 dependenves. In view of these we chioone Lhe sointions of Fq(2), y{t.p,'0,2) in the forin

V(o) e -2 | i 1 ak2) 1(p) ()

We l;lﬂll ;1; nehuosledpge Congelho Nuelenad ddee Depervolviimento Glentifien ¢ “Teensbigleas (CN3) for
o dind financinl muppand,
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where K8 nnl &k aré constants,
I Lhe apacetime correspomling o 8 cosmie strlng, the Klein-Gordon equation [EEq (2)| takes tie form

[pa,,(pa,,) + [l-lr"-  + m’)]p' - g}ﬂ(p) =0 (4)

where we hiave uned the anaatg given by IB-q(:!)
Fqnation (1) Is a Deasel diffetentind equatlon witi the general rolutlon given by

" Ruate) = “’440\:1) + CNy(0) ®)

where A? = E7 — (k% 4 nd), u=l[nr. G( and Gﬂ ) are normallznl.lon constauts, and Jy(Ap) and
Nji(Ap) are Rensel fanctions of the first md second klnd mpccti\'el;

We nasunie that the acalar quantum pasticle Is restricted to move In a 1egion bounded by the cyllndrical
eurfnces p=aand p=05, where b> a. The boundary conditions

(o) e R =0 - . (@)

determine the energy levels of Lhe |mrl.|clc ‘This coudition ylelds the following equation for Uhe energy
speclram of the particle - T ;

- (M) Ny (Ab) - J,:,,(.\b) Nyjlda) = 0 n

In order to obtaln Lhe spectrum expliclly we will conslder a situntion in which Aa >> 1 and Ab>> 1.
Then using llankel's asymptotle expansion when v Is fixed, we get .

E = \/m’ +K 4 % . )

From Fap.(8) we see Lhat Lthe eucrgy apectrum depends on the factor o (an well ns Lhe wave furrction)
relative to the Minkowskl case. But Lthe apacetime I8 locslly flat; Lthe Rlemnann curvalure tensor vanishes
everywhere ontside the string. So, the fact that this spacetime is locally flat but not globally (it ts conical
with deficit angle 22a) deforms Lhe energy spectnim renpect to a.

Now let s conslder the Dirnc equation In a curved spacetime, which In takeil to he

[ 1 - #Ge) 1) | Wa) = ma) ®

wharn -f'(::} nre Lhe generalized Dirac mntrlces amd are glven in tenins of the nlnudml [int upnoetlme
gnunnes 4(® by the relation

7' (z) = &, (x) (10)

where 1_’("',(:!:) are vierheins defined by the relations

Gaaer T

The pruchict 1}, that appears In the Dirac equaliot can be written as®

Pl = 1 (A () + i9? Bra(=*)) (12)
whive 9 = a4 14040) and Ag,) and By, are given by
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A = ( e + ol "-:-) - (1)

B = 5‘1-)!&#3«#“’"6"’"43 (14).

where siamn I8 the vompletely nutiigmmetrle, frh-order anlt deneer, md the cononn denotes 8fxp
For the inebrie: correspomling 10 n eomnle atelug we shall use the fullowing act of vierhelus:
q,"("” =8, ;,1'" = coap Jru "o amupﬂ!"

(15)
o = o &y + o """P"’; =4

which yickln the properflon gpacetime Ml (o = 1), Using Faa.(12)(t3) ad (14) and the nbyyve et of
vierhelpa we get, :

=l=1y=0 ad = 11...)-."1"' (10)

h-

Choosing (he ansatz

( vVE+ m wip)
=

exp (- il e 4 ily) (17)
i/ m lu(p)l"') .P g

The Mine equntiona hevone

(K -m) i[(ﬂ,. -+ #) + #(! l%)] ' \/m ﬁg
=0 (18)
(il-(n,. + k) k(e ;)| ~(E -+ m) )(:\/‘B_—‘J. u,)

"The geuersl aohitlons of the: aliove eqpntions are given by
ulp) = G gy m3e) + € Noyiiouit) | (19)
where P= 0,2, A= 7w ol v = "'l ~§ Cul, and C'g’ are normallzation constants and

Jier(i-{A) and N i.ay(\e) are Bosael T I.Iu- first andd second ki, respectively.

Now, Ll ur compaite Uhe encrent.. If s n wnnrelvn fickl, 5 cnn be written na

i = g (P st o P FB a1 B (AP +
(20)
[P AL 5o )
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or, writing iu components, in this case, wa have

jo =7 P provective
Jpy =Gl + (v x M)w + Jip)convective
. . 7/l —a
= =By + (V x M)‘,, +J(?J.uuneu- + P (—;—-) M, (21)
and

du) = =0 4 (V % M),y 1 Jiapcommeive

where Lhe convective parts are detived from :!.'.d"‘W.\V’ s the polarization densitics are given by

Pp = 2,,,3'nn:'nﬂ¢

Po= ,,,,hmw 5
and (22)_,

Py = ,,,,'hnmw'

and the components of M nre given by

Moy = =B tops mr] ¢

4m

My = 4,,,7’['Rs1-'m]¢ :
and (23)

My = =¥ x. W} ¥

The vector M has Ue meaning of a maguetization current density if we regard to un external electro-

mirgnetic lield.

Note the dependence af ¥, l.houglnt the componeit jiy), on the parameter a. Then, the current

differs froin the Minkowskl apacetime case hy a term containing n dependence on o. So, the fact thal the
spavet imie corresponding e n cosmlc string is locally flat but not globally In alao coderd luto the prohability
current. ‘There is a phyaical cffect on the current relative to Minkowskl spacetime which comes out from the
topologlenl features of the spreethne surrouinling n cosmnic string.
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SOME COSMOLOGICAL CONSEQUENCES OF A A-TERM
VARYING AS SH’+aR™(8, « and n constants)
J. A. S. Lima and J. M. F, Maia
Departamento .de Fisica Tebrica e Experimental
59072 CP164] Natal, RN - BRASIL

ABSTRACT - A phenomenoclogical decay law for the cosmoiogical A-term is
proposed and Its influence on the standard universe model is examined. As a
general feature, singular and nonsinguiar solutions are present and the age
universe problem can be soived. It is also shown that kinematic expressions
such as the luminosity distance and angular diam@ter versus red-shift
relation are significantiy modified.

1. INTRODUCTION

In the framework of the quantum field theories, the cosmological
A-term present in Einstein's equations can be interpreted as the vacuum
energy density. On the other hand, the cosmological estimatives of such a
term (A/8xG s 107°GeV') is smaller than the limits derived from gauge
theories by at least forty orders of magnitude. Such a puzzie is the
essence of the so-calied cosmological constant problem'.

Some physical mechanisms havé been proposed to explain the current
small value of the cosmological constant. Recently, several authors have
argued that the vacuum energy density. coupled with the other fields, Is a
time dependent quantityz'? in this way the A-term is small today because
the universe evolves. From a phenomenological polnt of view, the problem
reduces to determine the dependence of A on the scale factor R and its
first derivatives, taking into account the cosmological data.

in this article we examine some consequences of an effective A-term

varying as

A = 38H%+ 3aR™, (n

where «, 8 and n are constants, R Is the universal scale function, H=R/R Is
the Hubble parameter with the factor 3 belng introduced by mathematical
convenience. '
2. THE MODELS

We start writing the Einstein’s equations for the FRW line element
with a comoving perfect fiuid plus a A-term as source of curvature (a dot

means time derivative)
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8nGp+A=3Ez+3Ez. (2)
R R
R R «x
gnGp-A=-25-5 - K. | (@
R? R

By considering the “y-law” equation of state p=(y-l1)p, and the A-term
defined in eq.(1), one obtains the foilowing differential equation for the

scale factor

= 22 3ayR™"_ :
RR+A|R+AI:--—2—-O. 4)
the first Integral of which is glven by
-2A -n '
22 1 JayR Ak n-2
R”™ = AR + —2-‘7;—2—_?‘— - q H (AI‘ O.TL (5)

where

A
t

From eqs. (1)-(3) one obtains for p and P, the matter and vacuum

_ 3y(1-B8)-2 _ 392 .
== 8= and A is a y-dependent constant.

energy densitles, the following expressions:

-2A -2 31(I-B)+n-ZA|—2 « AI—II-B)A K

8nGp 1
= (1- B)AR + — —  ————,
3 Zﬁl'l'z—n R" Al Rz
8nGp -2A -2 J3Br+2A +2-n
3 ‘e pAR ' ¢ 28 +é’-n = - BAkz : ™
1 R" A R .

For a=8=0, the dynamic equation and the energy density of the standard
FRW models are recovered’. Unlverses with A constant can also be described
putting B=n=0. Further, recent modeis with variable A are simple

(6) -

particularizations of eqs. (4)-(7), namely: Ozer and Tahaz(B=0. a=k=I and °
n=2), Freese et al’ (x=2k=0, B=pv/p+pv). Gasperini'(B=.0. 9/5<n<2), Chen and )

wu® (B=0, n=2), Carvalho et al® (n=2). It Is easy to see that singular and
nonsingular solutions are present In our equations. If we put A<O the
singularity can be avolded for generlc choices of the constants «,8 and n.
This happens, for Instance, in the Ozer and Taha model. Such solutions are,
In fact, compatible with the weak and domlinant energy conditions.
Conversely, taking A>0 singuiar solutions are obtained as in the Chen and
Wu model. It is worth mentioning that the several phenomenological laws
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analysed by the mentioned authors are grounded in different 'arguments which
wili not be criticaliy discussed here. Formally, the behaviour _assu;ned in
eq.(l) Is the simplest generalization of the above considered particular
cases.
. 3. SOME PHYSICAL RESULTS
(i) Universe Age .

Defining the present time quantities q = - RR/R] and

teto
H“=R/R|“w one obtains from eqs.(4)-(5) the foliowing expresslon
for the universe age

1
-1 dx
t=H, Lﬂﬂ ' ®)
where x=R/R° and the function f{x) Is defined by

2q,
——
u-amx"“B

2q, )[(n-zm-x:""l )—(1-38)(1-x>") ] )
3-38-n

Zqo
f(x’ C N | -W +*

+ (1

In general, the above integral cannot be exactly solved in terms of
elementary functions. However, some Interesting particular cases emerge
from eqs. (8) and (9). If n=2, the expréssion derived In ref. (7) s
recovered. Moreover, [f n-2=1-38 then, tO-ZH;I/(:!-Sﬂ) showing that ages
greater than H;' can be obtained from eq.(8). The same result holds for n=2
and k=0 (see ref. (7)).
(ii) Matter Creation

For models with variabie A the energy conservation law (1"'"'.”-: 0)

takes the following form
. R i ,
p+35(p+p)--—m. (10)
Thus, if A<O energy Is transfered from decaying vacuum to the materlal

component. In the present matter domlnated -pliase. the matter creation rate

can be written as

- :
; . 3_01 ()

ko e = 30§ oo

where 0 AR /p is the present vaiue of the density parameter. For no2,
this expresslon reduces to the case studied by Carvalho et al®. The factor

3”0"0 Is exactly the creatlon rate of the steady state unlw_arse'.
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(1lil) Luminosity Distance (dL) and Angular Diameter Distance l:'lA) .

The kinematical relation distances must be confronted with the"
observational data In order to put limits on the free parameters of the
model. Using the canonical procedure to compute the luminosity and diameter,
angular distances‘. analytical expressions are obtalned In the foliowing
cases:

a) k=0 and n-2=1-38

-1 _1-38

2H
4= 135 — (l+z)[ -(lfz) 2 ' 2)

R—;ri;z,sln[l 33[: =5 z] (sin”'a - sin"azl]. 13
Tl b

For both cases d‘=dl_(l+z) , so that the distance relations are
modified by the presence of the 8 parameter. As one should expect, if -0
the results of the FRW universes are reﬁoveredl '

4, CONCLUSION

We Investigate some physical consequences of a decaying vacuum energy
density. It was Implicitly assumed that the vacumm couples only with the
dominant component in each phase. Note also from eq. (5) that the
recollapse conditions are strongly modified, In fact, models with k>0 may
expand forever regardless the value of the parameters B and n.
Alternatively, universes with k=0 may recollapse in a finite time Interval.
Finally, we cail atention that the Landau-Lifshits fluctuation theory was
applied by Pavén® to study the physical consistency of the several
phenomenological ilaws for the A-term. Such a paper was recently generalized
in the spirit of the present article by Salim and Wagam.

Acknowledgements: We thank J. Carvalho and i. Waga for helpful

discusslons. We aiso are grateful to the Brazilian research
agencies CNPq and CAPES for financial support.

55



References

1. For a review see S. Welnberg; Rev, Mod. Phys. 61, 1 (1989)

2. M. Ozer and M. O. Taha; Phys. Lett, BI7l, 363 (1986); Nucl, Phys. B287,
776 (1987). o

3. K. Fréese, F. C. Adams, J. A. Frieman and M. Mottola; Nucl. Phys. B287,
797 (1987).

4. M. Gasperinl; Phys. Lett. Bi94, 347 (1987).

5. W. Chen and Y-S. Wu; Phys. Rev. D41, 695 (1990).

6. J. C. Carvalho, J. A. S. Lima apd I. Waga; to be published.

7. M. J. D. Assad and J. A. S. Lima; Gen. Rel. Grav.21,527 (1988).

8. S. Weinberg; Gravitation and Cosmology, Wiley (1971).

9. D. Pavon; Phys. Rev. D43, 375 (1991).

10.). M. Sailm and [. Waga; oral communication at this meeting.

56



New Baryounic Force [ur the Univers:

Mirio iverahlo de Suuzn,
Departamento de Fisica - COET, Universidade Fedeaal e e iga,
Cuampus Universitisio, 49000 Aracaju, Sevgipe, DBrazil

It has been estallished, beyond any doubl, that e Ukivene is andevgoing, an expansion,
Recent data of several investigators show that gulaxici fursn gignatic steacbores in gpace.  De
Lapparent et al.}{(also, other pupers by the same suthors) have shown that they farm bubbles
which contain huge voils of many megaparsecs of dismeter. Broadhurt et al2 grobed dimeper
regions of the universe and showed that there are (Imhbie) walls up Lo a distaaer of wboul 2.5
billion light-years from our galaxy. Even more disturbing is the nppanab regidivity of Lhe walls
with a period of about 130A~'Mpe. Recent data® show, however, tha Ui bulibb; walls are not sn
regularly spaced and, therefore, the medinmn formed by them in rather n liguid than 2 solil. We
may call this medium Lhe 'galaclic liquid®.

At the other end of the distance scale, in the fermi region, it appears now, that the quark is
not elementary after all. This can be implied just fram their nmnber, which, nuw, stauds al 18.
Theorists in particle physics have already begun making models addressing Lhis comprsiteness?,

In the past, science has utilized specific classifications of matter which bavs vevealed hidden
laws and symmetries. Two of the most known classifications are the Periodic "1l of tie Blementa
and Gell-Mann's classification of parlicles(which paved Lhe way Luwards the guark nxdet).

Let us attempt to achieve a general classification of matter, including all kinds of matler, and
by doing 8o we may find the links between Lhe elementary pacticles and the lavge haodies of the
universe. This classification, although empirical, is surprisingly consistent.

It is well known that the different kinds of matter of nualure appeared at dillcrent cpochs of
the universal expansion, and that, they are imprints of the different sizes of Ll universe along Lhe
expansion. Taking a closer look at the different kinds of malter we may clussify Lhem as belonging
to two general states. One state is characterized by a single enlity with angular momentun, rnd
we may call it, the ‘whirling’ state. The angular momentum may be either the intriasic angular
momentum, spin, or the orbital angular momentum. The other state is characlerized hy collective
interactions and may be called the ‘soup’ state. In the whirling states we find the fundamental
matters that make the soups. The different kinds of lusduimental inatter are the: Lhuilding blocks of
everything, stepwise. In what follows we will not Lalk aboul the wonk force since it dous not form
any stable matter. Later on we will include il in the discsion. The whirling stabe is forined by
only oae kind of fundamental force. In the soup stale one wlways Ruds twa Lypes of fundamental
forces, i.e., this state is a link between Lwo whirling stalkes. Due to the intecaclious wnnng Lhe
bodies (belonging to a particular whirling stale) one expurly uther kinds of forees in Lhe soup state.
In this fashion we can form a chain from the quarks to Lhe galwclic supermstrnciures.

The kinds of matler belonging Lo Uw: whirling slates are the nucleans, U atom, bhe pil.xies,
etc. The ‘et cetera’ will become clenrer luter on in this acbivke. la e snup state one linds the iparks,
the nuclei, the gases, liguidy and solids, aml the golactiv liquil. Vit m, foc exanople, exmnine the
sequence nucleon-npucleus-alom. A mclean is made vul of quarks and lichd Lopether by pwns of
the strong force. The atom is made vut of the nuelena and Ui clectran{we will talh aboot the
electron later), and is held Lagether by muans of Ui elcliomnagnelic foree. “Phe nochas, which i
in Lhe middle of the sequance, is held Logether by the stroug force and by the eloctomagnetic inre,
In other wordy, we mny say Lhat the nuclens is a link belweon Ui olrong aod Wi elecivomagnetie
forces, let uy, now, thrn a Lhe sequence atom-(gan liguid goalisl) gadaxy. ‘P gocae, Gioueks and
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solida form the liuk between the elevtromagnetic force and the gravitotional force because they
form big clumps of matter, which are all, part of the biggeat individual clnnps, the galaxies. In
the same fashion as with nuclear matter, one expects oLher kinds of forces in the gases, liguids and
solids due to collective interactions. We arrive again aul u single fondnniental foree that holds a
galaxy together, which is the gravitational force. There is always the sanm pattern: one goes from
one fundamenta] force which exists in a single entity{nnclenn, nlom, galaxy) to two hindamental
forcea which coexist in a medium. The interactions in the medinm form o new entity in which the
action of another fundamental force appears,

By plecing all kinds of matter togetlier in u talle in the order of Lhe universal expansion we
can construct the two tablea below, one fur the states amd another for the fundinentnl forces.

In order to make the alom we need the electron besides the nucleus. Therefore, just the
clumping of nucleons ia not enough in this case. Leb us just borrow the electron for now.

In order to keep the same pattern, which should be reluted tu an underlying synunetry, the Lables
reveal that there should be ancther force, other than the strong force, holding the quarks together,
and that this force alone should hold Logether the prequarks. Let us name it the superstrong force,
Also, for the galactic liquid, there must be another funduimental force at play. From the enorimous
distances involved(and thus, the very slow Lransmission of this force at the presint epoch) we expect
it to be a very weak force. Let us call it the superweak force.

Summing up all fundamental forces forming the single cnlilies we arrive ol live forces. The
electron, apparently, belongs to a separate class. Adding the weank force Lo the othier five we obtain
#iz forces. Placing all five forces at the corners of an hexagon(IFFig.1) in the urder in which they
appeared in Table 2(the order of the ezpansion), and adding Llic weak force Lo Lhic missing corner
we obtain very interesting relationships among Lhe forces. For example, we find that the clectro-
magnetic and the weak forces are coupled(as they shuuld be); the superstrong force is coupled to
the gravitational force; and, the strong force ia coupled to the superweak force. These relation-
ships indicate that in the Planck era there are three forces, not one: 1) The electroweak force;
2) The superstrong-gravitational force; 3) The strong-superweak force. This would explain the
unexplained “threenesses” of the standard model(in particle physics). as discussed by Fritzach!!. If
the “threencsses” are related to the number of forces ‘in the beginning of the universe?, then Lhe
. number of quark generations should be 3/ where ! is an integer larger or equal Lo one. Therelore,
three would be the minimum number of generations.

The ultimate superstructure formed out of the galuctic liquid is the universe, uf course. There
should exist only one universe otherwise there would still exist nnother fundamcutal force invalved
in the interaction among universes.

Let us now consider the ‘soups’ and let us focus our atlention in the forces which fonn nentral
ordinary matter(gases, liquids and solids) and in the nuclear force. There is oue Lype of foree which
is commom to both cases. It is known Lhal the nuclear force cun be represented in terms of the
Seyler-Blanchard interaction®® which is a type of Van der Wuals equation of siate. ‘Ihe Van der
Waals interaction is also very common in ordinary iatter and is described by severnl kinds of
equations depending on the nature of the dipoles.

In order to have Lhe galactic liquid it is alsa necessury Lo have a sort of Van der Wids interaction.
Therefore, we need another force wilh a repulsive charncler(al prosent).

As we saw above, the superweuk force is conplal Lo the strong force and they must have
been unified ‘in the beginning of the nniverse’. Let us now try lo find a possible wathciation]
expresaion for this force. There huve beca reports of u fifth force inferved from the reanalyvis of
the EGtvis experiment and froin the mine-gravily duta(Fischhueh 1987). The diverepancies snggest
the existence of 8 compumition dependent intermediate-range force.
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The potential energy of such hypothetical lorce is usnally represented by n Yukawa polential
which, when added to the standard Newlonian potential cuergy, hecomes?

Ginyuny

V(r) - .

(11 acxp( r/A), (1)
where a is the new coupling in units of gruvity and A is its range. The dependence on compozsition
can be made explicit by writing a = ¢;g;¢ wilh

¢ = cosd(N + Z)i/p; + ain0(N  Z)i/ni, (2)

where the new effective charge has been wrillen as a lincar combination of the baryon mnuber and
nuclear isospin per atomic mass unit, and ¢ ia the coupling constant in terum of G.

Uatil now the results confirming the existence of such a force have been inconclusive®, atthough
they do not rule it out because its coupling constant{s) may be smaller than previously thonght.
It is worth noting that the ezperiments performed until now did not involve very large massesfi.c.,
a large number of baryonas.)

The superweak force proposed in this paper, although being a lung range force, has the same
character as the one of the proposed fifth force does. Since it should be unificd with the strong force
at short distances, it may be connected with baryon number or isospin. From L shove expression
for the fifth force potential we may express the potential of the superweak force in tenus of the
baryon numbers and isospins of two bodies i and j as

V(l'lN;z) = (AB(N'f' z,.(N 4 Z),+ A[(N _ z).(N _ Z),-]-
+As((N+ 2N - ) + (N + 23 - 2 TP ) )

where Ap and Ay are the force coupling constants of Lhe baryon number and isuspin terms, respec-
tively, and Asp represents the mixing coupling of isospin and baryon number, and g is the strong
force charge. Let us assume that the constants Ap, Ay and Asp are positive. Tuking into account
the homogeneity of the universe we may disregard the dislinction botween i and j and the formula
" becomes simplified somewhat,

V(r,N,2) = (As(N+2)'+ Ai(N - 2)*+ 2410(N + Z)(N - 3)) 9*9""1""-/ A, (4)

The superweak force is given by minus the derivative of Lhe nbove potentinl with respect Lo
r, which is a function of time(along the expansion). ‘Tuking into account cunservalion of baryon
number we have

PN B) = 4220 (aen) s i TR )
(31 ) vene.m (5)

where B is the baryon nuimber of any of the two portions. ‘e mnnber of baryona of thes: two
portions has to be extremely large, otherwise we wonbl alrcidly have clearly idenlifinl Lhis force on
Earth.

With the above expression for the snperwenk foree we will be abln Lo explain Lhe expansion of
the universe itself and ils cyclic behnvior,
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At some time in the ‘beginning’ of the universs N wus equal Lo Z. bel us name it ¢ - : 0,
For ¢ > 0, N decreases(from B/2) with respect to Z via the wenk interaction, ‘Therefore, the
asymmetry begins and Lhe repulsive part of the superwesk lorce increases. Asymmetry here means
the asymmetry in the nuinber of neutrons with respect to the mmber of protons. Tet s call it
nucleonic asymmetry. Duriug the next epoch, the lepton era, the mclennic asynnnetry increaseil
and the repulsion outpaced gravily easily, for, during Lhis cru N decreased drasticaly. At the end
of the lepton era Lhe neutrona made up only 13% of all baryous, the remining 87% being protans.
Therefore, at the end of this era the repulsion attained its maximum value. After Lhis point the
repulsion decreased due to the combined effect of the dupendence of the superweak force with r
and to the halt in the production of protons. As the universe ages Lhe stars barme white slwarfs,
neutron stars and black holes(not observed yet). During the nging process Lhe coce density of a star
increases and the high electron Fermi encrgy drives electron capture onto nucle and fvee protons.
This last process, called neutronization?, happens via the weak interaction. I'he muost significant
neutronization reactions are electron capture by nuclei and clectron capture by free protons.

Of course, neutronization takes place in the stars of all galaxies, and thus, the pumber of
neutrons increases relative to the number of prolons as Lhe universe ages. For exmnple, a white
dwarf in the slow cooling stage(for T<107K) reaches a steady proton to neutron density of about
1/8, and takes about 10° years to cool off completely. At a luter Lime one expects that Lhe neutrons
will decay via the weak interaction and tha number of protous will increase again({with respect to
the number of neutrons). Therelore, we expect to have N and Z as a funclion of Lime as shown
in Fig.2. The end of the lepton era is represented by ¢ = ¢,,, and ¢, is the Lime when N and Z
become equal again. According to the arguments above, there is a time which i the inverse of Lhe
end of the lepton era, with much more neutrons than protons. Let us name it ¢ = t,. In this way,
the attractive terms of the equation of the superweak force above become nmicre doininant than
the repulsive term(s) and the force closes the universe. It will be shown that Lhis force drives the
expansion and contraction of the universe and behaves overall as a spring-like force. In Fig.3 &,™!
is the present age of the universe(H, is the Hubble constant). The two turning points, where the
force changes sign are t = 0 and ¢t = T}, and Ty ia the maxiinum age of the universe including
expansion and contraction.

From the arguments presented above, the superweak force should be zero at ¢ =: G aud at t = T,
Mareover, around ¢t = T}, this force must be a restoring force. I.ct us expand the polentinl around
t = T¢(r = rr) and find the condition for a minimum(in the polential). Up ta third order in r — rp
the potential is given by

i‘% = # (Aa + 2A:18(29r - 1) + Ay(2nr - l)') | "';:(40'4'1140

+4arAi(20r — 1)) (r ~ rr) + ;fr— (4brasu 1 401 A -+ 4br Ay (207 D) (r- re)?

+',!,.' (4erArp + 4cp A)(20r - 1) + Bagbrd) (r 1) (6)

where ay, by and cr are the first, second and third derivatives of y(r) with respect Lo . I'he linear
term in r - rr shouid be zero so that we have a minimum at ¥ - rp. This leads Lo e condition
nr = %(I — Ap/A1). Using this condition and the condition #" = 0, at ¢ : Dand it 7} we
obtain ApA; = A;p? and % = —‘-!_;(Au/A;)"’ where r, i the dlistance hetween the Lwo bodies
in consideration at ¢ = 0.

Taking into account that ApA; - Ag?, g becumes iy - - ;(I ‘/ f,',') [ which we nblaio
Ag < A;.
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Considering that ApA; = A;y?, the expressions for Lhe potentinl and for L Toree Decon:

V() = {(VAy + VAI(29(r) '.).)' (7)
(Bg)? r
and
(—%(-’-'))1 = ;1’3%*) (Arzat) 3) 1 VAua)) | s(‘;,;')),- (8)
The potential around r = ry, up to third order in r -y beconnes
];_‘;%%)-i = ri (a-,-’(r - rp)? | Bayby(r - n-)’). (9)

One can easily notice that V = 0 at r = ry. Let us analyze in swime detail the point v . rp(or
t=T,).
‘The expression for the force around ¢ = T; up to first order in r- oy, is given by

P el

A1 (Bo} o (r ). (10)
From this expression we obtain )

%hﬂ. = -%gg%'):. (1)

which shows that vy can not be zero.
Now, let us show that the contraction begins at ¢ = i,(when n = 1/2). At t =¢, we have

%Ilﬂ. = ‘Zf (12)
and
Gef = et =

Since F,; < 0, we can not have sj, > 0, lor, in that cuse v, would have to be pusitive, und so we
would just leave the question of the contraction to a later Lime, but the shape of n(t) would not
allow it to happen. We can have a contraction at { = £, if we have 5, = 0, because in Lhis case we
must also have v, = 0. Let us show thal we have a maximuni for y(t,,) and a minimum for y(tL),
and by doing so we justify the shape of the curve shown in Fig.(2). Taking the derivative of Lhe
force as expressed by Eq.(5), and considering that it must be zero, and % —Daubt =1 und aL
{ =t,, we obtain

d* 129y |
:l_r!’! - Q‘zr’ . (14)

at these two times, where Q = (Au/m)"". ALl =1, 2y 1> 0, and therelore, :',:;' < ), and thus
n{t) has a maxinum at ¢ = ¢,. At — {1y, we may rearrange the abave expression as
d‘l! n(tu) (1)

dr? r.

(15)
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where we have used the relation 5(7}) — §(I : \/—%‘,’) Becuuse 3, < gy, the second deivative is
poaitive, and so at ¢ = ¢z, n{t) has a minisnum. This is consistent with the qualilative shape of 5
shown in Fig.2. '

We can also show that around ¢ = 0 the superwenk fosce is given by am wxpueusion identical
to the strong force. DBy expanding the potential aronud 7 : r, up Lo fiest onler in v vy, nd
calculating F, we have

(e < 22048 (16)

This is, of course, the expression for the strong furce al ¢ - 0. Thercfore, the sivoug force and the
superweak force are unificd ot t = 0. This result is consistent with I'ig.1.

We represent in Fig.4 the potential of the superweak forco nccording Lo onr cub:ulations und
considerations. Accordln; to this figure the universe spends must of its Lne al the boltom of the
potential, where it is more stable.

Expreseing the expansion rate as -,;h dB() = g(e) = 11 (t) where H(t) is Hnbbie’s constant, and

making L{n) = Ap + Ai(29 - 1)* + 2(A;A5)'f’(2q - 1) we obtain(disregarding gravity)

BY\L(n)|  B’L(n)
mproSHRS ° mpr 3 R®

where R(t) = r(t)/r., ro = r(0) and m, is the mass of the proton. In the rauge hetween ¢ = 1y, and
t =1, 1 >0,n < 1/2, and therefore Lis negative. H~! is the time of expansion belween ¢y, and ¢.
|Z|/H and L may have the same order of magnitude for times close to T. Lel us consider ¢ as being
the present epoch of the universe. If the expansion is slowing down we must have H<0,L>0in
this range. Solving the cubic equation in H for H < 0, we obtain

. - - - 13
Bg?|L) Bg°L3 B";‘|I'.|’
He) > (Em,r.’R’ P\ "m0k | dmpdr SRS
--— - - NIf
Bg*|i; B85 Bigh|Lf2
(e e e »
2myr,3R T2 Sr PR dmy,r, 8RO
which means that H is positive.
H we include the gravitational force, we add an extra ucgalive lerin Lo /1 which makes the
expansion to slow down more.

In the range t, < ¢ < Ty +1,, Lakiug into account special relativily and gravily and considering
that the two bodies are identical, we oblain

g
(c? ~ H? R’l'a’)”’
We can calculate how  (t) depemds an time arauel ¢ 1if we make some azmnptions on the

relative proportions of nculrons to protons prevailing prowwd 1 = - 0. The nuelear reactions which
must be considered in delermining the proton-nentron ratio nre the following:

H =

- H? (17

1133 f.(q) Wgll(y) Gm,

y | ’ .
(HE A 1TR) myr, 23 m,.r.,’l?.’ rolit?’ (19)

neiple v Inlve-"ple lupe c2piw,. {20)

62



By considering that the temperature is not very high so that mge?ssk?’, Alphar et a)." live

shown(in another contexi) that, among the reactions sbove, free neutron decny is Lhe dominant

reaction. Taking this into account and considering the condition that we fonml nt ¢t - O{F - 0),
= 'i'f,ln?v we have

n() = 2\/:; 0 (21)

where { is given in seconds.

We can explain the (flat)rotational curve of galuxics, v versus r in the fullowing way: We
expect that, since the time of its formation, 8 galaxy expericnces an overall repulsion, which st
be stronger between its bulge and its outskirls. Since Lhe gravitulional frce is respousible for
holding all the galaxy's stars together, the repulsion st cause a small effccl, only observable
over a long time. This repulsion is consistent, for example, with the outward molion of two large
expanding arms of hydrogen gas which have been obscrved close to the center of the Milky Way'!,
This phenomenom is not particular to our galaxy, and similar outbursts are lappening in many
other galaxies. Let us take a look at Fig.(3). Galaxy furmation happened at s Line t = L¢ > 8.
From ig up to the present epoch, a galaxy ia subjecied to the repulsive force shuown as Lhe lirst
hump in Fig.(3).

Because of the repulsion the tangential velocities of Lhe stars of a galaxy(out of Lhe bulge)
are kept constant due to the positive work performed by the repulsion on a particular star. This
work is done against the gravitational potential and the star gains gravitalional encrgy and moves
outward. Therefore, the atar’s tangential velocity does not change.

Let us consider a star in an orbit(1) at a distance Ry. The total energy, E, of the systein (inner
galactic region)-star, is

E = Ki+U,t+V, (22)

where K is its kinetic energy, U, is its gravitational energy, and V) is its superweak potential
energy. The inner galactic region includes the bulge of Lthe galuxy and the stars up to the radius
* Ry, In the orbit with radius R;, the energy E, is given by

E = Ky+Us4 Vs (23)

Because the gain in gravitational energy, Us — Uy, was obtained al the expense of the superweak
putential energy released, V; — V3, Lhe kinetic energy remains the same, ie., K3 - K,. There-
fore, vz = v;. Since the star moves oulwards and keeps the same tangential velocily ils angular
momentum increases. The increase is given by

AL = mv(R; - R)) (24)

where m is the mass of the star, v is its tangential velocity, i) is its original vrbitsl radius and
Rj is its final{al a particular time) orbilal radius. Because v remains constant its ungular velacity
decroases with respect Lo the central parl of Lthe galaxy.

Because of conservation of angular imnomentam the gnluctic bulge st decrense ity angular
momentum by the same amount, AL. If we consider thal Lhe angular velucity of the bulge does
not diminish(which is more plausible than olherwisc), then its inass nmst diminish, i.c., the central
hub sheds mare matter ouiwards. This fuct has been oluerved in iany galaxks. ‘I'hng, matter s
shed outwards hecause of repulsion and beenuse of angulsr mamentam conservation. “Pherclore, ns
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" the galaxy ages, ita nucleus diminishes in gize. The oppusite bappens to the e which beconn
bigger and bigger. This helps us understanding Lhe lormation of anns in galkiiio
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GAUGE E INTEGRABILIDADE EM EQUACOES LINEARES E NAO LINEARES

Manoelito Martins de Souza
Universidade Federal do Espirito Santo
Departamento de Fisica e Quimica

29069 - Vitdoria - ES

Usamos simetrias permutacionais para introduzir um
criterio algoritmico de decisdo sobre _a integrabilidade
(solvabilidade) de um sistema de equagoes. Comparamos as

estruturas de gauge das equagOes de Maxwell e das
equagoes de Einstein, tomadas como exemplos de sistemas

lineares e nao lineares, respectivamente. Somente para
equacoes lineares podemos fixar o gauge sem perda de

completa generalidade (em contradicdo a 1literatura
corrente), isto porque s6 para estas equagoes a condigao
de gauge coincide com a condigao de integrabilidade.

A) -SIMETRIAS PERMUTACIONAIS EM  SISTEMA  DE EQUACOES

1) A agao de operadores de Permutaqao (P a,f=1 a n), em
sistemas de equagoes, J -(F‘(x e, Y({X) ,...]-0, A=1al},

PagP (x%, ., ¥(x)%, . 1=, L v(x)P, L L Jcom PR, PPe 3
dlvlde o sistema em classes invariantes de equivalencia, [F 1.
Obs. Para resolver um sistema de equagOoes no formalismo das
simetrias de permutacao, trabalhamos com as -classes de
equivaléncia, [FA] e nao com as equagoes, FA( ) =0, '

2) Qualquer equagao pode ser escrita como uma equagdo de

autovalor nulo de um polinomio de operadores de permutagao,
Fh(x“,..,'l(x)a,...ho ——)0|(a)a'n(a) = 0, onde

0|(¢)= polinomial de operadores envolvendo « (PGB' P‘", etc)

ﬁ‘(a): nucleo ou autofungao de 0#«)

Bxemplos:Oﬂa) 2 FA(a)
vVé=p > (1 + Puyt Pxz) ($1yy =P/3) = 0
V.B =p > (1 + ny+ sz) (Bx,x-p/3)= 0
Q@ =p —> (L +P P <Pi) ($,,,7P/2) =0
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BasE OE EXPANSAQ Dos ()
1) FuNcOES DE ARGUMENTOS ORDENADOS, (FAO), sdo conjuntos de:
funcoes, flaB7...|, anbitrdnias e genénlcas, que se distinguem
entre si pela ordem de seus argumentos e por um fator global
Ex. Se flaBy...l, = x +xpc0937 entao f|Baz.. xB+x cosx
En um conjunto de FAO sd uma é totalmente arbitraria. As outras: -
sao determinadas, a partir da primeira, a menos de um fator
global.
2) FPA(x® )=0 -.olta)i’-“(a)=o + PMa) = 0,(«) fla...| onde O(«)
é outro polinomial em P, o, Payr ©tC-» tal que 0“«) on(a)
flaB...| = 0. Observagoes: .
a) flap...| sendo genérico e arbitrario = 0 (a) flag...| mostraT
a existéncia de propriedades algébricas e topological comuns a
todas as possiveis solucSes de uma categoria inteira de equagdes,
a qual pertence Fl(xa )=0
b) a’l(a) = 0 («) flaB...| é uma equagdo, em geral, muito mais
simples que (x, )=0 Exemplos: .
se FP(x%...)=(1+P g P a) « Pa) =(1-P,g) flapl é uma solugéo.

¥

Se PA(x ces)= (1+PaB av’ FA(a), entido

Ped,...), = (2P aPay) £ (BT) |
é uma de suas infinital classes de solugoes. possiveis.,

B) CRITERIO DE INTEGRABILIDADE (DEFINICOES)

1) Um sistema de equag¢des, §, representa um PROBLEMA BEM COLOCADO
se o n° de equagdes independente for igual ao n° de incognitas. .
2) EQUACAO PRESUMIVELMENTE INTEGRAVEL, EPl: a que envolve ou pode
ser colocada em uma forma que envolve nao mais que uma
incognita. .
3) SisTema de equagdes PRESUMIVELMENTE INTEGRAVEL, SPi: o que
tem,ou que pode ser colocado em uma forma que tem pelo menos uma
EPI, e que as demais se tornam EPI com a integragao. das
primeiras. Em caso contrario o sistema nao & integravel.

4) Um sistema ndo integravel pode se tornar um SPI com o
acréscimo de outras equagdes, vinculos ou condigoes adicionais.

Estas seriam, entdo, suas CONDICOES DE INTEGRABILIDADE.
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EXEMPLOS (aparentemente em contradigao)
a) VxB=0. Sao 3 equagoes, (Bi j=Bj i’ i,j =1,2,3), cada uma com
duas incognitas. £ SPI, pois pode ser escrito como
(1-P, j)nl 5= =0 » B, 5 flijl+fljil-fl(1j)l-81 j=°'ij » B= V§.

b) V.B=0. Uma eq. com 3 incognitas, Has e EPI pois »
(1+PxY+sz)B =0. B = VxA é apenas uma de suas (infinitas)
classes de possiveis solugdes,

SO € um PROBLEMA BEM COLOCADO porcausa de suas smetrias.

permutacionais (BiHPij j
c)Condigao de curvatura nula =» A - A, ' + [A,, ] = 0, ou
(1-P,,)D A,=0, Com D= 8, + A . =» D A =tl(uw)| + A =- u 13 M-

M
(M, matriz 1nvert1vel)

C) EQUACOES DE MAXWELL (em espago plano)

1) Abordagem usual

uv = - 4 I
F"up J* com Fuv e Au e 4 incognitas e 3 egs. ja que
J“ =0. A 42 eq. é suprida pela condi¢do de gauge, AF, =o "

uAu:J" As solugoes fisicas sdo solugoes simultaneas de AP " =0
e de oaM=gH, '
2) Usando as simetrias permutacionais.
(1+Pyz+Prt)(Ax:; -Ay:; - Jx/3) = 0 implica em
u\"'; -AY';‘ - 3%/3) = 0,(¥)fIxyztl.

Esta eq. é claramente niao integravel, pois envolve 2 incognitas,
A* e AY. Precisamos de mais uma eq. relacionando AX e A’, dada
pela cond. de gauge (1+P +Pyt)(Ay Ax,x/a) = 0, que resolve o
problema,
3) Diferencas (sutis) desta abordagem )
a)Sao 4 eqgs, mas consideramos apenas uma (Fx“,HH-J"),
representando a classe de equivalencia.
b) 0 fato que as 4 eqs. nao sao independentes nao & utilizado. A
nao integrabilidade esta presente no fato que elas envolvem 2

incognitas.
c) A condigao de gauge & também a condigao de integrabilidade j&
que a adogao da condigdo de gauge nao restringe o universo das
possiveis solugdes. Niao se perde generalidade com a escolha do

gauge. Esta afirmativa nao pode ser generalizada, como se faz na
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literatura, para sistemas nao lineares.
d) outra abordagem equivalente seria checar quais solugoes da
condigao de gauge, (1+PxY+sz xt)h rg=0 ° aX = 0 (x)flxyztl
satisfazem a oaM=J¥,
D) AS EQUACOES DE EINSTEIN Gy = Ty

1) Notagao: a, B, 7 e 3sempre representam DIFERENTES indices ou

componentes. Ndo vale a convengao de Einstein. ’
2) Escolhemos , sem perda de generalidade, coordenadas que
dtagonallzam o tensor metrico em um ponto generico Q.

as? lg = £qe”(ax%) 2 e e"(dx”) +e.e 7(ax") 2+ e e® (ax®)?
onde o, B, 7 e ssao funqoes genéricas de todas coordenadas, e*ca,
eﬂ, cr, E5 = tl. Portanto, estamos considerando as eqs. de
Einstein em sua mais completa generalidade, inclusive quanto a
assinatura da métrica. Nenhuma hipdtese & feita sobre LT nao
ser da mals completa generalidade, o que corresponde a um tensor
totalmente simétrico sob permutacoes.

3) As eqs. se dividem em duas classes invariantes:

L] B a
laa>:  8,085{(P,,+P 0) (14P g)g " [ (a p’*zgd (%490p'8" Jagrag’ *

77 oo 2 oo =
+49°"g (rraarrpﬂ-r1ap); + 8/3 g Taa} 0

. - - Ly -
laB>: (1+Pa8)e1{(1ap+1[21a18 “B'a TaB)+g [2a3ga7,1 za1r¢31+

-2r' -r =0

7y r'mﬂ vaB'y + 29 ( Syv 6¢B awarawﬁ’”

onde ¢B=8a/6xB, aa=8a[8xu , ete. , (o

2rapu=g +g

pﬂ) = 2aBB+aB(a-B)B
6,=1+P, ., 8g=1+Pg +P

ap'u Jau’p dpu'a B By B

CONDICOES DE INTEGRABILIDADE

Cada eq. envolve todas as 10 incégnitas de um modo tal gue para
torna-las integrdveis, sem quebrar a simetria, precisariamos de
10 condigdes de gauge. Como SO0 dispomos de 4, s6 nos resta a
reducao simétrica do n® de incognitas, o que implica em gaB A
metrica € globalmente diagonalizavel. As eqs. se reduzem a
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|aB>: (1+P,0) 0, (27,047, 752057, - 2'1'“5} = 0,

|aa>: 6,8, ((Py +Pog) (147, ﬁ,)[g"’ (agg) +1/29" a?]+s/3 g**r, )=0
Ainda nao integraveis.
Para lax> nao ha possibilidade de simplificagao através de
eventual condigdo de gauge, porque cada um des seus termos -
envolve mais de uma 1ncogn1ta.
{@B> poderia, em principio, admitir uma condiqao de gauge do tipo
G,(1+P¢B){2¢B ¢+2T¢3 F(7) }=0,
onde F(y) € uma dada funcao de y e de suas derivadas. Mas para
nao quebrar a simetria precisarfamos de 6 condigoes iguais a esta-
(uma para cada |af8>). Como sd podemos ter 4 temos que reduzir o n
de incognitas. a finica possibilidade & a=B=y=3=¢, ou seja a
métrica tem que ser conforme: "SOLUCOES TOTALMENTE SIMETRICAS
DAS EQUACOES DE EINSTEIN SAO CONFORMALMENTE PLANAS". E como
consequéncia:"sOLUCOES DE  VACUO  TOTALMENTE  SIMETRICAS  SAQ
PLANAS".

E) LIBERDADE DE GAUGE E GENERALIDADE

Para as eqgs. de Einstein, diferentemente do caso das eqgs. de
Maxwell, a condicdo de gauge nao € igual & condigio de
integrabilidade, e isto implica em possivel perda de generalidade
com a adogao da condigao de gauge. Por exemplo, se tivessemos
imposto © gauge pcru =0 (cond. harmonica) so poderiamos ter
solugoes planas, porque a cond. de integrabilidade nao é afetada
pelo gauge, e este, para uma métrica conforme implicaria em ¢,u
para todos os pontos da variedade.

Conclusao:

Liberdade de gauge nao ¢ garantia de maxima generalidade.. Ao se
adotar um gauge para sistemas ndo lineares deve-se atentar para
possivels exclusbes no universo de solugdes.
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FORMALISMO PARA SISTEMAS DE ESTATISTICAS GENERALIZADAS

Manoelito Martins de Souza
Universidade Federal do Espirito Santo
Departamento de Fisica e Quimica

29069 - vitoria - ES

Sob permutacoes de indices um sistema de equagoes se
particiona em classes de equivaléncia. Qualquer equacido
pode ser escrita como uma equagao de autovalor nulo de uma
funcao polinomial de operadores de permutagao. Este
operador polinomial define uma categoria de equagoes que

tem em comum uma mesma algebra e uma mesma _topologia,
definidas sobre uma base apropriada de expansao de suas
autofungoes. Esta algebra e esta topologia classificam o

sistema de equagbes de acordo com a estatistica de suas
solugdes, isto é, o comportamento ‘delas sobre permutagoes.

Incluidas nestas classes se encontram as estatisticas de
Bose-Einstein, Fermi-Dirac e de sistemas exoticos
(anyons) .

A) SIMETRIAS PERMUTACIONAIS EM SISTEMA DE EQUAGOES

1) A agao de operadores de Permutagao {PGB' a,f=1 a n), em
sistemas de eguagoes, 3 =(F“(x“,..,'l(x)“,...]=o, A=1al),
Pasrttxal--!vtx’al--- l=FB(xﬂl°-:"x)an-°° Jcom FA ’ FBE 3

divide o sistema em classes invariantes de equivaléncia, [FA].
Obs. Para resolver um sistema de eguagdes no formalismos das
simetrias de permutacgao, trabalhamos com as classes. de
equivalencia, [FA] e nao com as equagdes, FA( ) =o0. _ .
2) Qualquer equagac € uma equagdo de autovalor nulo de um
polinémio de operadores de permutacgiao,

Ao, .., (%)%, ... ]1=0 -—————40“a)§h(a) = 0, onde

OI(a): polinomial de operadores envolvendo o (Pt!ﬂ’ P

2y’ ©tC)

l?'“(a): nucleo ou autofuncao de ol(a)
Exemplos: ' ol(u) ﬁ"(a]

2

e =p > {1 + ny+ Peg) (Psyy =P/3) =0
v.B=p > (1 + ny+ Peg) (Byy—P/3)= 0

8¢ =p —> (L+Py+ P, Pu) (8,,7P/2) =0
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B) BASE DE EXPANSAO DOS ?(q)

1) FUNCOES DE ARGUMENTOS ORDENADOS, (FAO), sao conjuntos de
funcoes, flaBv...|, anbitrdnian e genénicas, que se distinguem
entre &i pela ordem de seus argumentos e por um fator global.
Ex, Se flapy...|l, = xa+chosx7 entdao flBay...| ~ x8+xacosx7
2) K" = (Ky 43 KI}; KyjKy4=1s £,3e[1,n]ez,}, onde Ky, é um fator
associado ao par de posigoes dos {ndices (i,j) no argumento de
f'“1“2'f'“n|' quaisquer que sejam os {ndices. K" define a
estatistica (comportamento sob permutagoes) das FAO (e as divide
emn classes): .

Paiajfl...ai...aj...l= Kijfl...aj...ai...l
Observagoes:i) Isto garante P33=1' sem nenhuma restrigao sobre K
ii) 0s sistemas usuais de estatisticas Qe FD e de BE pertencem as
classes de FAO com Kij=tl, i, j € [1,n]
iii) Em um conjunto de FAO s0 uma é totalmente arbitraria. As
outras sao determinadas,a partir daprimeira, a menos de um fator
global. )

n

C) Reoes pe FAQOs

1) Definimos redes de FAOs associando cada tlalaz...anla um
vertice ou ponto, e a cada par de pontos, associamoos uma aresta
ou direcao, representando um operador PGB' Cada vértice é ligado
a n{n-1) /2 novos vértices por n(n-1)/2 arestas.
n=sl ———> 1 ponto: faxl
«,a,

n=2 ———> 1 dublete: tlalazl———ltntlazall
n z 3:rede de dimensao n-1, de extensao e multiplicidade
infinitas, construidas de hexagonos e gquadrados Esta rede é uma
representacao da algebra dos Pap sobre as FAOs Para um K
abeliano, ela é& definida por: .

{Geometria algeb.)

Paiajpajakpaiaj = Pajakpaiajpajak para 0<ic<j<ksn | HEXAGONO

Pa iajpakam = Pakampa id
Obs. Esta algebra contem o grupo das trancas (braid group) que s6

admite geradores da forma Paia .
' 121

para i,j,k,m, distintos QUADRADO
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2) Qualquer restrigao a K" gera deformagGes desta adlgebra e desta
topologia, porque implica -em identificagcao de vértices. Esta
restrigdo pode ser motivada por argumentos fisicos/matematicos ou
pode provir do conjunto de equagﬁes que descreve o sistema

D) ExpANDINDO 9‘(6)

PR )=0 »0 («)FM(a)=0 + #a) = 0,(«) flaB...| onde O (a) &

outro polinomial em Puﬁ P 7 etc., tal que
0(¢) 0 (a) flag...| =0,

Obs.: sendo flaﬂ...l generico e arbitrario, 0 (a) flaB...|
denota a existéncia de propriedades algébricas e topologicas
comuns a todas as possiveis solugoes de uma categoria inteira de
equagoes, a gual pertence F‘(x )=0.

Exemnplos:

Para n=2, se FA(xu.,.)=(1+P¢ﬂ) Pla) » Fa) = £laBl - K ,fiBal

Cada valor atribuido a Kl2 define uma classe de simetria distinta

(estatistica). Nao ha restrigao a K
Para n=3, se FA(x S L (1+PaB+Pa1 ri(al , suas soluqoes requerem'
K§2K§3-K§3' e sao da forma

v
FA(x®,...), = a(-K2fla(Br)] + £1Ba¥) |y +

+ b (-anla(ﬂﬂl + £l (By)al);

v

P x%,...)

- a (kg  flargell + £11Ba¥l)) 4
+ b (K[3€1a[Y]1 + £1[A7]al)},

correspondendo a K, ,=tK,,K,., respectivamente. a e b sao
constantes arbitrdrias, e os paréntesis (colchetes) indicam a
simetria (anti-simetria) dos indices envolvidos. -

Observe que enguantc ndo hd restricdio sobre sistemas
bidimensionais, para sistemas tridimensionais a restrigao é
forte. Sistemas formados por componentes idénticas (K12=K13=K23)
80 podem ter estatisticas de BE ou FD (Kij=tl). Topologicamente:
a multiplicidade da variedade das FAO se reduz a 1.
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ALGUNS EXEMPLOS DE REALIZACOES (para n=3, b=0, K,.=iK,  K,,)

1) Classe (111), ou seja K12=K13=K23=1 -

Pt

) (111)

Para V3¢ = 0 = by~ (1¥P, ;) (1P, ) Flxyz]

fixyzi= ler?' gera ¢ =1/r,
£ 3 2 7 3

Ixyzl = [mxx + X (ymy + zz)]/r gera ® = m.r/r", etc. Todas
as solugdes de multipolo estéo presentes nesta classe.

2) Classe (-1-1-1)(K,.=K,.=K,_ =~1
) ;A( ) (Ky5=K;3°Ky3="1) |
- (x,..)( (1-pyz)(1+ny)flxyzl_ = fi(xy)zl -

-1-1-1)
fl(xz)yl
Para V.B=0 » Bx . El(xy)zl - £l(xz)yl " Cfl(xy)zl = =

, .
Rz, xy * . .
Bx"_ny,z- Az,y' Observe que nyhx == ». pois A pertence a classe
(-1-1-1), enquanto que nyBx = By. Nao se pode obter V.B = 0 en
2

classe (111), e nem V¢ = 0 em classe (-1-1-1),. © que € um
indicativo da relevancia da existéncia de distintas classes.
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Sobre a Equagao de Dirac em Tvés Dimensoes *

Cesar A. Linhares’
Instituto de Estudos Avangados (CTA)
12234 Siio Jos¢ dos Campos, SP

' Juan A. Mignuco
Centro Brasilciro dc Pesquisas Fisicas
22290 Rio de Janciro, RJ

Em trabalhos anteriores {1], comprovamos a existéncia de uma ligagdo bem definida
cntre a equagio de Dirac com o grupo SU(2"/?), sendo n um niimero par de dimensdes do
espago-tempo. Mostramos que essa ligagdo é vilida para a formulagio usual emn termos
de matrizes e, tamhéin, como uma conseqiiéncia légica do ismnorfismo, provade por Graf
[2]), entre matrizes de Dirac e formas diferenciais exteriores, estas dotadas ainda de um
produto, dito “de Cliffurd”. Mastra-se [3] que eslas formas, salisfazendo a dlgebra de
Kihler-Atiyah, mantém invariantes os ideais minimos & esqyuerda do espago das formas,

Os fisizos tedricos estio mais familiarizados, no entanto, com o emprego das matrizes
de Dirac. Na dluhna década, por outro lado, houve uin tuleresse crescente pela fisica num
cspago-tempo com dimensio Ués. Em geral, é custume representar as matrizes de Dirac
correspondentes pelas matrizes de Pauli em representagio bidimensional. Ein alguns casus,
usa-se uma representagio por matrizes 4 x 4 em dois blocos idénticos 2 x 2.

Entretanto, v presente trabalho mostra que as represeuntagoes habituais das iatrizes de
Dirac s3o inconsistentes, nio satisfazem as condigoes que a dlgebra’ correta das matrizes ¥
deve preencher. A desericio correta exige matrizes de Dirac e dimensio 4, com estrutura
de blocos diagonal nio idénticos. Isto decurre do fato de que as forimas de Kiihler- Atiyah
podem ser escritas como combinagées de geradores do grupo SU(2) x SU(2), identificiveis
unicamente a parlir de suas propriedades algéibricas, O isomorfisiiio de Graf [2] ou, sim-
plesmiente, a transcrigio em Lermos de matrizes destas propriedades algébricas conduz ao
resultado.

Além do mais, a reversio temporal e a de wmn Gnico cixo espacial s3o incompativeis
com um lormalismo de matrizes 2 x 2.

*Trabalho aprevenlado no Xl Encontio Nacional de Fisica de Particulus ¢ Campos, Caxambu, MG,
setembro de 1991.
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Como é usual, defiua-se o produto de Clifford entre duas forinas diferenciais exteriores
como

dz* v dz¥ = dz* A dz* + g**,

em que V € o simbolo do produto de Clilford, A denota o produto exterior usual ¢ g** é 0
tensor métrico do espago-tempo, coin v = 0,1,2.

Podemos construir os scguintes quatro produtos lnd'epcndcnles:
dz® Adz!, dz° A dz"-'_, dz' Adz?, dz° A dz! A dz?.

Designando gencricamente por dz’/ os diferenciais elementates e scus produtos, definimos
o comutador “de Cliffurd™ entre yualquer par desles objetos cono

[d:",dz"‘]v = dz® v dz¥ - dzt v dzX.
Aplicando esta definlgio, temos os seguintes comutadores nio nulos:

|d:°, dz’ly =24z Adz* (s=1,2)
Idz°, dz® A dz°)y = 2dz* (s =1,2)
[dz',dz?)y = 2dz" A d2?
[dz*,dz® A dz*)y = 2d2° (s=1,2)
{dz',dz' A dz']v = =2dz?
[d:’.dzo A dz?)y = 2dz°
(dz?,dz' A dz?)y = 2dz"
(dz® A dz’ ,dz° A dz’]v = =2dz! A dz?
[dz° A dz", dz' A dz?)y = —2dz° A dz?
[dz° A dz?,dz! A dz?)y = 2dz° A d2'.

A forma de voluine comuta com todos us outros.

Consideremos como exemplo ilustrativo:

_1l.o L _ 1,0, 4.1
X.-zdz, Xz—zldz, X;-Ed; Adz’,

para os quais temos
lA’k| X!lv = i(ume-

Temos também que os duais de llodge [4] dos Xy acinia,

- _ 1. . 1 ‘ .
ll = Eldz' Ad::" Ya= -:;dzohdzﬂ' Ys = %:dz’_,
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satisfazem
Ve, Vel = ieatm Xm
I.Xhl }’dv = icum Ym-
Definimos, entio, | .I
Wi =3(Xut i)y W0 =(Xe-Ye)

¢ temos, porianto, .
Wi\ WEly = iaumWa, (W Wly =0

ou scja, estes objetos constitucin geradores de uma dlgebra SU(2) X SU(2). Para os Xy,
podemos escollier & vontade qualquer par de 1- ou 2-formas e seu produto exterior. E
vilida a seguinte propriedade:

oW = 2iWF, oWE = iWF,

sendo » o operador de dualidade de Hodge. ‘
. Se representados por matrizes, os geradores da dlgebra SU (2) x §U(2) sdo escritos da

seguinte muscin: w:'=(5"' g), w,,—=(3 .,:)

Com isto e mais o isomorfismo de Grafl 9% «— dz"V, podenos réconstruir ay matrizes 4
de Dirac. Algumas “imagens”, com X; « 1%, X3 » 7!, X3 « 43, sio exemplificadas a

seguir:
Dirac-Pauli:

Kramers-Weyl:

w5 a) e ) P=Hi(E ),

Note-se a diferenga de sinals dos blocos. Islo é devido ao falo de que, independenteinente

da imagem,
, I 0
'101l11 = ( 0 1 ) »



onde I é a matriz identidade 2 X 2, Assimn, as represculagoes corretas das matrizes ¥ sio -
matrizes 4 X 4, diagonais em blocus 2 x 2, as quais diferern doa wtilizadas usualtente para
a representagio 4 x 4 de espinores e trés dimensdes.

Cada bloco de SU(2) ldentifica uina quiralidade. Assim, o8 W} correspondeni aos
estados em que a rotagio do spin & dextrégira e os Wy~ aos de rotagio levégira.

Para terminar, temos as expressdes das matrizes ‘responsdveis pelas transformagoes
correspondentes 3 inversio de um eixo coordenado e A reversio temporal [5):
Dirac-Pauli:

ra=(8 %) m=(3 %) 7=(5 %)

Kramers-Weyl:

ro==i(5, *%) m= (5, *5) =L o)

Hagen {6] argunientou que a caracterizagio correta das invaridncias por transformagSes
discretas em trés dimensdes € crucial para a interprelagio em termos de “anyons” das
teorias invariantes de gauge tipo Chern-Simons em interagao com espinores.

A operag3o de conjugagio de carga nio mistura os blocos de SU(2). A operagio
composta CFP,T' di, cn geral, uma matriz diagonal em blocos, mas cada bloco ¢ ndo
diagonal. Hi uma consisténcia entre o eixo que é invertido ¢ a matriz que aparece no
resultado de CF'7T'.

Todas as operagdes representadas pela agdo de uma matriz y# podem ser igualinente
descritas por matrizes isomorfas & forma dual de dz*.
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A RELACAO ENTRE A EQUACAO DE DIRAC E AS ALGEBRAS DE GRUPOS

UNITARIOS PARA QUALQUER DIMENSAO DO ESPACO-TEMPO

Cesar A. Linhares (*)
Inst. de Estudos Avancados, CTA
Sao José dos Campos

Juan A. Mignaco
Centro Brasileiro de Pesquisas Fisicas (CBPF/CNPg)
Rio de Janeiro, RJ '

Damos a demonstraciao geral para dimensdes pares e Impares que o

anel de Dirac Formado pelas matrizes de Dirac e os seus produtos

desenvolve a algebra de comutacao do grupo SU}ZDIzi para as di-
D=1 D=1
mensoes pares e do grupo SU(2 : ) x SU(ZZ ) para as dimensdes

impares. Discutimos as eventuais conseqfiéncias fisicas destes

resultados.

(*) Em licenca no Centro Brasileiro de Pesquisas Fisicas,
Rio de Janeiro, RJ
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BUBBLES IN THE EARLY UNIVERSE!

RUDNEI O, RAMOS and G.C. MARQUES
Instituto de Ffsica, Universidade de Sdo Paulo
C.P. 20516, 01498 Sio Paulo, SP, Brazil

ABSTRACT Wo analyse bubble formation as o result of thermal fluctua-
lions. Dubbles appear whenever there Is phase coexistence in the Universe.
We have shown how the droplet model of phase transition allows us to
determine the radius of the most favorable bubbles and their density
contrast. In the case of the SU(5) model we got Zel'dovich spectrum with
the proper order of magnitude as well as other Interesting consequences to
cosmology.

INTRODUCTION

Spontancous symmetry breakdown seems Lo play an essential role in for-
mulating theories of the fundamental interactions. Grand Unified theories
arc based on the idea that at very short distances the fundamental inter-
actlons can be described by a theory based on a larger than the standard
SU(3) x SU(2) x U(1) gauge group G -whose symimetry is spontaneously
broken at large distances.

If at zero tentperature the symmetry is spontancously broken, then there
will be symmetry restoration at high temperatures. The system will then
exhibits two phases. Since the Universe started at very high temperatures (in
the symmetric phase) one then expects that during the course of its evolution
the Universe went through a series of cosmological phase transitions.

The understanding of the dynamics of phase transitions might be relevant in
the solution of cosmological problems such as the flatness, horizon, cosmological
constant and the large scale structure of the Universe.

In the context of the large scale structure of the Universe cosmological phiase
transition might play an important role, since the appearance of inhomogeneities
(defects) in the system Is a common feature of theories whose symmaetries are
spontaneously broken. In fact, there are suggestions that topological defects
such as strings and domain walls generates the required contrast density for
giving rise Lo the observed structures in the Universe.

The formation of bubbles (or droplets) is a feature of systems that exhibits
phase cocxistence along the phase transition. The approach that we have used
(the droplet picture of phase transition (Langer 1967, Gunton, San Miguel and
Sahni 1983, Marques and Ramos 1991) has been developed for dealing with
bubble formation in phase transitions that are very familiar to physicists. One
of our motivations for dealing with this problem, and its role in cosmology, is

'Work partially supported by FAPESP and CNPq.
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the similarity of the observed geometrical structures and the ones formed along
some phase transitions.

FIELD THEORETICAL DESCRIPTION OF CONDENSATION AND
COSMOLOGICAL APPLICATIONS

We will show how the evaluation of the partition function for a collection of
noninteracting droplets may lead to the thermodynamic propertics of a condens-
ing system and the derivation of macroscoplc features of a two phase system.
This is so called condensation problem (Langer 1967).

The droplet model plctures the system as a “dilute gas” of small droplels
of radius R. The number of bubbles of size R might be approximated by &
simple Boltzman factor, that is - '

N(R) ~ exp(-pAFU)(R)} (1)

where AF{(R) is the cnergy cost for introducing a single bubble in the system.
The cost in energy for introducing an interface in the system can be defined
as (Marques and Ramos 1991)

) _ -1, [4(¢g) .
AFY = Fgg)-Fi0) = -1 [Z88] . - @
For spherical bubbles of radius R,AF is a function for R, and one can write

AF = AF(R).
Ounly bubbles whose size R is above a critical value R are stable and
they survive in the system. This critical value is given by the condition

dAFU(R)
dR R - Rcr

Bubbles with radius smaller than R, are unstable and disappear again.
These bubbles are assumed to be macroscopic objects.

The value R = R, determined by (3) corresponds to the limit beyond
which large quantities of the new phase begin to be formed. Bubbles beyond
the critical range (with R > R, ) will inevitably develop into a new phase.

We will assume that the distribution of bubbles is a dilute one. Under these
circumstances one can write the partition functlon Z as

z()
Z(O, = exp [Zm)] —pariy) (4)

=0 . (3)

where Z(® now stands for the partition function at the vacuum field confi igu-
ration, ¢,, and Z(!) at the bubble ficld configuration ¢g.
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In the high temperature limit and considering spherical bubbles one can find
.a general form to F which is given by (Marques and Ramos 1991)

F = _T['4’!'/313_3-AI‘+’4,,31!,(0)]§;3
: =T

[4:/3 RPAL(T) - 4x n%m]
T

X exp (5)
AT in (5)is tho energy difference between the two vacua (Carvallio and Marques
1986) (cosmological constant), (T') is the surface tension and R is the bubble
radius,

Let onc takes the vacua as a degenerate one, i.e., Al' In (5) Is equnl zero.
In this case, (5) becomes

R [M]”’ [ 4:1!’0(1')] ©)

2xT

The critical radius of the bubble can be obtained by minimizing the free
energy (6) and one obtains

B = gom - )

From this expression for R (T), one can sce that for T = T, the bubble
radius becomes infinite.

Within the dilute gas approximation the average number of bubbles is
(Gross, Pisarski and Yaffe 1981)

z(1

N(T) Z0 - (8)
With (9) and (7) one finds for the bubble density the expression
_ (L+VER) (3 \¥? £ o(0) |
e = L (L) GH) T @

where one uses the expression (7) for R., in (6).
The contrast density associated to bubbles is defined as

ip _ Pbubbies
P Pelom. part. + Phubbles

(10)

where pelan.part. i8 the energy density associated to thoe clementary pé.rticl
and it can be written in terms of the number of degrees of freedom fermionic
(Nr) and bosonic (Np) as

Pelem. part. = 30 (Na t3 Np) ™ . (11)
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From the expressions above onc can see that all one need to know is the
form of o(T'), the surface tension, to determine all the quantities of interest.
One can write o(7T'), in the onc loop order aud in the high temperature .
approximation, in the gencral form given by (Marques and Ramos 1991)
v 1‘2 :
o(T) = o(0) (l - ?-,E) (12)

where o(0) and T depends on the parameters (masses and coupling constants)
of the model.

From (9) and (11) one can write the contrast density (10), by taking o(7T)
given by (12), as

bp 1
bp _ - (13)
P 14 x2/30 (N +7/8NF) (1?43-,,5 (1&,!)3/3 (1 - %)”’

Furthermore, taking I' < T, , one obtains the simple result

bp 1

% = 112572 (Np 1 T/BNF) (14)

whick is completely general and leading to a contrast density depending only
upon the number of particles in the model.

In the minimal SU(5) model, Ng+7/8 Np = 160,75, so that for T ~ T:/3
ane gets 5

% 6100 .
p 6:10 (15)

This result is compatible with the bounds imposed by the anlsotropy of the
backgrcund radiation (6p/p satisfy Zel’dovich’s condition) (Zel'dovich 1972;
Harrison 1970).

Let us analyze if the length of fluctuations is larger than the Jeans length.
The lenght of fluctuations that we propose here is essentially the distance be-
tween two bubbles. Unfortunately we are not able to compute this distance,
by using thermodynamical arguments, for the range of temperatures covering
the critical temperature (10" GeV) until recombination (1 ¢V). We can do
this however, for tanperature close to the critical one. For this range of tem-
peratures, one has that if the average number of bubbles is given by (9) with
R = R.,. This density will be given by 7 = N(T,R,)/V where N(T) is
given by (8). .

If one assuine further that the bubbles are uniforinly dlstributed over the
space the (average) distance between two bubbles (theirs centers) will be given

by

1
7 (16)



For T = T./3 (Te ~ 10" GoV) one gets the SU(5) model
VT  82x10*GeV! = 107®cm , a7

In order to estimate the lenght of fluctuation in the recombination era, one
just makes the hypothesis that the distances between bubbles (AB) ‘expands
conformally, that is, the ratio between this distance and the horizon distance is
constant, Conscquently at any time one has

el ' -
a0 1o07) dy(0,t) .

So that during the recombination (t = ¢tg) one has, by using (17)

ngT
2y (0.2 X 1037 s)

AB(T) = - (18)

AB(T ~1eV) = dy(0,tp) ~ 1.2x10"cm . (19)

Since the Jeans length at recombination is
As(tr) = 2.9% 10®cm (20)

it follows from (19) that A8 > A;.
The mass associated to the distance (20) is

4 )
M™M= = 0 (AB) ~ 100 Mg L @)

which fits very well in the galactical mass spectrum and is-probably consistent
with all of them if the dynamics of the bubbles below 7 ‘is considered."

A lcgitimate conclusion would be that the number of aglutination centers is
roughly the number of great structures observed in the Universe today. In fact,
one can estimate the number of aglutination centers. This number is roughly
given by " : ¥

: .
nb."'l"’f;“__ o [d"%ﬁ&;m] o !.9)(10’ . (22)

The greatest known strucures are the superclusters of galaxies that consist
of groups with an average of 10® galaxies, that have densites close to critical
Pe~ 10" gem=3 and spread over dimensions from 50 to 100 Mpcs (from 1.5 to
3.0x10%cm). The number of these structures (sub-clusters) may be estimated
by the ratio s

d
Nee = [#—fﬁ] ~ 7-10° - 6.10° (23)
[ )
because ¢, ~ 10'0 years and dy(0,8,) = 3¢, =~ 2.7 x 10'8 ¢,
We see that the results from (22) and (23) are quite close to cach other.
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CONCJ.USIONS

Bubbles might appear in cosmological phase transitions for theories with
nondegenerate or degenerate vacua. In both cases one can predict phase co-
existence in the Universe and the appearance of bubbles as a result of thermal
fluctuations. The basic ingredient for making relevant predictons to cosmology
is the cost in energy to introduce such an object in the system.

As an application to cosmology we have analysed the GUT phase transition
in the minimal SU(8) model. In this application we have assuincd that these
bubbles survive until the recombination era. This is a dynamical problem that
one has to solve in order to be sure that these objects act as sceds for structure
formation.

Our sinple estimates based only upon Lhe interbubble distance indicates,
that one might get a surprinsigly good picture for the formation of structures
in the Universe from Lthe analysis of bubble forimation in the early Universe.
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SU(3) ® U(1) Model for Electroweak
Interactions and neutrinoless double beta

decay

F. Pisano and V. Pleitcz
Instituto de Fisica Teérica
Universidade Estadual Paulista
Rua Pamplona, 145
CEP 01405-Sao Paulo, SP

Brazil -

Abstract
We consider a gauge model based on a SU (3)®U(1) symmetry in
which the lepion number is violated explicitly by .clmrgull scala'r and
gauge bosons, including a vector field \_ﬁi!.h dn_ublc ;:Ich}ic c.lm_rgc.

This model also produces (88)o, with massléss nentrinos, -

Here we nre concerned with o gauge model bnsecl. on a SUL(3) ® Un(1)
symmetry. The model is anomaly free if we have equal nmubcrlnf triplets

aned antitriplets, connting the color of SU(3):, and furthermore requiring
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the sum of all fermion charges to vanish. The anomaly cancellntion ocenrs
for the three generations together and not generation by geperation. The
price we must pay is Lhe introdnction of exotic quarks, with electrie charge
5/3 nnd —4/3. [1]
We start by choosing the following triplet representations for the left-
handed fields of the first family, (3,0) : (ve,¢,c) for the leplons, and
(e, d, )T : (3, +§) for the quarks. and the right fields in singlets. Notice
that we have not introduced right-honded neutrinos. The munbers 0,2/3
ane 2/3, ~1/3 and 5/3 are Un(1) chinrges. The other two lepton generations
also belong to triplet representations, and the sccond aud third quarks
generations beloug to antitriplets.
In order to geuerate fermion masses, we introduce the following
Higgs triplets, 5 : (0% 97, 93)7(3,0), p : (p%, 0% p**)7,(3,1) amd y :
(x~,x"".x")7,(3, -1) and the sextet (6,0) !
of k¥ b7
hi HY of (1)
hy of H;"

These Higgs multiplets will produce the following hicrarchical symmetry

breaking
SUL(3) @ Un(1) =3 5UL(2) @ Ur(1) = Uem(1), (2)
Tl Yukawn interactions with the leptons is

2 = Z["ﬁ,"lﬂl:'i‘E.’L”?"P+
1

1We: thanks R. Foot for ealling onr aticntion Lo this possibilly.
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Inls Hy ™ + (Pialy, + Gy )id

+ (Finls, + Tnan)hy + (Tl§, + Tnlf o (3)

As {00) = 0 the neutrinos rcinains massless, For the first nnd second
quark generations we have Yukawa interactions like G, (& ,unn® + duvenr,
Go(@rdrpt + didpp®.

Here we will not writc explicitly the physical gauge bosons, but only to
wention that there atc consistent with the usunl relation between the mnss
of the lighter neutral gnuge boson mz and that of _t.hé lighter charged one
m: mzfmy = /ey where iy is the cosine of the Weinberg ml.glu

As the sextct does not couple to quarks it is not able to produce (88)o,
Ly itsell. Notwhithstanding, by cons-idering the most general potential in-
volving the 3 triplet and the H scxtet, it is possifalc tb_vér_ify that the
physical charged scalar arc linear combination either of yy-hy or y;-hy
both degenerates in mass. [2] This degeneration will be broken when we
allow the coupling with the other two triplets, p and x, with 3. With the
sextet they will anly coupled through the term (1/2)p;x; H "-"..

It is very well known that the obscrvat_..ion of ncutrinoless double beta
decay, (88)o., will imply a uew physics beyond the standard modcl, Usu-
ally, two kinds of mechanisins for this decay were assumed to he indepen-
dent: inassive Majorana neutrinos and right-handed currents [3]. In both
cnses, the bosons exchauged in diagriuns prod\;ciug the decay wre \,'éctor
ones. Even for those madels in which there are contributions of the scalars
exchange, they are negligible (4.

Then, the Yukawn intcractions with the scalars hr, with leptons and
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yy with gquarks in, allow all the couplings appearing in Fig. 1, for exannple,
with the physical scalar ¢ . We can estimate a lower bound on the mass of
¢1, by assuming that its contribution to (#8)u, is less than the nnplitude
due to massive Majorana neutrines and vector bhosons W™ exchange. We
obtain my > 3GeV.

We can see that (), proceeds in this model only as a Higgs bosons
effeet, with minssless neutrinos at tree level, There are not eontributions to
(BB)o, from trilinear Higgs interactions becanse the charged leptons couple
only to the 5-like triplets, and those triplets do not contain doubly charged
scalars. Tu models in which these contributions exist, they are negligible [4)

unless a neighboring mass seale (~ 10'GeV) exist [5)].
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Fig.1 Scalar contribution to the (88)o., Gu,c nre Yukawa conplings and a2

mixing parameters.
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Form Factors of the Charmed Meson'
Decays D* — K™ ety
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Abstract. As an attempt to explain discrepancies between experimental results and theoretical

calculations on the ratios hetween longitudinal and transversal polarizations of the K°" meson in
the semileptonic D* decay, we evaluate the simplest hadronic corrections to the formi factors. We
show that the influence of these corrections is too small to account for the existing discrepancies.

1. Introduction and general method

Semileptonic decays of charmed and beautiful hadrons are a most important source of
information on fundamental parameters in the Higgs-sector of the standard model of weak
interactions. However, these parameters, which are elements of the Cabibbo-Kobayashi-
Maskawa matrix, have to be extracted from the hadron decays taking into account the
strong QCD-interaction confining the quarks inside hadrons. The main source of un-
certainty in the results that can be thus obtained comes from the treatment given to
non-perturbative QCD. ) )

" Quark model calculations’~? give in general a reasonably adequate description of non-
perturbative effects despite the rather crude way of achieving chiral symmetry breaking
through non-zero constituent quark masses. However, in the case of the semileptonic decays
of charmed mesons into vector mesons D — K ety there is a rather poor agreenient

s%-9, concerning both total rates

between quark model calculations and experimental result
and polarizations. A detailed study of this decay in the framework of QCD-sun rules'%:!!
shows better agreement with the data, except for the ratio of the longitudinal to the
transversal polarizations of the K" -meson. The central experiniental value for this ratio is
about twice as large as the theoretical result.

It was already puinted out'®!! that within the sum rule approach a large ratio for the
longitudinnl over the transversal polarization eannot be obtained and that therefore, in

cnse of confinnation of the preseat experimental value, one has to look beyond .the simple
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quark levels for sources of the disagreement. The clarification of this question is of great
importance, not only for our understanding of the mesons systems consisting of a charmed
and a light'.quark, but also in view of the determination of the weak matrix elements
involving bottom quarks.

It was suggested in ref. 10 that hadronic corrections might inﬂuencg the semilep-
tonic decays and be the source for the discrepancy between theory and experiment. In
. fig. 1 we show the dominant diagrain providing such a correction. In the present work iis

contribution is evaluated and compared to'the simple quark results of ref. 11.

T

Dt PD.

wt | W

Fig. 1. Dominant hadronic contribution to the semileptonic decay Dt — K®e+w, whose contributions to
form factlors are calculated in the present work.

The calculation of the diagram of fig. 1 must take into account that hadrons are nat
elementary particles with pointlike couplings, and therefore internal contributions of high
virtuality must be supressed. This is done in our calculation in the foilowing way. We
represent the hadronic contributions to the different form factors by double dispersion
integrals

s
F(t) = _/_“m . _d:nf, _/ul:m ﬁﬁ; PFF(3,u,t) (1)
where the index FF specifics each of the form factors. The quantities sy and u; are the
kinematical thresholds. The double spectral function can be obtained from diagram (1) by
using the Cutcosky rules, putting the internal lines on mass shell, so that only on-mass-
shell vertex functions occur in the determination of the double spectral function. The
internal contributions with high virtuality are then suppressed through cut-offs s,y and um

in the s and u-integrations.
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The cutoffs s,, and u,, are determined by the hadronic excitation energies, since above
them the single diagram (1) is no longer representative. We have thus paramectrized s,,

and u,, as

sm=(mp+ D) ; um = (mg- + A (2)

where A is conservatively varied in the runge 0.6 € A € 2 GeV.

With a cutoff value s,, the ubove mentioned non-Landau singularities occur only for
t 2 4mby. /3.

The paint m}, is always outside the integration interval of s, but m}. is not always
outside that of u. We therefore take into acocunt the finite width of the A"* meson, through

the replacement

1 _, _u=mf. —img-Tx-

@)

where ['g+ is the full width of the A’*-meson. The imaginary part of the hadronic correc-

tions obtained in this way can be viewed as a consequence of a final state interaction.

2. Results

In the table we display the effect on measured quantities due to the hadronic cor-
rections, for cutoff values (in GeV? units) given by (sm;um) = (6.0;1.7),(8.2;3.6) and
(15.0;8.35). The results of ref. 11 have to be multiplied by the entries of that table in or-
der to include the effects of hadronic corrections. We observe that for the case (6.0;1.7) the
effects are conpletely negligibie, and that even for the extreme larg!.: cutoff sm = 15 GeV?
the cffect of the hadronic corrections o the longitudinal to transversal polarization ratio
is smialler than 20%. The wmain influence is on the decay rate, which is increased by 77%.

The cffect of the imaginary part is always completely negligible.
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Table. Multiplicative factors representing the influence of the hadronic corrections on the polar-
ization ratios and on the total decay rate. Asg in the table, am and uy, represent l.he cutofl values
in units of GeV?,

Ri7: Ratio of the longitudinal over transversal ratio |nclud|ng hadronic corrections, divided by
the corresponding uncorrected quantity;

Ry -: Analogons ratio for the relation between positive and negative helicities;

Rio: Ratio between the total semileptonic decay rates including and not including hadronic cor-
rections.

(3m; m) Rur Ry,- R

(6;1.7) 1.01 1.01 1.02
(8.2;3.6) 1.04 1.10 1.15
(15;8.35) 1.19 1.49 177

Summarizing we remark that hadronic corrections cannot explain the existing discrep-
ancy between the central value of the experimental results for the Dt —» K™ ety decay
and the theoretical result obtained from sum rules fqr the ratio o_f the longitudinal to
the transversal polarization. However, it can be remarked that the correctio’ii@ obtained

slightly move the polarizatibn ratios towards a better agreement with experiment.
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ESTUDO DA DISTRIBUIGCAO LATERAL DA CASCATA
NUCLEONICA INDUZIDA POR UM VUINICO NUCLEON
NA ATMOSFERA

J. Bellandi, R.J.M. Covolan, C. Dabrigkeit,
C.G.S. Costa o L.M. Mundim,
Depto. Raios Cdsmicos e Cronologia, IFGW - UNICAMP,

Em recente artigo !, estudamos o comportamento da cascata nicleénica
induzida pur um tinico nncleon, que interage com a atmosfera numa pro-
fundidade ¢, (g em?) com cnergia £, (arbitrariamente escolhida como scndo
E.- 10'7¢V), usando as solugdes da equagio de difuséo wridimensional, ob-
tidas pelo método de ordenagao de operadores exponenciais de Feynman *3,
Apresentamos agui somente a discussao de alguns aspectos importantes do
comportainento lateral da cascata: dependéncia con a energia; com a aluira
de interagao; comn a dispersio lateral e con a quantidade média de mavéria
atravessada pela cascata.

A andlise da solug@o é feita com base nas seguintes variaveis: a) Ee f,
energia e proflundidade de detecgio; b) a disiancia r no plano perpendicular
& diregiio da cascata com relagio ao sen centro; ¢) T = (1 ~ t,)/ AN, altura
em que ocorre a interagao com relagdo ao detetor, em unidades de livre
caminho médio de interagao nuclenico; d) Ty = t/An. nivel observacional
em unidades de Ay - nos célculos usamos 7 ¢ = G, 79, nivel de ubservagau
de Chacaltaya, Bolivia (540g/cn?); ¢) parametro de dispersio lateral @ =
ErfprH,, sendo pr o momento transversal transferido na colisao, supasio
aqui constante ¢ ignal ao seu valor médio e H,, um fator de escala, definido
pelo nindely isutérmico para o densidade avmosférica.

A componente lateral F,{:, ent lungao de a, esta representada na Figura |
(multiplicada pela quamidade p3.H?), indicando que para cada valor de
T exisie ur alcance nédximo no desenvolvimento lateral, determinado por
Gz, caleulado como sendo

Oumg - -1 T/TY).

O comportaento de F em luugao di energia £, para diferentes aliiras
de interagin. indica que para eventos iniciados nas proximidades do ponto
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de medida (7' pequeno), o fluxo npresenta win espectre mais rico enn energias
“nltas® (> 103TeV’) ¢ mais pobre em encrgias “baixas™ (« 10°7'(V’) do gue
para eventos iniciados muite acimo do ponto de observagio, quando entao o
desenvolvimento da cascata ja esii baswante avaugada, Com isto, ns curvas
pura diferentes valores de 7' se cruzam, como mostra u Figura 2, na qual

assumimos a = 0,1 .

O fluxo lateral em finciio de T demonsten, como era ile se esperar, uma
imensidade tanta maior quanto mais proxine do centro é realizada a medida
(Figura 3, com E -=: 1007°V"). Tambéin é de se notar a presenga de nm ponto
de maximo no fluxo a uma determinada profundidade. Esie resnltada €
analogo ao gue veorre no desenvolvimento du cascala eleiromaguética, para

B gual existe mu ponto critico nu produgan de pares e fitons 4.

Uma caracicristica da componente lateral é a dependéncia com a profun-
didade do nivel de observagao Ty, Como exenplo, mostranios na Fignra 4 as
modificagdes introduzidas nas curvas de £ em fungio de T, para diferentes
valores de Ty: 6,75 (Chacaliaya, Bolivia); 8,125 (My. Fuji, dapio); 10.625
(Gran Sassu, Itilia) e 12,875 (nivel do mar). Esta dependéncia é introdu-
zida nos célculos como consequencia da variacao da densidade ntmoslérica
uo longo do percurso desenvolvido pela cascata.

Qut lator importante na anélise é a dispersao lateral quadritica mddia,
<, @® . A sna raiz quadrada csté relacionada com a largura média da
distribuigio lateral da cascata e apresenta o mesnio comporianmento que o
valor de apm,z, Na medida em que se varia T (Figura 5).

A dependencia de < a® > com a encrgia é muito fraca, mesmo para
diversas ordens de grandeza em E. Este resultado pode ser comparado com
aguele obtido por A. Ohsawa e S. Yamashitu 8, que resolveram a equagio de
difusao nucledinica seguindo um métudo de cilculo bern diverso, A Figura 6
apresents a variacao de < a® > com a razao E,/E, tomando por base o nivel
de observagio Ty = 6,00, rennindn resultudos da Rel.|5] ¢ vs deste trabalho,
para 3 diferentes altitudes de interagdo 7. A coincidéncia é completa e as
curvas se superpoe.

Apesur de nao existirem dmlos experimentais so para a cascala npu-
clednica, esta andlise é importante para o estwdo do comportainento da cas-
catn hadrdnics (nucleons 4+ pions). O conhecimento da solugio da equagao
de dilesao pnra a parte nnclednica da cascata permive resolver de forma
completa o sistema de eqnagoes dliferenciais acopladas que descrove a cas-
catn hadronica %, a partic da gqnal pode-se proceder @ analise dos dadas
experilnent ais eni radingiao cdsmica,
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SKYRMIONS NAO VIBRANTES E VIBRANTES *

V.E. Herscovitz e F.M. Steffens
Instituto de Fisica, Universidade Federal do Rio Grande do Sul
C.I 15051, 91500, Porto Alegre, RS, lrasil.
Abstract
A instabilidade da solugiio estdtica do modelo g nio linear levou Skyrme
a adicionar i interagio qudrtica ao lagrangeano, A oblengio de solugies
solitonicas no midele o nio linear continna sob andlise na literatura, agora
a0 nivel gnantico, sobretudo com propostas de quantizagio de grau de li-
herdade de vibragio. Comparamos no presente trabalho os hamiltonianos
de algumas destas furmulagdes considerando, tambéni, a interagao quirtica
simétrica incluida cm wma generalizagio do modelo de Skyrme,

1 INTRODUGCAO

Ao sugerir que os micleons podem ser descritos por solitons topoldgicos de uma Le-
oria dle campos mesénicos, Skyrme' recorre a uma configuragio de campo cstitica,
da forma “ourigo”

Up=eTF0 1)y € SU(2) , Usfr=00)=1, (1)

com ['(o0) =0 ¢ I'(0) = & para nimero topoldgicon = 1.

Cousiderando que a solugio clissica do modelo ¢ nao linear puro nao é cstivel
ao colapso, Skyrme adiciona ao lagrangeano uma interacdo quartica que assegura
a cstabilidade do séliton. OQmilindo Lemporariamente o terno de massa:

2
Lo =T { S @@ U) + Sl (a.uw'l’} (2)

sendo £y = 186 MeV a constante de decaimento do pion ¢ e?, nm parametro

adimensional a ajnstar.

A solugao de Skyrne é nmn estado de “simetria maxima™ para o qual uma
rotagao no espago de isospin cquivale a mma rotagao espacial, € em que o dngulo
quiral ou Mngio perfil F(r) é solugio da equagao {de Enler-Lagrange) que mini-
miza a massa estacionaria, delinindo nm ponlo estacionario da agan,

Adkins, Nappi ¢ Witlen?, trataramn as flutnagoes em torno da solugao de
Skyrine hicrarquicamente em nma Leoria de campos fracamente acoplados, quan-
tizando s graus de libenlade colelivos rotacionais, « Hajduk e Schwesinger® in-
cluiram o modo vibracional do skyrmion para estwdar a ressonancia Roper e

**lrabalho parcindimente linancindo por CNPy, FAPERGS e FINEDP,
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ischaros A. Aborda-se, também, na literatura a situagio em que o lagrangeano
do modelo de Skyrme é, desde o inicio, quantico?.

Ademais, conmio predigoes sobre a interagio NN pelo modelo de Skyrme apre-
sentadas®® evidenciam que o mesino nao descreve a interagio atrativa a distancias
médias, é proposta a adigio da interagio quartica sinetrica™

Cuim = gz {Tr(@ 1M} (3)

a0 lagrangeano de Skyrme, o que resolve em parte® 1al problema. Como este
termo contribui com sinal negativo & massa estitica, o8 possiveis valores de 4 sio
limitados superiormente. Os anlores desprezam as derivadas temporais quarticas,
por serem de orden (02 /c?)? e relagio & massa eslatica M,

2 SOLUCOES DO MODELO ¢ NAO LINEAR

A cexisténcia de solugoes cstaveis para o modelo o nao linear é ainda alvo de
discnssio na liLeratura, face a possibilidade de estabilizagio quantica do sliton.
Carlson® incorpora, além dos de rotagio, cleitos de vibragao e nma teoria vin-
cnlada, onde o vinculo preserva a simetria quiral no limite de massa zero para o
pion. Dividindo o conjunto de configuragées de campo em classes de equivalancia
de campos que diferem por escalamento do sistema de coordenadas, a integral
funcional

z= [ du% I (1 - [l t)]d“r) S (4)

inclue um campo representativo de cada classe (em 6), sendo G uma fungio local
positiva da configuragio de campo e A(2) a varidvel que promove a dilatagio

U(7,t) = U(A~25F ). (5)

Recorrendo ao lagrangeano do niodelo & nao linear, ao campo U na formia“on-
rico ” e adotando como vineunlo o termo de Skyrine, Carlson determina o angulo
quiral F(r) que satisfaz §{L — pG] = 0.

A propusicio de estabilizagao das solugdes do modelo o ndo linear por flu-
Luagdes quanticas', com a introdugio de uma variavel coletiva vibracional adici-
onal (1) & fungao perfil do campo U, é contestada na literatural' ¥, onde se
ressalta a importancia da presenga de mna interagio adicional estabilizadora,
como o tenmo de Skyrme, mesimo ao nivel gnantico.  Contudo, para a andlise
destas sibnagdes, sao adotadas formas especilicas para o angulo quiral, que niao
sio, obviamente, solugdes cldssicas das equagies de movimento o gue dependen
de paramelros ¢ldssicos,

Ji e mma variante allernativa de estabilizagio das solugoes do modelo pela
introdugao de ma parimetro de corte ¢ a pequenas distancias' para o funcional
de energia, ¢ sua posterior guanlizagau, o perlil F(r) ¢ determinado.
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3 HAMILTONIANOS PARA SOLITONS
VIBRANTES E NAO VIBRANTES

Considerem-se as duas siluagoes segnintes:

I. Ao lagrangeano que,inclni os Ltermoes do modelo @ néo lincar, de Skyrine o
quartico simélrico, com quanlizacio das varidveis coletivas rotacionais e vibracio-
nal para o cnpo

_ irie t - .
U= A@)e™HA p= RO (6}
¢ A(l) = ay + @ - ¥, incurpora-se a restrigio nas varidveis a, de SU(2) via nmiltipli-
cardor de Lagrange.

Il. Ao lagrangeano do modele o nio linear, incorpora-se conmo vincnlo a in-
Leragao comnposta dos ternios de Skyrine e quértico simétrico, via multiplicador de
Lagrange.

Desprezando contribuigées das derivadas temporais quarticas do filtimo Lermo
¢ proniovendo a quantizagio covariante'!, apés o cstabelecimento dos vinculos
das duas teorias (Lodos de 22 classe) e a determinagio dos parénteses de Dirac'®,

obtém-se os Hamiltonianos quanticos gerais

=t 0wl
" =3 50y Vige + Vi) (7)
sendo g,.(q) o tensor mélrico, g = delg,, ¢ ¢* as coordenadas generalizadas.

Como casos especificos, para as situagoes | e Il acima, citani-se:

1.1 'Termo quartico simétrico e modo vibracional ausentes: Hamiltoniano de Skyr-
me'; 1.2 Modo vibracional ausente™; 1.3 ‘Termo quérlico simétrico ausente'?; 1.4
Nenbum termo ausente.

IL.1 Termo quértico simétrico ansente®; 11.2 Nenhum termo ausente.

Aos hamiltonianos L.t e [.2 correspondemn sélitons nao vibrantes ¢ aos de-
mais, solitons vibrantes. De 1.4 obtém-se diretamente I.1, 1.2 ¢ 1.3 eliminando o
parametro ¥ e,on o graw de liberdade vibracional. A forma funcional dos coefici-
entes, que sao fungdes do angulo quiral, nao se altera de um caso a ontro, mas o
angulo quiral se imodifica.

Os hamiltonianos .1 ¢ L2, bem como os das situagoes 10 ¢ IVP sio
identicos na forma diferindo, contudo, us coelicientes, a semelhanga da sitwagio 1.

Na sitnacio HI ndo existe solugio clissica (para o angulo quiral)!®, sendo esta
dificuldade evitada em 1V pela introdugao do parametro de corte «.

A comparagio entre: L3 ¢ 111 (1.4 e 11.2) é particularmente: inleressante porque
os covficientes dependentes do termo de Skynne (Skyrine mais quirtico simétrico)
nao contribuem a L1 (112} embora os termes contribuam a hingao perfil corres-
pondente.

Se, para m,=0, ajustarmos? a massa do micleon a 9:38.9 MeV na auséncia de
mexlo vibracional (#y ¢ ¢ compativeis ), obleremos para a sitbagio 1.3 o valor
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my=1036 MeV ¢ para 14, 1045 McV (v = 0.11). Jad para F,=186 MeV, 1]
conduz® a my=1101 MeV e 1.2 a 1152 MeV, enquanto o caso | gera valores mais
clevados,

Consideragoes mais detalhadas, serao apresentadas em breve,
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0S SOLITONS DO MODELO DE SKYRME COM O TERMO DE MASSA DO PION’

Juan A. Mignaco

Centro Brasileiro de Pesquisas Fisicas (CBPF/CNPg)
Rio de Janeiro - RJ

Stenio Wulck °
Inst. de Fisica, UFRJ
Rio de Janeiro, RC

Damos os desenvolvimentos analiticos na origem e no infinito
para a solugao da equacao de Euler—Lagrange do modelo em ques
tio, e estudamos em fungao dos, parametros relevantés as--solu-
¢oes correspondentes a numero baridnico inteiro. Mostramos que
a inclusao do termo de massa muda S topologia, @ o espdgo de
configurag@o ndo & mais uma tri-esfera.
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Rua D Xavier Sigaud 150 - CEP 22290
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Fswe trubatho ¢ um resmmo mmito comprimido de nm outro tinbali onle
amalisminos , entre outos pontos, as solughes do Mardelo de Skyvne nn repe-
seutagilo ourigo do S1°(2) comw mnn fuugio dus parimetns do modelo [1]. s
tegras de suma que ubtemos o prutin Ju equigin difi-iencinl pron n funciio wagulo
nuital nprcsentam-se comao fenrmmening Bteis nestn sndlise. © Gambém asmnos
leormms de Dentick [2] nn purte que se sefere a estabilidade die solugies silitons
(solugdes regulares). Niw enfutizamon que n evolugio dis i:'uluql"u-s ¢ contookinka pos
um purametso especflico ¢, que e valores distintos ¢y, 63, @3- - - purn solngoes
cotrespundentes a solitons com Jdiferentes nimeros butidnices ¥ = 1,2,3-+ -, res-
pectivamenle. E mostrado que umi puiémetro diensionsl upazece wns solncoey
tegulares, na otigem,e que pode ser tomudo couw u inclinugio dus curvas cot-
respondentes s ditan solugbesAlenm disso, niostramos tambén que o et
ndinensional de Skyraw [€) lem win papel peculinr pois cle explicita o iLstahili-
dude da soluciio sdliton cldssico visto que, a este uivel, nio se tens comio tixi lo,
wesino sabendo que cle ¢ linito ¢ estd delinido no intervalo 0 < ¢ < 2. 'or vutie
lado, u quantizacho do mudelo atinvés dus coordenadus coletivas nos kva w wina
expressuo psra b encrgin que & fungio Jdo puidmetso de Skynue e gue tems um
minimo estdvel bem definido parn cudn nidmero baridnico inteino. Desitn mseeing
lixa-se 0 valor do purinn:tio e.

Neste trnbalho obtamnns, tuabént, ns mussus dos sélitons etn tennos de ndmcios
especilicos dependentis do purimetio ¢, do momentwm angula: ¢ dn constunte de
decaimento do pion (f,) o gqual pode ser fido como um pastametto livie, pam
ajustur us previsdes da modelo com o dudos experimentais on entrar nos edlenlos
coms 0 sen walor experimentnl {0185 Gev). Muostiminos, ninda, am birion B =
2,1 = J =1 com massa quuse duns vezes o valor da wassa do nueleon B =1.1 =
J = 1/2, ¢ umestedo B =31 = J = 1/2 que é miniz leve que o primeino sein
citado.

No iodelo de Skyime. todus o3 birions tornsin-se endu vez muis leves em
vilugia s massas conhevidus dog wieleos leves, uw malida que B aunenta.

Nu Tubels | upresentunes os vulores do paiianetio @ correspemdentes s sélitons
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com ntmero B = 1,2,3. Nesta s tubicla dammos o wnbor de ¢ 0o minimo
quantico (pora cada valor de B) ¢ u nmeen do soliton nease minino, € wdor
w = 0.129 Gev é aquele do tynballiu de G. S, Adkius, C. R. Noppi e E. Within [3]

e fui colocado para eleito de compatugio |

Na ‘Tubela 2 demos ny principnis caructeristions do séliton bariduieo B = 1.

Na Figuia 1 representumos algunus solughes da equagio de movimento, como
funcido do puraietro ¢. A solugiio vepulnr é aquela que vii 8 2010 no inlinito.

Na Figura 2 damos alguns resultados obtidos atruvés d.ns regras de soma, cotno
fangio de ¢.

Na Figura 3 temas o espectro de imassa, de acordo cou a “Tubela 1.
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Massas hadronicas num modelo com confinamento ¢

simetria quiral *

Gastio Krein
lustituto de Fisica ‘lebrica - Universidade Estadual Paulista
Rua Pamplona, 145 - 01405 Sfo Paulo/SP®

Resumo

Nesta comunicagiio apresentiamos os resultados de um célcnlo de
massas de mdsons pesados ¢ nicleons e deltas usando um modelo de
quarks com confinamento e simetria quiral (P.J.A. Bicudo, G. Krein,
JEF.T. Ribeiro e J.I&. Villate, accito para publicugio em Phys.
Rev. D). As massas dos mésons sio obtidas resolvendo a equagio
de Salpeter e as inassas dos nicleons e deltas sio obtidas usando um .
método variacional para a equagdo de Salpeter. Os resultados obtidos

sio muito hons.

* Trabalho parcialmente financiado pelo CN1Pqg (lirasil) e

INIC (PPortagal )
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A cromodinfiicn quintice (QCD) tem sido bhem sucedidn na andlise
de dados experimentais de sistemmas hadronicos o nltas energias ¢ grandes
nionenta eansfervidos,  Esle sucesso é devido principalinente a sua pro-
pricdade de liberdade assintdticn, a qual permite o emprego da Leoria de
perturbagoes para bnis processos, Por ontro lndo, fendmenos de baixos mo-
menta tranferidos ¢ baixas energias, Lais como o confinnmento da cor e a
guebra dindmicn da simetria quiral, niio fornm aindn derivados da teoria,
Estes fendmenas sio cminentemente nio-perturbativos, o que torna dificil
sen estudo de mancirn sistenitica.  Caleulos usando supercomputadores
(Leorias de calibre na rede) tém se mostrado promissores, mas ainda se
encontram mamn estigio nmito preliminae, e os resultados obtidos até o mo-
mento ainda nido podem ser comparados com a experiéncia.  Portanto, o
emprego de modelos fenomenolagicos, que incorpornm algnmas das earne-
teristicas bisicay da QCD, siio a viaica alternntivn disponivel no momento
para o estudo da QCD u baixas energias. Nesta coommmiicagiio npresentaimos
o resultado de nm edlenlo das massas dos mésons pesados e dos micleons e
das deltas empregudo uin modelo gue incorpora o confinamento da cor ¢
que realiza a simetria quiral no modo de Nambu-Goldstone.

Aqui vainos apenas apresentar os elementos essenciais do cilculo, os
detulhes podem ser encontrados na publicagiio que deverd aparceer emn breve
na Phys. Rev. D, O modelo esti baseado no seguinte Hamiltoniano|1,2]

H= / d*z [Ho(x) + Hy(x)] (1)

onde Hy ¢ u densidade Haumiltoniana livee ¢ Hj corresponde a unin interngiio
cfeliva:

Ho(x) = $l(x) (np - i&- ) 9(x), (2)
H(x) = 3 [Py -n) HTe@ sl Sey . @)

As A%'s sfio as malrizes de cor de Gell-Mann, A estrutura espinorial desta
interagio cfetiva & du tipo “Coulombiann™; mas o formalismo permiite o
cmprego de outros Lipos de interagdes (possivelmente o retardmnento possa
ser incluidao).

0O operndor de campo tem o fona
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d*p

¢Ic(x) = jﬁ)’r_'ﬁ [“o(p)bha:(p) + "n(p)"}ac(_p)] et (1)
onde b and d referen-se respectivianente aos operadores de destrigiio de
quarks ¢ antiquirks no espago de Fock, os quais earregn indices de sabor,
spin e cor. Uma soma sobre indices repetidos cstd implicita. Os espinores
u and v, ¢ o8 operadores do espago de Fock, niio siio os corespondentes de
uma teoria livre, s sim combinagdes linenres destes. u, ¢ v, sio dados
por

ulp) = \/ii Fw) + o(p)p - @] u2 ,
ulp) = % F(p) - o(p)B - G0,

f(p) = J1+sing(p),
g(p) = /1-sinyp(p), (5)
0

onde 12 e v? siio os espinores livres usuais. A fungio ¢(p) é chamada de
angulo quiral. Esta funcéo ¢ determminada de modo que a energia do vicuo
¢ minima. As propriedades de p(p) fornm estudadas com detalhe em [1,3]
e mais abaixo voltoremos & discussio de algumas destas.

Em termos dos operadores de Fock e do angulo quiral, o Hamiltoniano
fica sendo dado por

H = Hﬂ + H-I »
H, = / £ E(k) [b}u(k)b,,,(k)+d},,(k)d,.,(k)] :
X e

Hy = %]tf’p @k ¢V (q) (—cmfﬂ) 192,;,(!’- P+Q)9Lc.(ks k-q): .

Em H;, os dez diferentes terinos (obtidos somando-se sobre os indices j e
1) siio combinogdes dos segnintes vértices 67

OL(mp) = uh(puu(p) blu(p)bsaclp) »

OL(p,p) = ~vh(p')uulp) dhl=p)lpve(~p) ,
& (p,p) = ulip o (p) o)l (=p)
oL.(p,p') = n.t.(p')u,(p)d,,-:-(—p')bh,,(p). (6)
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Os termos Hy ¢ H, fornm ordenados na ordem normal. O ordenmnento
normnl do operndor energia potencinl introduz termos de anto-energin, os
quais estio inclufdos e Hz, dando origem no termo E(L),

E(k) = A(L‘)zi"?(k) + B(k)cosp(k) , (7)
Ak) = wm+ gjd:’pV(k —p)sineg(p) , . (8)
Bk) = k+ %jtf’p(l? -PV(k — p)easp(p) . (9)

0O ardenamento normal dos termmos de energia cinética ¢ potencind da origem,
além de E(k), a um termo constante (independente de operadores de eriagio
¢ destruiciio), o qual representn a energia do vicuo. A minimizacio da
energia do vicno com relagio a ¢(p) nos fornece a equagdo de gap:

A(k) cosp(k) — B(k)sing(k) =0, (10)

a qual determiun y(p).

A fisica do ingulo quiral é que se ¢(p) # 0, temos a quebra dindmica
da simetria quirnl: no limite de massas de corrente iguais a zero, o termo
de encrgia dos quarks (E£(k)) apresenta uin termo de massa, o gerado di-
namicamente.

Neste trabalho, o potencial confinante empregado foi o scguinte

V(x) = -K3z* 4+ U. (1)

O termo constaute U, independente das corrdenadas do espago, & necessirio
para definir ¢stados assintéticos “in” e “out” . Ambos Ky e U sio posi-
tivos e tém dimensiio de energin, O potencial ¢ — 7 total pode ser visto
como o limite, quando U— +oo, de uma sucessio de potencinis cila vez
mais profundos com V(+too) = 0 eventualmente. E importante notar que
U nilo corresponde n um deslocaumento universal, como num formalismo
de primeira quantizagiio, das massas hadronicas. Este U entra no Hamil-
toniano (3) umitiplicado por min produto de quatro operadores de canpo
fermidnicos P ¢ duas matrizes de cor. Portanto, U é um operador ¢ nio um
namero-c. Ainda mais, colo serd visto abaixo, u iuteraciio efctiva entre os
quurks no interior dos hidrons é atrativa, npesar de V' oser positivo.
E passivel provar os segnintes resultndos:
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a) Quando U— 400, a autoenergia dos quarks (antiquarks) tende a mais
infinito. Isto significa que nio existem quarks livres!

b) A adigio de um termo constante ao potencial nio modifica a equagio
do gap.

¢) Urh potencial “constante™ ndo contribui para amplitudes de aniquilagéo
(criagdo) quark-anti-quark.

d) A equacéio dos estados ligados (equagdo de Salpeter) é invariante sob o
deslocamento da energia potential por U.

€) O Hamiltoniano confina a cor.

Passemos agora & discussio dos estados ligados correspondentes aos
mésons charmosos e niicleons e deltas. Neste trabalho, como estamos
tratando com potenciais instantaneos (e desprezamos canais de energia neg-
ativa) a equaciio de Salpeter pode ser escrita como

Hl|Y)=M|¢), (12)

onde | ¢) é um auto-estado do Hamxltoma.no, com massa M. O opera.dor
que cria um méson é escrito como

; ‘I’I: = jd"P §(p +p2) ¥(p1, P2) Xy oy m: b}l'le(pl )dL,“(Pz) ’ | .(13)'

e o operador de nicleons (e deltas) é escrito como

q;! = j dp 6(P1+P2+P3) $(P1,P2,P3) €130 X fafsmmms |,

xb}.m::(pl)b}mm(pﬂb}auq(pﬂ)! .. : (14)

onde ¢, x € € sio as fung¢bes de onda nas varidveis espaciais, de spin-isospin e
cor, respectivamente. Para os mésons, fatorando a parte-angular da funga.o
de onda de acordo com :

_ L § J v(k)
¢(k)-§,(M Ms MJ) Yuu(K) == (15)

obtemos a equaciio para v (k)
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L(L+1) %K) +5%k)
k? 4

{%+M-E(k)-i(k)-

Sl SR 1 2 (s, 4 (k) s,) L
_w [g(s-l- 1)+ (k-8)(k-8,) - -:l; s, -S:]}U(k) =0.

A equacio para 1 para os barions é dada por

3 3 3(1 —si .
{3E(p.) -M- EV;“ + lenn + (TINPI)_

+ [g - %S(S + 1)] (1 —sing,)(1 - sin'pz)%} 'f'(?:. P2 P3)=0.

Nas equagbes acima, os momenta, energiad & massas sio dadas em unidades
de (4/3)'K e sin y; significa sin p(p;). L é o momento angular orbital
total, S; € o spin do i'ésimo quark, S & o spin total e V} . é o Laplaciano
em relagéio ao momentum relativo (p; — p;)/2. o

As equagdes acima se parecem com equagdes de Schrédinger com in-
teragdes spin-spin, spin-Orbita e tensorial. Estas interagdes implicam em
diferentes massas para os diferentes hidrons, dependendo dos valores de
S, L and J. B importante notar que todas as interagdes foram derivadas
de um mesmo termo do potencial e dependem do angulo quiral ¢, o qual
reflete a estrutura do vicuo. _ -

A equagio dos mésons é resolvida numericamente usando o método de
Runge-Kutta[l]. Os resultados obtidos estio mostrados na Tabela I abaixo.
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Tabela 1: Espectro mesdnico no setor do charm, com (4/3)YPK, =
200 MeV, m, = 1362 MeV ¢ m, = my = 0. Os valores experimentais
siio da Ref. 3

Méson JPC¢ 8L, Calculado Experimental
(McV) (MeV)
e 0=t 18, 3096 2979
J,l” 1= 35'| ‘l"3 D| 3097 3097
Xo O P 3332 3415
Xe, 1+t 3p, 3343 3511
Xe 2 3P 4SF, 3365 3556
¢ 1=~ %8, +*D, 3579 3686
P 1= 35, +3D, 3611 3770
W 17 38,43D, 4155 4040
$™  17- 35,43D, 4209 4159
$™  1-- 35, 43D, 4935 4415
D - 'S, 1998 1869 .
D: ot 3R 2216 —
D* 1- 35, 2005 2007
D, | LA A ALY 2271 -—-
D, 1* P+ P 2499 2424
D3 2t p4IR 2552 2459

Tabela 2: Massas dos nicleons e deltas, para diferentes valores para as
massas de corrente m = m, = my. O parametro do potencial é o mesmo
que o usado para o charménio (4/3)"°K, = 290 MeV. a é o pardmetro
variacional.

m (MeV) My (MeV) Ma (MceV) an (i) gy (in)

0 1378 1612 0.629 0.540
0.725 1378 1611 0.628 0.539
7.25 1376 1607 0.622 0.537
290 1844 2005 0.479 0.435
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o

Resultados do método variacional para ns massas dos micleons ¢ das deltns.
A massa M e o parfunetro variacional o cstiio apresentidos ein unidades

de (4/3)'PK,
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A equagiio parn niicleons ¢ deltas foi resolvida usando o método varia-
cional. As [ungoes varincionais fornm tomadas como gaussianng, com
pardmetro «. Como teste do método, cmpregnmos este para o chinnnonio,
Obtemos resultados em excelente acordo com os caleulados exatamente
(Tabela I). Na Figura abaixo mostramos os resultados para as massns do
gistema N — A, como fungiio de «, para o easo de massas de correute igunis
a zero. Os valores mméricos para diferentes valores das miassas de corrente
estdo mostrados na Tabela 11, Os resultados para as massas N — A siio
razoavelmente bons, considernndo-se que ndo incluimos canais acoplados
(plous, principalmente).

Como conclusio, temos que o presente modelo é capnz de fornecer re-
sultados muito bous para o espectro dos mésons pesados e para o sistema
N — A. Os resultados aqui obtidos dependein de um dnsco parametro, K.
Os desdobramentos dependentes de spin siio dependentes do dangulo quiral
w(k), o qual ¢ resultado da quebra dinamica da simetria quiral. O préximo
passo, é a incluséio de canais ncoplados, bem como o célculo de outras pro-
pricdades dos hidrons (fungées de estrutura). Apesar de nio-relativistico, o
presente modelo certaniente é um avango em relagiio aos modelos de quarks
nio-relativisticos do tipo Isgur e Karl{5).
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MINI-JETS SEEN IN COSMIC RAY INTERACTION WITH
CARBON TARGET CHAMBER

C.E.Navia,F.A.Pinto,l.Portella,H.V.Pinto,R.ll.Maldonado

Instituto de Fleica-Universidade Federal Fluminense
24020-Niteroi- RJ -Brazil

In this vwork we us2 two differents praoceduras by ‘mini
Jets identification in cosmic ray particules interaction
with carbon target chamber (C-Jjets) observed by Brazil-
Japan Collaboration.This events concerns the overlapping
energy region with CERN and FNAL collider experiments(Vs
~ 500 GeV). Our results are diecuted and interpreted in
terme of fire-ball model and we find which those studies
are common in many aspects uWith modern veragjon of multi-
palticles production models such as quark atring inspired
by QCD.

1-INTRODUCTION, The present work covers experimental re-
sults and phenomenological studies with use of the emulsi
on chamber exposed to the coemic radiation at the top of
Mountain Chacaltaya,Bolivia(altitude 5200 above pea level)
by Brazil-Japan cOllaboration‘. We carried a systematic
analysis on the data of carbon target interaction(C-jets)
of cosmic ray particules observed by two storeyed emulsion
chamber. The cosmic ray observation 1is confined in the
forward region while tha collider experiment works' in the
central region.However C-jets of Chacaltaya exposure is in
good agreement with CERN collider experiment”. Both cosmic
ray C-jets and CERN collider experiment found frequent
emisgion of "mini-jets" and also raepid increase of its
production rate with collision energy. They believe that
the association of such mini-jets are the cause of increa-
se of ¢« py » and multiplicity. According @CD picture mini-
Jete are the result of "gluon-gluon® collision. The inco-
ming nucleon is a bundle of quark and gluons, where the
number of associated gluons (mini-jets) increase with
energy.

2-C-JETS CHARACTERISTIC AND MINI-JETS IDENTIFICATION. l.ower
chamber is designed to be a detector for secondary gamma
ray from the cosmic hadrons in carbon target interaction
{C- Jeta) For evary C-jet detected in the louwer chamber we
have energy E and position (r .¢ ) of all detected gamma
ray. The detection threshold energy in nuclear emulsion
plates for gamma rays in lower chamber is around E~0.1 TevV,
The energy weighted of C-jet is taken as the origin of the
coordinates and after the correction for slanting arrival

direction we obtain the zenithal and the azimiuthal angles

of gamma rays in laboratory system. In this work we use
171 C-jets events with total visible energy greater than
10 TeV and two differente methods by mini-jets identjcati-

on. a) JETS-ANALYSIS. Thio method is very slmilar to uae
in the study of atmospheric gamma ray familles callerd "dJe-
caacading”. Tha jets dnalylla procedure use the paramsater
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Pt;; relative transverse momentum between 1 and j A gamma
ray in a C-jet defined as:

Pt;;= E; Ej (R{j7H)/(E{ + Ej ) (1)
where E{; and E; are the respective .energies, R;; is their
mutual distance and H is the heigth of the interaction
{H~1.7m for C-jets) and impoma the critarion Pt} ¢ Pteqer ,
putting the pair Jjointly into one. Repeating the procedure
over all possible combination of pairs we arrive at a fa-
mily composed of Jets. The number of mini-jets in every
event depending of chogsed of Pt.yuy. The dependence on Ptiu
is examined in Fig.1,for the purpose of choosing an appro-
priate value for Ptcur, where we find a rapid decrease In
number of jets as Ptgincreases up to 0.25 GeV/c while the
decrease becomes slow as Pt runs in the region beyond and
the critical value Ptcur can be taken near 0.3 GeV/c.

b) VETOR-ANALYSIS. According with fire-ball model an in-
termedjate object(fire-ball) is formed in a high ' energy
collision,decaya into a number of secondary particleas ¢to
form a jat in the ¢.m.s. The momentum of every seacondary
particles can be resolved in two components p, and p{. The
Py is along the direction of the fire-ball momentum and
pt is at right angles to the axis referred to as spin axis
which makes an angle with fire-ball momentum direction
as is shown in Fig.2. The momentum conservation impose the
condition ti = 0 ,where N is the number of secondary
particles produced in nuclear collision. If the secondary
particle momentum P makes angles § and §5 with the emission
direction of the fire-ball and spin axis, respectively. we
have:
(1-K* )cos 85 +2K cos\f’ coséf cos §5-K" cosy =0 , (2)
where KePy /Py and &; =6¢(8.9), §s=§(8,¢) . Here @ and
; are the zenithal and azimuthal angles of a secondary
particle in the ¢.m.8. When K is constant the relation (2)
represents the equation of a scew elliptic curve in & and
variables. In Fig.3, we can see three difeerent types of
distribuition of secondary particles according whit rela-
tion (2). The Fig.3C is for all possible values of k andV¥
The Fig.38 is for k»l, for bothWarnd k variables, and the
Fig.3A 1s for fixed values of both k and ¥ . Typical c.m.s
© - § plots are shown in Fig.4 A,B,C of secondary gamma rays
produced in three differents hadron-nucleus interactions
{C-Jets). The elliptic like distribuition is shown by do-
tted curves.
The number of jets obtained for both procedures, jets-
analysis and and vetor-analysis is shown in Fig.5 and we
can see a good agreement between both.

3-SECONDARY ENERGY DISTRIBUITION AND “MINI-JETS". In the
fire-ball language the scaling characteristical multiple
production of hadrons observed in both cosmic ray and acce-
lerator experiment a low energies is a consequence of the
existence of a minimum unit fire-ball in multiple-pion pro-
duction called H-quantum. Those old ideas from cosmic ray
studies are common in many respects with modern version of
multi-pion production models such as '"quark-atring” and we
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may identify H-quantum as an unit piece of the ‘“quark-
atring”.After 1970 Brazil-Japan Collaboration has observed
in two storeyed emulsion chamber events with large P¢ and
large wmultiplicity and were assumed the existence of a
larger fire-ball called "SH-quantum"” or "Acu-jets” and is
the responsable by scaling break when the energy increases.
The "Acu-jets" events are asgociated with "mini-jete” and
"mini-jets” 'is a consequence of two steps decay of the
"SH-quantum” firat going into a few “H-quantum" and then
"H-quantum" decay in pions like a mini-jet. Analysis of se-
condary energy distribution for a C-jets with large mul.
tiplicity is shown in Fig.6. The full 1lines is the theori.-
cal distribution of gamma-rays from a "SH-quantum" under
the assumption of direct decay in gamma-rays through 17°
The broken line is the theorical distribution of gamma-ray
from "SH-quantum" under the assumption of two steps decay,
where a "SH-quantum" first goes into N H-quanta and then
emits N gamma-rays through mesons and can be expressed by
the convolution of two thermodinamic like distributions.

4-CONCLUSION- We analyse the existence of one or more

groups of secondary particles in cosmic ray particles inte-
raction with carbon target({C-jets), each of those groups is

represented by points on elliptic curve in c.m.s. 8- ¢ plot.
Each of those groups is ldentified as a mini-jet.This type

of analysis is in good agreement with other type of frame-

work called "jet-analysis”.Multiple production is a process
which can be congidered in two steps: first,a sub-hadronic

proocess{fire-ball production) and second,a subsequent decay
or transmutation in jets of hadrons. The sub-hadronic pro-
cess can be .interpreted under the light of the O0CD like

models.

1-C.M.GC.Lattes et al- Phys.Report,v.65,n. 3,1980,152.
2-N.Arata- Nucl.Phys.,B211,1983,189.
3-D.Majumbar-.Proc. 20th I.C.R.C. ,Mo8Cou,v.5,1987,174,
4-C.Navia et al- Il Nuovo Cimento,(in press) ,L1991.
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ALGUNS ASPECTOS DA DETECCAO DE NEUTRINOS COSMOLOGICOS
E MATERIA ESCURA -

R.Simonetti e C.Escobar

Instituto de Fisica, Universidade de 530 Paulo

C.P. 20516, 01498, S.Paulo, SP

RESUMO: Visando a detecgio de parliculas candidatas & matéria escura, incluindo
neutrinos, estudamos o espalhamento coerente ineldstico destas particulas por um alvo
composto (macroscipico). Alravés da excitagio coletiva do alvo (cristal) invesligamos a
produgio de fonons, fora do equilibrio Lérmico. Annli.ﬁn.mog o especlro dos fonons pro-
duzidos, com especial interesse nos fénons balisticos (GHz-THz), que sio mais facilmente
delectados. Investigamos ainda a possibilidade de se utilizar estados coerentes como es-

tado inicial do processo.

1 Introducao

Nosso objetivo [1] é investigar processos através dos quais poderiam vir a ser delectados
neutrinos cosmolégicos, assim como outras parliculas, fracamente interagentes, candidalas
4 matéria escura.

Estamos interessados na magnitude destes processos, islo €, qual a probabilidade com l
que ocorrem e as respectivas taxas de eventos.

Por se tratar de WIMPS, Weakly Interacling Massive Particles, a segéo de choque
¢é proporcional & G%, a constante de Fermi (= ll)“"GeV‘-"), sendo portanto muito re-
duzida. Exislem outros agravantes, como por exemplo as baixas energias de particulas
presas & galdxia (com velocidades da ordem de 300km/s) ou em equilibrio térmico a uma
temnperatura de 1,95K.

A segio de choque tipica destas parliculas inleragindo com a matérin ordinéria (u, d,

Yynb para particulas de massa nula, 10-*"mb para massas da ordem

¢) é da ordem de 10
de 10eV ¢ 10~""mb para massas da ordem de 2GeV.

A queslido é, portanio, como aumcntar esta seg@o de chogue. Uma maneira possivel é
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explorar a coeréncia deste processo, Devido as baixas energia eivolvidas (comprimentos
de onda longos) ocorre coeréncia em escala nuclear ¢ atomica eni algnns casos.
O espalhamento coerente yiode se dar de dnas manciras: cldstica e inelasticamente.

Vamos tratar aqui apenas do caso ineldstico.

2 Espalhamento Coerente Ineldstico

Consideramos neste caso, que ao sofrer uma colisdo, as particulas transferem energia para
o alvo (rede cristalina) de modo & provocar excitagdes colelivas, Numa rede cristalina
o deslocamento dos dtomos de suas -posicdes de equilibrio pode ser descrito atrevés da
produgiio/aniquilagio de fonons. A idéia portanto é produzir fonons a partir da interagdo
v-cristal e detectd-los.

Obscrvou-sc que em cristais & baixas temperaturas (com poucos fénons térmicos) pode-
se detectar fonons na superficie do cristal que foram prod'uzidos no seu interior mas que °
nao sofreram termalizagio. Sio chamados fonons balisti;:os e possuem frequéncias da
ordem de GHz-THz [2].

Nesta situagio teriamos um cristal preparado com nimero de ocupagio de fonons bem
definido (auto-estado do operador N) e portanto fora do equilibrio Lérmico.

A interagao v-crisial pode ser medida através do monitoramento dos [onons produzidos

no estado final. Para tal precisamos conhecer o seu espectro, que é dado por:

do a0 M ¢
o = we oy MY
1 [ ,, d4mke; 1  Ba¥cic;
X { ¥ [2k i Y ] Y 4arkc; % (1)

para neutrinos semn massa ¢ para ueutrinos com massa diferente de zero {ou outras
particulas candidatas a ME):

de  on ¢ Az ] |

ax = may g ) @)

Consideramos dois casos, num o crislal é preparado inicialmente com fonons a.cﬁstilcog

(A ~ 10'*GeV ') c no ontro com fénons halisticos (A = 107GeV '),
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Os gralicos abaixo apresentam o cspectro de fonons produzidoes a parlir da interagio
de particulus massivas com um cristal (8i) preparado inicialmente com fonons aciisticos

(& esquerdn) ¢ com hudisticos (& dircita).

Si (m,= 10eV), A= 10'? Gev™! Si (m,= 10eY), A= 107 Gev™!
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Na tabela abaixo se encontram as taxas de eventos para os processos citados:

| m, " fonons acusticos | f6 | fonons balisticos |
0 5.62 x 10~ 8.42 x 10°%
90x10%® |  90x10°°
5.52 . 9.12x 107 .
6.30 x 10°* 6.30 > 107 ‘

3 Estados Coerentes

Uma outra possibilidade ¢ utilisar um cristal preparado em Iestados coerentes. 0 interesse
neste caso ¢ investigar se hé aumento da segio de cholque devido a um fenémeno andlogo
80 efeito de “super-radidncia® em ética. Em principio o que se quer observar é a transigio
entre dois estados coerentes, que pode ser caraclerizada pelo surgimento de uma fase

relativa. Os resultados numéricos para este processo estio sendo obtidos.

4 Conclusao

Os dados relativos i produgio de fonons num cristal inicialmente ocupado com fonons
bakisticos siao bastante animadores, principalmente se considerarmos particulas candidatas
& matéria escura com massas superiores a alguns MeV’s. Quanto & possibilidade da
utilizacio de estados coerentes é uma questio ainda em aberto, a ser decidida quando
estiverem concluidos os célculos numéricos acima referidos.
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ESPECTRO DE MASSAS DE BARIONS NO MODELO QUARK-DIQUARK*®

A.S. de Castro — UNESP, Campus de Guaratlingucta, DFQ
H.F. de Carvalho e A.C.B. Antunes - UFRJ, IF

Calculamos ay massas dos eslados fundamentals dos lLarlons de
spin 3/2 através da redugio do problemu de Lrés quarks no problems
equivalente envolvendo um quark e um diquark. 0 potencial
nSo-relativistico utilizado teve seus parémetros flxados no setor
mesbnlico, e difere do potencial quark-antiquark apenas por um
fator assoclado com o operador de Cusimir quadratico do grupo
SU{3) de cor. 0 espectro de massas obtldo por essa aproxlmagiio €
comparado com ¢ espectro obtldo pelo mélodo de Zickendraht e com o
especiro experimental. A aproximagio quark-dlquark e o método de
Zickendraht fornecem espectros simllares, apesar do dlquark ter
dimens8o de mesma ordem de gi-andeza do méson.

Acredita-se que a QCD (cromodinfmica quéntica) seja a teoria
das interagdes fortes, descrevendo as interacdes entre quarks e
gluons. No modelo de quarks ordinario mésons e barions sf#io éstados
ligados QQ e QQQ, respectivamente. Barlons podem ainda ser
interpretados como estados ligados de um quark e um dlquark. As
excitagdes baridnicas sio excitacles do diquark, do quark-diquark,
ou ambos. O propésito deste trabalho & investigar essa’
possiblilidade calculando as massas dos estados fundamentais dos
barions de spin 3/2 com o modelo de potencial nfio relativistico.

A equagfio de Schridinger com o potenclal estético

Vir) = F 24 k™% 4 (1)
¢ r ;
acrescldo de correcdes relatjvisticas dependentes de spln, fol
usada no setor de quarks leves e pesados, mostrando excelente
concordancla com oS espectros experimentals de mésons [1) e
barlons [2]. A extensdio para o setor gluwnlco também Ja fol
conslderada |3}]. Fu é o vulor esperado do produto escalar dos
spins F de cor de dols corpos, relacionado com o operador de
Casinlr quadratico do grupo SU(3) de cor. Para o par Qﬁ_ no estiado
singleto de cor Fc = -4/3 e a parumelrizagfio do polenclial (1) para
esse sistema &
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' m =4,5CeV, m =1,5CeV. - (2a)

m = 0,5 GeV, m =m = 0,38 GeV ) (2b)
8 d [T}
@ = 0,187, K = 0,767 Gev™/? . (2¢)
C = (0,00x° + 0,146x - 1,412) GeV (2d)
X = Ln[[m ne m”m—]cev':'] © J(2e)
q9 9 9 9

com as massas em (2e) dadas em GeV. Para o tratamento da
espectroscopia de trés corpos na Ref. 2 introduziu-se um sistema
de coordenadas interno, que descreve a forma do triangulo formado
pelos trés corpos, e um sistema de coordenadas extel"ho."'que
descreve a orlentaclo desse triangulo no espago. A equagio de
Schridinger para esse problema reduz-se entfc a um sistema de
equagdes acopladas nas coordenadas- internas. Para os estados de
onda S,P e D um método formulado por Zickendraht [4] permite
transformar o problema de trés corpos num problema unidimensional.
0 espectro de barlons fol calculado supondo que o potenclal de
trés corpos & uma soma de potencials entre pares. 0 par.QQ na
representacio irredutivel 3 tem F, = -2/3. de modo que '_o"par QQ
tem um peso relativo ao quarkénio igual a 1/72. 0 potenclal de
curto alcance para o par QQ & 1/2 vézes o potencial ‘'de curto
alcance para o quarkdénio. Conjectura-se que essa regra sobrevive
para o potencial confinante. )

Na aproximagéo quark-diquark para o cdlculo da espectroscopia
beriénica supomos, como no caso do método de Zickendraht na Ref.
2, que o potencial de Lrés corpos é uma soma de potenciais éntre
pares e a regra de nultliplicar todos os parametros do potencial
por um peso relativo. Desse modo nSo ha pardmetros |lvres,
Calculamos as massas dos eslados fundumenlals dos diquarks de spln
1 (Fc = -2/3) e em segulda as mnssas dos eslados fundamenlais dus
sisiemas quark-diquark de spin 3/2 (I'-'G = =-4/3), considerando o

diquark como uma pariiculn elementar na comblnug8o com o quurk



para formar o barion. Alguns de nossos resultados estéio 1lustrados )
na Tabela I,

Na Tabela ]I constam as massas dog dlquarks e as massas dog
mésons asslm como os respectivos ralos quadrallcos médlos. As
massas dos dlquarks e mésons néo QIfql;em slgnificat lvumente mas os
diquarks sfo malores que os mésons por um fator pouco malor que
1,5, Em geral o dlqual;ll Lem ;'.giflo quad_r-at.._lt.:o med_llo-malol' que o do
glstema quark-diquark. Somente diquarks - constltuidos de dols
quarks pesados e comblpade com um quai':_k leve reverte essa
gituagBo, devldo a menor .e_nergla clnética dos quarks pesados que
tendem a estar mals préximos. Apesar dlsso nola-se que os
resultados obtlidos com a aproxlmaqao quark-diquark s3o téo bons
{ou tdo ruins) quanto a solugBo (também pp.rqxl_,ma.da) obt!ida com o
método de Zickendraht. '

* Trabalho parclalmente financiado pelo CNPqg, FAPESP e FINEP
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TABELA 1

Quark-diquark 2Zickendraht Exp. rqm
(bb)b 14,495 14, 362 0,21
(ss)s 1,707 1,707 0 (1,672) 0,60
{qq)q 1,341 1,339 A(1,2190-1,239) 0,67
{bb)q 10, 422 10,172 0,58
{bg)b 10, 185 10,172 0,24
(ss)q 1,811 1,587 =(1,532~1,535) 0,65
(sq)s 1,571 1,587 2(1,532-1,535) 0,61
(qq)s 1,440 1,448 £(1,383-1,387) 0,62
(sq)q 1,474 1,448 £(1,383-1,387) 0,62
(qq)b 5,747 5,838 0,42
(bg)q 6,055 5,838 0,59
(bc)q 7,200 6,935 0,59
(dbq)e 7.083 6,935 0,34
(eq)b 6,924 6.935 0,31

Massas dos estados fundamentais dos barions de spin 3/2 na

aproximacio quark-diquark (em GeV).

é& fornecido (em fm).

q = uoud

O par entre parénteses & o
diquark. As massas obtidas com o métedo de Zickendraht estéo
ilustradas para comparagéo
Resultedos experimentais: Ref.5. O ralo qua.drat.lco médlo tambem

(M.A.B. do Vale et al.

Ref.2).

TABELA I1
I 1

Dilquark qu- Méson an
bb 8.352 0.35 9. 466 0,25
ss 1, 159 0,93 1,020 0,69
qq 0,910 1,04 0,770 0,78
bq 5,208 0,80 5,270 0,60
be 6,285 0,48 6,285 0,48
cq 2,080 0,85 2,088 0,63
sq 1,028 0,89 0,892 0,73

Massas dos eslados fundamentals dos dlquarks de spin 1 (em GeV) e

ralos quadréticos médios (em fm).
Jvetorials também estfio llustrados. g =

Os resultados para lnésanus

u_ou d,
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Simetrias de Spins mais Altos do Modelo de Toda
Conforme Afim

H.Aratyn, C.P.Counstantinidis, L.A. Ferreirn, J.F.Gomes, A.H.Zimerman
Instituto de Fisica Tedrica - UNESP

O cstudo de modelos integraveis tein levado a observagio de estruturas
algébricas interessantes. Alémn disso, alguns desses nrodelos apresentam
invaridncia conforme, sendo portanto natural procurar uma relagio cutre
essas propriedades. Os modelos de Toda, de certa forma, servein como
nm laboratério para essas investigagoes . Estes sdo classificados cin trés
cntegorias:

O primeiro, denominado “Toda Molecule”, é obtido através da condigio
de curvatura nula de potenciais de gauge definidos numa #lgebra de Lic G
cujos geradores satisfazem [T¢,T?] = f**T¢, Para o caso sl(2), obtemos a
equagao de Liouville:

0.8,p—c*=0 (1)

ondezy =z+t 0 = %(a, + d,). A invariincia conforme ¢é facilinente
observada na equacéo acima a partir das trunsformagées :

zt - F(z*) (2)
e — Ga) )
¢ o+ %IH(F'G') 4)

Recentemente as cargas desta tcoria foram obtidas [1], observando-se
sercm clas geradoras da dlgebra W, que é uma cxtensao da dlgebra de
Virasoro.

O segundo madelo de Toda usualinente encontrado na literatura é o
“Toda Lattice”, cuja equagfio de movimento é novamente obtida ntravés dn
condigio de curvatura nula de potenciais de gauge descritos por nma “loop

algebra™, [T2, T¥] = fo&T¢ ... Quando G = si(2) obtemos:
0.0,¢—c® e =0 (5)

A integrabilidade completn deste modela foi obtida por Olive ¢ Turok
[2], on sejn, fornm construidans infinitas eargas conservadas (ji que o modelo
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possui infinitos graus de liberdade) e demonstrada sua involugio . No
entanto este modelo néo.apresenta invariincia conforme como pode ser
observado impondo-se (2), (3) e (4) em'(5).

Mais recentemente foi proposto por Babelon e Bonora (3] uma t.ercelra.
classe de modelos de Toda, descritos por uma dlgebra de Kac-Moody:

[ ] m+n + cm6‘56m+n:0 . . ) (6)
d, T:l =mIg, [C,dl [ci m] =0 (7)
Os dois novos geradores d e ¢ implicam a introducéo de dois noves campos

na teoria, 4 e v respectivamente. As equagdes de movimento para o caso
de sl(2) sdo: .

0.0, = e*— ¢ WFW, (8)
8.0, = 0 | (9
8.0,y = e (10)

A introdugéio desses novos campos faz com que recobramos a mva.na.ncna.
conforme:

b = b+oin(FG) (11)
PRERG 7e) C )
v — v—Bin(F'G') ' (13)

onde B é arbitrdrio. A questao por nés colocada diz respelto as simetrias
do modelo denominado “Toda Conforme Afim”.

Propomos uma construgéo para as cargas deste modelo ¢ explora.r as
simetrias nele existentes. O fato do modelo ser invariante conforme implica
a existéncia de quantidades construidas a partir das correntes conservadas,
W(z*) e W(z").

Considerando a qmrahdade (z*) percebemos

O-W(z*)=0 — W =0W (14)

Portanto as integrais espaciais de tais densidades sio conservadas no
tempo:

_..=jdz8.W=jdza,W=0 (15)
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Note que qualquer fungiio de W, F(W), também satisfaz ",—" dzF(W) = 0.
A Lagrangeana do modelo de Toda Conforme Afim, eserita nas conrde-
naclas do cone de luz ¢ duda por:

L=0,40-¢+ 0_pdv + 8y d-v + €* + % (16)
Definiinos os momentos candnicos em relagio no “tempo” ™ comao:
Iy = 0,4,11, = 3,11, = 5J = Oy (17)
;:I;jn estrutura algébrica é dada |;elus parénteses de Poisson:
(M=) L)} = 58 ~v)

{I(=z), ")} = &z~ (18)

Escrevendo o tensor de Energia-Momento modificado em termos das
quantidades (17)temos:

W, = II"; - ITy + 211,11, — 2IT, (19)
onde os termos com derivadas séo introduzidos de tal forma que W; tenha

trago nulo. Com o auxilio de (18) observamos que o tensor de EM modifi-
cado satisfaz:

(Wa(z), Walw)} = 2Wa(y)6'(= — y) - 8, Wa(u)6(z — ) - 56"(= —v) (20)

que ¢ a algebra de Virasoro, Lembremos que estamos tratando apenas o
caso 51(2). A generalizagio para ontras dlgebras é encontrada em [4]. Além
disso 0 madelo possui uma corrente conservada J¢, satisfazendo

{Wa(z), J°(v)} = J°(u)8'(z — y) - B, J(v)6(= — y) - 26"(z —v) (21)

Para construinnos as cargas de spins mais altos introduzimos o scguinte
operador

D, =0+ —J(z) (22)
cy

132



onde s ¢ ¢y sio definidos nas equagdes gque se seguem. Um campo de spin
3, V, deve satisfnzer a segninte relagio :

(W), Va(y)} = sVi(y)8'(= — y) = V(1)8(z — ) + ey — ) (28)
Asgim, nma corrente de spin 1, segnindo a definigio acimia satisfhz:
(Walz), Jy)} = J(w)o'z — ) ~ P(g)ilz —y) + sz —y)  (249)

Portanto, para obtermos um operador de spin s + 1 a partir de um outro
de spin s, aplicainos o operador definido em (22) e V,:

Voar(z) = D,Vi(z) = V/(z) + ci,J(z)V.(z) C(25)

guc satisfaz:

{Wix), Vera(v)) = (s + 1)Vou(y)8'(z - 9)
=Vin(9)b(z — y) + cv Du()6" (= — y) (26)

Observamos na relagéo (26) que o campo V,4; sé serd primario s par-
tirmos de um campo primirio V, com ¢y = 0, pois o diltimo lermo desca-
racteriza a relagéo (23) (defini¢io de campo primadrio de spin s).

Voltando ao modelo de Toda Conforme Afim, observaunos que a corrente

J€ satisfaz a relagéo (24) com ¢; = —2, conforme mostrado na equagio (21).
No entante o campo primirio Wa(z) possui cy = =1/2 (veja (20)), s o

cxisténcia de JC nos permite construir um segundo canpo de spin 2, que
denominanos Wy:

~ 1
Wa(z) = 2 (=)' - J(=) (27)
que satisfuz a relagdo de comutagio :

{Wa(z), Waly)} = 2Wa(y)8'(c — ¥) — Wily)blz — y) — 26™(x - y)  (28)

Consegnimos, portanto, construir van campo primdrio de spin 2 livie de
anomalia com o wxilio de (27), dado por: )

Valz) = Walx) — 41 W) (29)
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A partir de V; construimos nma torre de campos prinkirios, que tambén
seriio densidades de cargas conservadas da teoria de Toda Conforme Afin:

W z) = (0 — (s — 1)J%(2)/2) (D — (s — 2)J°(=)/2). ..
(0~ 2J%(2)/2) Va(z) (30)
para § > 2.

Notainos, no entanto, que existem outros campos primirios livres de
anomalia construidos a partir de V; e que sio as proprias poténcins dele:

(Wil=), (BN} = 2N (V)" 6z — ) - 8, (e))¥ 6z - y) (31)

Logicamente estas poténcias tambéin dario origemn a outras torres de cam-
pos primarios livres de anomalin. Portanto, de mancira geral podemos
escrever:

WN(z) = (8 - (s — 1)J()/2) (& — (s — 2)J°(2)/2)...

- (2N +1)J%(=)/2)(8 - 2N J*(z)/2)(Vz)"(z)  (32)
onde s > 2N. Resta-nos ainda estudar eventuais cegenerescéncias cxis-
tentes entre as torres (30) e (32)

Outra questio interessante éa estrutura da dlgcbra dos campos primérios.
Mostramos o resultado da relagéio para Wa obtido a partir de (30):
(wi'=), W''w))
(2B(y) + Wz  (1))8'(z — y) - 3W,(y)6" (= - )
(2Wa(y) + -J°(=)J‘(y))5”'(w -v)

+ —(J°(=) I (@))e (= —y) - —5"'(1—!1)

+ 4+ |

onde B(y) = J5(y)W,(y) + 2 I°(y)Waly) — (J(y))* Wa(y). Observaumos em
(33) uma estrutura de dlgchra W mn poneo diferente da estrutura para
dlgebras de Lie ordindrias.

Observamos tanubém que no limite J© grande:

Vile) & m()J5(x) = () (34)
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W) s ()@Y - @) ()

obtendo uma relagio que se comporta como
W,(2), We(y) % [(s = 1)W,ppoa(e) + (5" = DW,puma(p)lble —y)  (36)

que é a relagio da dlgebra wy, [5).A relagio ncima é villida tanto para
geradores obtidos e (30) quanto (32).
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QUANTUM STRING SCATTERING IN
SHOCK WAVES BACKGROUNDS

M.E.V. Costa
Instituto de Fisica, Universidade Federal do Rio Grande do Sul
Caixa Pustal 15015, 91500 Porto Alegre, RS, Brasil
and
H.J. de Vega
LPTHE, Université Picrre et Marie Curie
Tour 16, 1°* étage, 4, place Jussien, 75252 Paris Cedex 05, France

At particle energies of Lhe order or larger than the Planck mass, the curved
space-Lime geomelry created by the particles dominate their collision process. In
such sikuation, the description of fields or strings in flaL space-time is no longer valid.
The: dynamies of the gnantim ficlds or strings is then governed by Lheir equations
of motion in the classical background geometry.

‘I'his has been the motivation to investigale string propagation in relevant back-
gronnd geometries. In ref. [l] a systemnatic approach to quantize strings in curved
space-Limes was proposed. It has been applied to cosmological space-times [2], black-
hole: geametries [3] and more general ones [4]. In addition, the string equations of
motion Larned ont Lo be exactly soluble, in closed form, for some interesting geome-
Lries, like gravitational shock waves [5,6] and conical space-time [7] (Lhe geometry
aronnd a straight cosmic string).

‘I'he: purpose of Lhese papers [8] is to investigate Lhe scatlering of particles by a
gravitational shock wave in the framework of string theory. As it was stressed in rel.
[9], the: shock wave described by the Aichelburg-Sex| metrie (that is the gravitational
licld of a neutral spinless ultrarclativistic particle) is relevant to particle seatlering
al. ’lanck energy. We then choose to investigate specilically the scaticring of a string
(in one of its stationary stales) by a particle with an energy of the order or larger
than the Planck mass. ‘I'he string is considered here as a test string, in other words
ils encrgy nmst be moch simaller than the energy carricd by the shoek wave.

Ty compute N-point particle amplitudes in a curved, Int asymplotically flat,
space-Lime we start from the following generalization of the usual flal space-time
forida {6):

N N
Antka,...okw) = [ TT Mo e (0c | 1+ % (ks X(o7750) ¢ [ 00)
¢ =1
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llere ¥(k, X (o, 7)) represents the vertex operator for a particle of asymptotic mo-
mentum k in curved space-lime. It is a solution of the corresponding wave equation
in the given geometry, i.e. the Klein-Gordon equation for a scalar particle [6]. Fur-
thermore, the string coordinates X#(o,7) fulfil the propagation equations in the
choosen curved geometry, :

04 [Gru(X) 84 X*] - 1 18, GulX)] (84 X*)8* X") =0,

where G,.(X) is the space-time metric (u,v = 0,1,...,D — 1) and we use the
orthonormal gauge for the world- sheet. Hence, the string interaction with the
geometry shows in two different places: the functional form of W(k, X) and the
solution for X#(o,7).

The vertex operators ¥(k;, X(o;,7;)) pinch the world-sheet at V different points.
These pinches describe the ingoing and outgoing particles intervening in the process.
Of course, the integration in the expression of Ay must cover the whole string world-
sheet.

We start by solving exactly the string equations of motion and the constraint.
cquations for a shock wave space-time, in the light-cone gauge [5,6]. We recall that
the string obeys the flat equations of motion in one side (<) and the order (>) of
the shock wave. There is a non-trivial matching between both flat space-time string
solutions, which is reviewed and completed. The ambiguity in the longitudinal
coordinate is solved explicitly. We find that the constraints are satisfied if and only.
if we choose a mean-value prescription. This string solution will be used as the
starting point for the computation in of the scattering amplitude in shock wave
space-time.

The aim of the present articles is to compute the two-point amplitude, Aa(k3, k1),
for the scattering of a scalar particle (the tachyon in a bosonic string) by te shock
wave,

Al k) = [ dordoy [T dn dn (0c | 9 (b, X(oam)

: \I’(th(dl,Tl)) =I0<) :

where k(k;) is the momentum of the incoming (outcoming) particle. The vertex
operator for the scalar particle, ¥(k, X}, is a solution of the Klein-Gordon equation
in the shock wave space-time and X*(o, 7) stands for the string solution in the shock
wave metric. The total amplitude A; is naturally written as a sum of four terms.
They correspond to qualitatively different space-time histories contributing to the
scattering process. For simplicity, we choose the light-cone gauge to perform our
calculations. )
As it is clear, the exact evaluation of the expectation value in the right hand
side of the above equation is a difficult task, since it involves the matrix elements
of exponentials of non- polynomial functions of oscillator operators. [The operators
X*¥(o,7) after the collision contain non- polynomial functions of oscillators]. We
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then cvaluate Ag(kg, k) for large impact parameters g, that is when Lhe scalicring
angle as well as the inomentum transfer are small. [ snch a regime, we can start hy
neglecting the oscillator modes since | g [>> y/a'. This zeroth order approxinmtion
can Le improved by expanding the string coordinates operators in powers of Vo'
(i.e. powers of the oscillalors modes). Analogous approximalious have been wsed
in llat space-Lime [12]. We arrive al an explicil integral representation for the total
amplitude in terms of matrix clements 5'(!",13') of Lthe vertex operator. As for 57
itself, we show that il admits a scries expansion in Gegenbauer polynomials.

In the ilmpact parimeter representation, we find that the string contributions
fur large ¢ appear as corrections of order sfg (s is the usual Madelstam variable)
te the Conlombian phase. 1L must be noticed that flat space-time calculations yield
corrections of order s/g? and smaller for large g [12]. In oter words, the correction
Ltevmg we find do not seein to be obtainable through flal space-time comnputations.

As i well known, the point particle amplitude for te scaltering by a gravitational
shuck wave, as follows [rom the Klein-Gordon equation, possess an infinite mmber
of purely imaginary poles in 8, for Im s < 0 [9,10]. The Aa(kz, k) amplitudes,
here computed in the string framework, exhibil an additional sequence of imaginary
pales, Their positions are obtained in the small inomentum transfer approximation.
On the contrary, the Coulomb poles come from Lhe verlex operalor as an exact I'-
function factor. In other words, the position of Lhe Coulomb poles are not affected
by our-approximations.

Up to our knowledge, this is Lhe first time Lthat the amplitude for the quantum
scattering of a particle by a curved geometry is coinputed within the framework of
string theory.

We still want Lo nolice Lhat the present calculations can be easily generalized for
other string states (that is, for higher spin and higher mass particles) by inserting
the appropriate vertex operators. Of course, extensions to superstrings are also
pussible,
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CORRELATION FUNCTION ANI MASS SPECTIRUM OF QUANTUM V()Il'l'ICI-ZST

Rudaci O. Ranog*, 1.C, Mill'il;(l’", G.C. Marques® and L5, Ruiz***

ABSTRACT — ‘Fhe method of suliton quantization is used to obtain expliciv expressions
for the vortex mass spectemm and the asympitotic belimviour of vortex eorrelation funetion
In the Abelian Liggs Model ln 2--11),

INTRODUCTION

In a recent |)u|)licnl.iun[l], a genicral method of vortex quantization in continuum
QFT was introduced, based on the coucepl of order—disorder duality of statistival
mcchanics[?']. It was oblained that the extended topological excitations, which in L
Abelian Hliggs Model (AlIM) in 2+1D iy the vortex, could be deseriled hy nonlocal fickls
analogous to the Wilson loop operator 4 [1], a general procedure for the obtention of
correlation functions involving vortices was cstablished and an explicit operator realization
of the vortex ficld was obtained. In [1) we lave take the formulation of [1] and it was
applied to the computation of the vortex two point corrclation function in the AIIM in
241D and from the large distance behavior of this function, we obtain an explicit
expression fur the quantum vortex mass in the Lree level and its quantuni correction at
I-loop level. The main steps of the procedure are shown below.

CORRELATION FUNCTION OF NONLOCAL VOR'FEX OPERATORS
1ot us consider the AHM in 241D, given by

€ = —f Wy ™ 4 (D, 9)* (1" 9) — nidgg* — 2 (g M

where D =4 + icA,, A, Leing the clectromaguetic ficld and ¢, Lhe electronlc
charge. or m2 > 0 the system is he "unbroken" or disordered phase, whore <¢> =

For m? <0, the Iliggs fickd ¢ develops a nonzere vacumn expectation value and e
pholon acquires a mass Lhrough the Higgs mechanisn.  We cail it the "broken” or
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ordered phase. In this phase Niclsen and Olcscnls] obscrved that this model possessed
classical solutions with the long distance behavior

et Inrg(x)
¢t T Py €

: - (2)
l ) -
ARt) ———— == arg(R)
l( 1 I*I . c i
"These solutions we called vortices and they are associated with the identically conserved
topological current j‘l =1/2 c'mp Fop whose topological charge Q is the taguetic Mux
along the (x5,xz) planc. ) ,
In {1] a nonlocal voriex operator p was introduced through the cqual time
conimutation relations o
ot uli-3) g3, wire) 5 92 T(O) L
pRiic) ¢() = (3.3)
#($,1) n(3,L5c) ;  J-ReT(c)

and

(A8 -1 9] arge)] wttic). ;  9-RE(C)
aR,e) Ade) = (3.b)
A(y,t) n(2,t5c) Ty 9-Re'e)

where ¢ defines a certain plane curve on which the vortex operator ic) is defined and
T(c) is the minimal surface bounded by c.

"The cuclidean corrclation function of the vorlex operator satisfying Lhe algelira (l)
is given b)l ] ,

<u(xic,) pHyie)> = 247(0) f D¢ D¢*D A,
f ¢ [} (B + Fu) + (0, 9)* (0" ¢)+V(¢)]] ()

where F,,(8) = 8, A,(8) — 4, A(S) and A,(S) is an external ficdd introduced in (1)
such that it guarantce that <pp*> is simultancously surface and path independence. S is
an arbitrary surface such that its boundary is @5 = ¢,Uc, .
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MASS SPECTI'RUM
I'rom (4) one can see that <pp*> reduces Lo

<”ﬂ*> = uAIx;cll J'i':‘.ll (.r’)

where A s the sum of all Feynman graphs with the external ficld ﬂ“(b') in the externg)
legs. 1'rom the asysuptotic behavior of (8) one can predict the following l_u:luwiurl'”
<ulxie) i yie)> ——— o Mrlxy] (6)
' xY| 4w '
where My will he the mass of the excitatlons produced by the field plc) and that in th'i:;_
case will be the mass of the vortex excitation. )
Choosing A (S) as dofined by the surface $: S, US, = (R2—"1)) UKE "1,
where T, and T, are plang surfaces bounded by ¢, and ¢, respectively (with radiug

R), then A (S) can be written in the form

AS) = ~Larga-) f 0§ 42, + & arg(2-3) f 8'(u-€) u¢, (7)
S, 5,
and choosing in both phascs the Lorenlz gauge as the fixing gauge tern:
. o
Loy = 5("" A (8)

onc can nmk(': thie shift A,— A“-T\F(S) in (4) and define a new D, as
Dp = 0|L+ic(A||."i\p(s)).'

In the symmetric phase (in2 > 0), since <¢> =0, we need not make any shift in
the ficlds in (1). In the "broken" phase (2 <0), we have <¢> £0. ‘Tuking
¢ =1/y2 (¢1+i¢gm) and choosing <> =0b and <¢> =0 oune will oblain, afler Lhe
shift in ¢;, the mass terms M? = c®b? for the A ficld aud i = 2|m|? for the Niggs
component ¢y .

In both phases one extracts fromt £ Lhe terms that depend on KII(S) and then one
has the respectively Fuynman rules.

After an explicit caleulation one obtaing the fullowing expression w A in (5) )
A= Al.l'tﬂ: + Al'luu(l -{9)

where
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e (22 = "”"‘%f "“%%____M (1o

with T
(2)
M" : :
where
n 3 k2
=8, = | Lk o (12)
1) (2x)? k4]
in (10) and (11) ensReazQ. represents the external ficld ﬂl‘(h').
Taking the limit |x—y| — o in (9) we gel.m
A ——— - M, |x-y| (13)
|x=y| - o0
where, in the sysumetric phase, M, = 0, as was expected, and in the "broken” phisce
2 |
M, =rn Mo (14)

e? 6

' {2
In (M), = I'\el’ is the result at the tree level and is just Lhe semiclassical resull for the

vorlex masslﬁ]. The sccond term in (14) represents the 1-Joop quantum correction Lo Lthe
vartex mass.
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SUPERSIMETRIA, ALGEBRIZAGCAO PARCIAL

E O POTENCIAL V(x) = x° ¢ x[ %1 + gx’]

EILSQ DRIGO FIILHO - IBILCE/UNESP-SAQ JOSE DO RID PRETO-SP
REGINA M. RICOTTA - IFT/UNESP-SAQ PAULO-SP

RESUMO: Exploramos a relasdo entre a mecdnica quantica
supersimdtrica e a algehriza¢®o parcial do problema espectral para
resolver o potencial n¥a palinomial: V(x) = xz + A Cﬂzfi + guz it

A supersimetria tem sido aplicada em wvarios contextos
relacionados a meciAnjca quéntica ardinériJ”. Particularmente, a
resolus&o da equasdo de Schrddinger através da super—algebra tem
sido tratada em potenciais exatamente so}ﬂveigm". Estes
potenciais possuem uma simetria especial em sua forma, dque
possibilita a solus¥To exata. Outros potenciais, parcialmente
solUveis, tambén tdm sido estudados .

Por outro lado, o método de algebrizas¥o parcial™®
fornece elementos para tratar potenciais onde apenas uma parte do
espectro @ exatamente soluvel. Este método © paseado na presenca
de wma simetria esgondida no Hamiltoniano (SU(2) no caso
i-dimensional),

Neste trabalho wusamos a relacdo entre a Mecanica
Quidntica Supersimetrica e o Método de algebrizacdo Parciafoﬂ‘
para resolver a equacdo de Schrédinger para o potencial

ndo-pal inomial:

2
U(x) = % + A X (1)

2

i r gu
cujos resultados analliticos vem sendo estudados por varijos

{2=10)
autores -

Em Mecdnica GQuantica Supersim@tirica o Hamiltoniano e

escrito por

Wk + —:*_,— o W ix) (2)



onde o superpotencial W(x) deve satisfazer a equa¢¥n de Ricatti
(para o setor "bhosonico”):

Yoo £ = == Won - =5 Wi T T
e a anto funs®o do estado fundamental @

- I wigddy
¥ o=e - (4)

Para o setor "FermioOnico” o sinal da exponencial & trocado, e
neste caso a autofuns3o nio @ normatizidvel.
4 1igas¥0 entre formalismo supersimétrico e o Mtodo de
Algebr izas¥o Parcial & feito através do superpotencial’
. 2j

Wix) = A(x) - —g— = A(x) - L

1E8

£ () .
Flxd~ a (5

onde W(x) ¢ obtida através de uma transfurﬁa¢30 de gauge
x

“imaginirio’ na fun¢3o de onda original: ¥(x) — ¥(x) e—I ﬁ‘”"”.

0 Hamiltoniano original também sofre uma transformaco, a deriwvada
simples é subst ituida por umpa der i vada covariaﬁte
-%; — —%§ - A(x)]. 0 Hamiltoniano assim transformado POSSME uma
simetria escondida, neste caso SU(2). 0 Indice j (semi inteiro)
indica o nimero de estados que sipo diagonalizados: (2j+1i). estados.

Para estudar o potencial proposto em (i), nds usamos

Al(x) = X — — (&)
X
N an
Fix) =F ¢ x (7)
naQ

onde h e «c s¥o coeficientes numerices a seream determinados
atraws da equa¢do (3).
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Vamos nos restringir a J.= —12—-. o que significa que
apenas 2j + 1 = 2 estados ser¥o dlagonallzados. ASS it usando Wix)
dado em (5) na equac2o de Ricatti (3) obtenos

A
b“’,”#s 12+[2E—2b-el.-e :
X i + gx
N L an-2 ) 2n~2
E cn (-4nx"" + 4bn x + 2n(2n-1) x." )
ned
N =9
 c X" (8)
n
ned

Do residuo em x = ¢ gbtenmos a condic3o
h =@ ou b=1 ()
Manipulando algebricamente a equac3o (8) ohtemos para
b=ieNr=1:

. 3 . L A o kg - 4-
-c—°=g- E°=—2—- 3g ; 9 = —~4g 4 (10)

o0 que nos leva a autotunc®o e autovalor:

LatrahHh L e™™ 35 - (1)
tixamos c, = 1, pois no estamos pPreocupados aqui com a3 exata
noraal izasXo.

Tomando b = @ teremos para cada N usa soluz2o que fixa g
e A e que fornece junto coa (ii) o par de solucXo. Para N = 4 nosg"
obtenos g { & que nXo possue interesse fisico. Coa N = 2 obtemos

c, = & c==——;-=—g=s.g--%lE=-%-3g (12)
ou- 2
¢, =N - g W) e g =54 - 3 (13)

Finalmente, para N = 3 a autofunc20 e autovalor para o estado
excitado vale

¥ =a+Cx et v Cp”y e™™ g =95 - 3 (14)
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con

= g~ = g% - 10 A -t 3 _ 2 2.4,
E' - ;ig 4 . Cz - 9 3 9 + 3 . C. - 5 9 1. 5 g + S g ’
g = i 4 L A1 ;
g =513 3 x 1,457 (15}

Agsim, usando ua "ansatz” apropriado, achawmos doi. pares
de solu;@es para a equasio de Schridinger original, eq.(11) e (13)
com g =~ 1/2 ¢ eq. (11) e (i14) com g9 = 1,457, Podemos nos pergrintar
se @ possivel obter um numero de soluctes maior que 2, para 4que
isto ocorra @ preciso fixar Jj ) —%~ na equasdo (3) é procurar as
solucties de (3).

Finalmente, notemos que o parimetro b esti relacionadn a
paridade das autofuns@es. b = | para o estado fundamental ndica
paridade impar €e b = @ para o estado excitado fornece paridade

nar.
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RESOLUCAO DA EQUACAO DE SCHRUDLNGER COM POTENCTAL
BT -DIMENSIONAL USANDO SUPERSIMETRLA .

Elso Drigo Filho
IBILCE-/UNESP-Sio José do Rio Preto
Fua Cristovio Colombo, 2265, Jd. NAzaret.h. Caixa Postal 1356
CEP,: 18.0858, Fone CO172) £4-4966 - Ramal 59

_RES‘!IIIU; Introduzimos uma realizagdo ndo wusual para algebra
spwrsimetrica em Mecanica Quantica. Esta realizagio permite
desenvolver um meétodo para determinar a solugdio da equagiio de
S:hrédinger para certos tipos de potenciais bi-dimensionais. O
potencial de Hartmann é estudado para ilustrar o meétndo.

Em Mecanica Quantica Supersimétrica C(N=2) nos temos 2
geradoras Q e Q*) que obedecem a seguinte relagio de

ant 1comtu agio.

{Q.("} {Q Q}=O O_{Q.Q+}=H“ €1>

ums ndo usual realizagido desta superalgebra e:

- -

0 0 Q Q - . - -

L 6 o 0o o - [a © e .o
=d| xo- = - 5 | d) = s v = 2

a o_ 0 O 0 b 1 o

i O b O Qo ] - - d - 4

+ )

0 O a 0O -+ - - .

- - A 0 O 1
@ =a’xe=ia S & al:a)s Ad oo, = ¢3

: o b o O

() 0 0 0 L . 4

o2 a & b sio operadores bosénicos (a realizagio wusual da
superalgehbra pode ser encontrada, por exemplo, na rer.{11). O

Ham | toniano supersimet.rico dado pela eq. (1) assume a yorma:

a 2 ) u 0 O
v = 0 b'e” W' 0
E- 2% (3] (4] a 0 H' H
Q 0 H" '

141

oy garadores O e Q" aplicadas as autofungdes de H“. atuam da

el hle maneira

L ED R TN R S P B
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onde ¥ e i sic autorungbes de H,£ o H_. respect)vamentea.
3 Hamiltoniano original e total a & di mensies pode ser
Freont rado como sendo
* - -+ -
H =tr H =a a +b b L)
nrg +
Em uma cinensio a superalgebra permite am alguns rasos
coepgbriar uma famylia de Hamlionianins ligados entre s) pela

) .
supersinetria’ com jjustrado na rigura .

H i

e — -—-:-.-_ t— b [ S—

———— — aa-=H-E“'
o 4 4 (4]

—_— a a =H’-E

a’a_ = H-E?
2 2 o
aaT=H- g"Y
[

Figura 1: 1llustragio da famlia de Hamltonianos gerados por
suparsImelria,

Sabemnos que © espectro e as autofungdes cdestes
Ham: | Ltons anos estio relacionados entre sa

() = E"‘m ) .,."’ =a’ a* a+ 'p"“ C7a

Folenclals uni—dimensionals que permiem tal construgdo possuem
uma INVariancia na forma quando passames de um Hami )l Loniano para
agtro dentro da familia, » que significa uma mudanga apenas nos
parametiros do polenclral @ ndo na sua forma funcional.

<om a realizagdo que demos para a superalgebra estes
copnceltos urados &m uma dimensdo sio automaticamente estendidos
para cada componenle de H, CH' @ H") no caso bi-dimensional,
km particular, podemos usar a relagio (7) para encontrar a solugio
-3 wpuagio de Sohroda nger'm

Tomemos agora um sxemplo, o potencial re Har-t mann'*’

2 : ! a Y a: ’
Ve g ter =y { - - Z = } L LH)
r-sen &
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Este potencial pode =er aplicado, por exemplo, a molacula de
henzena,. Em nossa nolagio a_ @ o raio de Bohr o £ ¢ o estado

ruwndament al do atome de hidrogémio. ¥ e o s3o parametros positivos

» constantes. Em Lermes de coordanadas parabolicas "quadradas"‘m
3 vquagic de Schrddinger original pode ser separada em duas
z
2 z _ =TT e o :
" x.={- dz + M 21'/4 + z. }x‘(x.:) . E— x.(x..»
dx x, h™ h '{lEl
(EV)]
e .
2 2 | =T x* oo
I-I"' Y= {-- dz ] M -21/4 + z: }x=sz)= - 2 szx2)
dx x, h h v |E|
C10)
s x: = 7 |E| t* e x: = |E| . f e p estio relacionadas as
coordenadas cartezianas pelas relagdes:
S S z
¥ = Lp cosy » y = &n san y e z——P—Ln—E)
A tuncio de ondas em ternos das nhovas coordenadas sera
= -1/2 Lyt
v Cx'.xz.w) Cx‘.xzn x'Cxl) xz(xz) ) c11>d

e M = m o+ ;vz-:rz. Temos ainda um vinculo entre os parametros o @

N oo =4r’a"¢:~a 12)
! 2 o o

Neste caso em partaicular, H' e H" s3o idénticos e devido a sua
wetrilura de oscilador harmdnico com barreira de polencial sabemos
que ele apresenta a 1nvarlancia na forma (a rer.(tl1 tras alguns
avpeectos do polencial harmdnico com barrerra de potencial npuma
versace supersimetrical). Vamos estudar H', onde os resultados para
H" €do oblidos por analogia.

i smbr ando gque a: a; =H - E;"'. podemos verificar usando (7] que

n

- ¥ an ” . . . -
E = ¢ —-—-—C|M| + 1 + 2n) Cn = 0,1,2,... (13
n h
o __d , YEu x—JM! + 172 + n C14d
*a x h - x )

- ] _-r L3 ﬁ"
'c' " anl a3, .'a\n xo C18
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arvte X, % obti1do pela equacio diferencial:

- _ Y e
& r =0 % X = xIMI""z P z2h X L1B)
[ i ] -] .
Ne problema original obtemos portante <da 1gualdade
=1
’ =E +E =-e¢Y2W c2iMj+a+Can +en 3 n e n = 0.2
ry nt ng h 1 4 1 2 PN
<17
I rgtrs lade Code (9 @ CLODD
S -—t . (o o+ o) 18
(13} n h rrF—r 1
lganday L17) & C1E) oltemds:
4 rzcvzs a 2
Ir':l - ” o 0O Cla)
3] Fﬂl-l-ﬁ n +n
1 2

Ie €ao ot autovalores da enpergla para o potencial original, a
Fungido dée onda e obticda usando a eq. (11D onde x, = x, tem a
Frorma descrita por C185), Portanto, nosso resyltadn rfornece a
<olugie analitica exata para o poléencial de Hartmann (¥).
Concluimos frizando que atraves da realizagado de
Tuwer al gebra inlroduzida nesLe irabalho podemos usar a
supssreimetria para resoclver a squagio de Schréwlinger para alguns
prrhercials br-dimensionais. Entretanto, © metodo nio & geral, pers
nem  Lodos os polancials b) -dimensionais, permitem que o
Hami ltanrann original sejJa separado em doirs Hamiltonianos

nniL —diensionar s,
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CALCULO DAS F' UNQ&ES DE GREEN DO MODEL O DE SCHWINGER GENERAL[ZADO

PELO METODO DE INTEGRAGAQ FUNCIONAL

Alvaro de Souza Dutra - UNEEP/Campus de Guaratingueta-DFQ

Calculam-se as fung@es de Green do modelg de Schwinger
generalizado n¥o-andmalo, usando variadas fixag@es de calibre,
através de uma seqUéncia de transforma¢des nos campos do modelo.
Em particular tratamos do caso em que g pardmetro de regularizagio
assume o valor a = g‘ (a=1,no modela de Schwinger quiral).

Verifica-se tambem que, comog gbservada por Girotti e Rothe [1], as
fung®es de correlagfo invariantes de gauge s¥o iguais nos dois
modelos. lsto implica que o termo de fonte na integral funcional
deve ser tal que gere apenas tais solug8es [2]. ‘

A Lagrangeana do Maodelo de Schwinger generalizado
nZ¥o-andmala, apdés serem feitas as transformagdes que desacoplam os

férmions, & dada por
£ = E'uyua"')v' + (1/72e)x ox + u/zne’)(g: - M) (n + @)ain + )

+ ulzne’)(g: + M)xox - (g,g,/me’)(n + 8)ox (1)
onde Mt o= ae® e os campos v € x s3o, respectivamente, as
componentes longitudinal e transversal do campo de gauge

v

eA = & + e &
u Pn L r £ {(2)
@ 0o campo 8 é o campao de Wess-Zumino, aquele que restaura =a
simetria de gauge do modelo. Sendo esta uma vers3io invariante do
modelo, devemos fixar o calibre a fim de obter as fungdes de

Green. Vamos usar 0s seguintes termos de fixagdp de calibre:

. _ (X L 2 _ . - w12,
i) B, = -(1/20) (8 pH + e 2.A,) (1/2a) (an - fox)®; (3a)

if) R, = —(uzmapeo“e. (3t)

onde a @ 3 s3o parAmetros de gauge.
Caso M # 9:=

Neste caso, para o primeiro gauge fazemos a transformacgio:
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glgﬂ
& =6 + - fAlx -0 {4a)
2 2
( A M)
n=n + ﬁx‘ e y = x (4'3’
de modo que o modelo desacoplas '
L u;;‘= (172e%)'at v a)y” + (1/2ne’)(gf-rﬁya'ua-m
- (172a0e)yp 00", (5)
com
2 _ 2 _ 2 2.2 2
a(m® - g’:)

Fazemos as mesmas transformag®es nos termos de tonte du' tuncional

gerador, por exemplo
M - M . . . .
A = (1re13¥|0 + ) + e 8° 7
J“ (1/e) [ p(n Ax ue? X ]- . (7)
de modo que o propagador de fétoH. que se obtém a partir de :

<A AD> = - &2/60 & (8)
H Y How .

J=0

vai ser dado na representa¢io de momeﬁtum por:

— - z v g .
D, (k) = -(1/e '[Fp*von' s Bk, KUK, ku)Dx.], (9)

onde Fp = eupkp. Usando os praopagadores livres qaé campos 0’ e x’
aobtem—-se:

2 2 2,.2 2
= =1 - - - + "+
D (k) (i7(k m ))[q » [1 + f3 (] am /k ]k k 7k

-— — 2 )
Atk K, + K k17K J. (10)
No caso da segunda fixag¥o de calibre, teremos analogamente:

1) Trantarmagdies:
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n = n o+ ' % x -8 {1la)
7z _z_ :
- gs— " )
x=x 88=6" : (L1b)
2) Lagrangeana: )
R = gusu 4 Q;:J= ;1{Zga)x’qln + mzlx' + (1/2nez)(g: - Mz)n'uu' “*
+ (1/2a)8°' 08’ {12)

3) Termo de fontes

9,9, ) -
J AM = (1/7er)3¥]a —t 2 |x -6 | +e x|, (13)
s v ) Hp S

4) Propagador:

. 2 2
(k) = (i/(k - m)){-g + k (lle ) (ne® +
HY { (T3] [ (M2 g ]l

- a® - gl 4 u/k’)[(m‘a/e ) (m*- g, ) - tg, + Qg’]] +

2 - -
(g‘ga/k ”k,uku + kpkv)]}. (14)

2 2
Caso M = g3

Neste caso vamps usar um ogutro método para cal:ulﬂr_ os
propagadores do téton. Para isso reescrevemos a Lagrangeana (1),

ande omitimos o termo de férmions por simples conveniéncia, na

formas ”
R=.(1/21pM o, . (13)
b 4
onde p = n|, de modo que temos por exemplo no caso do segundo
.8
gauge (8 & = 0): .
2 2 - 2 _ 2
. a + gg;. + gzg gg‘gzl-zne ) (glgzIZne )
M= (a/e”) -lG’_ga_/?ﬂz? 0 o (14)
: 2 2
Ve . .. —(g.gz/'LPng ) Q . {17202 )

Invertendo a wmatriz acima obtemos a matriz
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<y x? <y > <x &
M '= | <nx> <xyw <xmer |, (17}
K@ x> <8 P> <a 8>

onde os elementos <x x>, Sx >, etc., sd30 as tungdes de correlaga
de dois pontos entre os respectivos campos, a partir das quais
podemas escr ever por exemplo o propagador abtraves da relagédos

. . 2 . W 4 i o s 4k Ca w3
\n“ﬁu> = ({l/se )[k“k“\n 3> ot k“kp<n x> A k“k“~x ne k“k“(x &I]'

(18)
g usando que k k. = - g+ k k , whtemos finalmente que:
‘ o Hv U
_ 2.[2 _ , 2 2 2 ]
<nunv> = n(k“kulk )[k (g, + @) + a(g‘gzl'fn- e )] +
- - 2 .
(n/g‘gz)[(k“kp + Kk ,)/k ] (19)

Finalmente pode-se verificar que as fungdes de Green ipvariantes
de gauge sXo as mesmas que no modelo andémalo, para isso podemos

definir a corrente como:

u = M
S Ll (ue)o*‘e] =3 A, (20)

onde Ag & definido como o campo invariante de gauge. 0Observa-se
ainda que o0s resultados acima podem ser comparados com aqueles
encontrados na literatura, por exemplo no caso particular do
modelo de Schwinger quiral [3,4] para o "gauge 8" no caso em que
a=0, e para o "gauge de Lorentz generalizado" quando

n

do propagador de féton quando e + 0 [4] em (14), mostra-se ser um

{a - 1)'l ou 3= 0., Além disso vé-se que 0 "mal comportamento”

artefato do gauge, pnis este termo pode ser eliminado através de

uma adequada escolha do parametro de gauge o no "gauge e"

(a = ne®/7(M* - g,
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An alternative preseription for ganging Floreanini-Jackiw chiral hosons
S. A, Dias(*) and A. de Souza Dutralt)
ICHPF/DCP and MUNESP/Guaratingueta/DFQ

We seek new couplings of chiral bosons to U (1) gauge fields. lLoreniz
covariance of the resulling constrained Lagrangian is checked with the help of a
procedure based in the firsi-onder formalism of Faddeev and Jackiw. We find
Hamda’s constraint and another local one not previously considered. We analyze
the coustrainl structure aud perl of the spectrum of this second solulion and show
thal il is equivalenl {o an explicitly covariani coupling of Siegel’s chiral boson lo
gauge fields, which preserves chirlity under gauge transformations.

In the course of the analysis of chiral bosons propertics, onc natural siep is to
couple: them to abelian and non-abelian gauge fields[1,2,3] in order Lo study Lhe
corresponding anomalies, or Lo provide an alternative approach Lo chiral models
in two dimensions[4]. These couplings have been proposed both in Sicgel’s [5]
explicitly covariant formalismf2,6) nnd in the approach of Floreanini and Jackiw
(F3)[7.8).

Illl tl!e counlext of chiral theorics in Lwo dimensions, ljarada has shown re-
cently how to obtain a consistent coupling of FJ chiral bosons with a I/ (1)
gauge fiekl, starting from the chiral Schwinger model (CSM) and discarding the
right handel degrees of freedoin by nieans of a projection in phase space imple-
miented by the chiral constraiul x4 = ¢'[8). ‘The resulting theory liad the sane
spectrum of the CSM with the additional characteristic that the massless mode
was scif-dual. ‘Fhere was no trace, at the end, of the right-handed fermion
originally present (which, however, was necessary for the eigenvalue problein of
computing the feriion determinant to be well defined [9]). IL has been shown
Inter by Buzein]i0) that llarada's approach was equivalent Lo the one of Beflucci,
Golterman and Petchee(2] under Faddeev and Jackiw's first-order formalismil 1),

We investigate, in Lhis letler, the possibility of obtaining different couplings
fur the FJ chiral boson, starting from Lhe generalized Schwinger model, where
both chiralities interact with the gauge field. We obtain the Lagrangian of the
conpdenl system under a generalized chiral constraint and propose u cheek test
which ean straighiforwardly decide whether the resulting coupling is Lorentz
covariant or nol. We observe Lhat stacting with the left handed chiral Schwinger
mailel it i3 possible to couple chiral hosons to U (1) gauge ficlds in Lwo lorentz
covarinut ways, wsing different chiral canstraints for one chirality (xg = ’ H
aml for the other (wy = e i A1)). The constraints xg = —¢" and
Xy = ¢ + e(Ag -1 Ay) are the ones allowed for the right- handed CSM, "The
theory ublitine] using 1y = —¢ -+ e(Ay~ A;) is shawn 1o he equivalent Lo
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a specific conpling of Siegel’s chiral bosons with 7 (1) gange fichls which is
symmetric wider chirality preserving gauge transforinations.
Our starting point is the Lagrangian of the gencralized Schwinger model
{GGSM),
— 1 | -
£ = Wy (m,, + en A,.(—-—*i-l!l + eLA,.(—.Z—“-l) v (1)

which is equivalent Lo its basonized version[12,14)

l e _ 2 M
RN FUL e T RIRE S O
where
z &, - g éeén + @8
;,:"‘?;i". §?=¢2_=n, M*=&’;“—"". o)

In (3) é. and &g are arbitrary couplings introduced by the regularization
procedure|13] and ¢ and g are defined as{12)
. . 112 - N N 1/2
& = (Ei + (€L - ﬂl‘.)?) » Er = (e?, + (ér - en)’) )]

“The Hamiltonian obtained from Ly is

l
Ny = :j('o—ylﬁo-.'nf‘l)!

M!

+ %J’ + ¢ (0 M + 92 A0) - 2

A (5)

with /T g: = 7; and x M? = M.
We project one chirality with the aid of a generalized chiral constraint

= 714 - 0¢' (6)

In (6), @ can be a lunction of é, ¢ and A, hut not of é. in order that Q remaing
constraint. We Turther inapose the requicement on a that {Q, 2] is not to be
field slependent, so that it can Le absorbed in the normalization of the functional
integral

Zanldl = ]'D¢ Tagy b(S12) fubet {52,50) i expli jdzz (x¢ 6—Hu)). (7)

Under these assmnpLions the snalysis can procesd along classical lines. Fune-
tionally integeating over e ag ficld in {7) we ubLain onr effective Lagrangian

= I:" o
IRy v L L



+¢ ((ngh — 92) Ao + (o g2 — @) 4))
) ] M3 -
-3 (51 Ao + 92 A)" + T AL, (8)

Now, we nsk which values of a are allowed in order to produce a Lorentz
covariant theory. We exemplify our strategy with the non-ganged original FJ
Lagrangian,

Ly = ¢4 - 92 (9)
Perforuiing a Lorentz rotation,
& . cosh® sginh@ é
(¢' ) - (sinhﬂ :::hﬂ) (¢' ) (10)
this Lagraugian changes o
tf, = a(z) ¢ + () ¢ +c(z) ¢ (1)

with

z? -
a(z) = %, b(z) = z—la-

(=2 + 1)
2x?
Using the first~order formalisin of Faddecv and Jackiw we construct a first-
order Lagrangian to (1)

c(z) = - .z = (12)

it ¢’ 7Y )
-y -nta-1r W

Now we notice that although £, describes a constrained system, this is not
what happens to £8,. 1t is thus legitimate Lo ask whether the resulting theory
is equivalent Lo Lthe previous one in the new reference frame, if Lhe constraint is
taken into account. Imposing Lhat x4 = ¢ we obLain simply

Ly} = 7 é -

cg:l'l Il.=" = Lry, (ld)

thus showing thut under Lhe chiral constraint assumption, both Lagrangians
((11) and (9)) ure equivalent.

Let us mmke the same annlysis for £, ¢g. (8). The lLorentz rotation (10)
produces (rolating also, obwviously, Ag and A,),

C¥ = a(z) ¢ + b(z) ¢ + c(2) ¢'?
+{( =1) 6 + (& +1) ¢} lds (2) Ao + d_(2) A1)
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| T T
— = (e, o 4 vo ) 4 =M Al (15)

2 2
with
wte = =SS o) - ra ) 4 )
b(r) = --il— (0¥ (z*—1) — 2al(s"41) 4+ 2" =)
clz) = —("'::;') (a? (e +1) = 2a(2=1) 4+ 2 +1) -(m)

"'.i: = 4—1—5 {ﬂ “J!." 4 I)y. -i-.(I?:F |) g-;) - ((lf:l:F |)g| - (:I!?:f: |)92)}

= (wey — vg)
I'he tirst-order Lagrangian alter the inposition of the generalized constraint
is
dac — o + b(2a-1)
4a

L'.,',‘-' = n&é‘ + 4",

+ (2a (z* 4+ 1) +2£;l:2 - 1) (- 3))

¢ ((veq —e . )Ag + (ae. —ey)A))

(2 - 1)°
da

- %(cm., + e-A)? - (0 ey —e-) Ao + (ne-—eg)A)
+ A2 A2 (17
I'his expression only equals (8) il

(n*=1)¢ — (mn+Fyz)do — (g +a) A = 0 (18)

Solving this equation for o we find the set of constraints which preserves
relalivistic covarinncs,

| l:' ] 3 |’2
Ky = iﬁ (4¢ + 46 (guda 4+ A) + (g1Ade+g2) )

T .ilm-'la + g2y) (19)

Fronn (19) we see thal thers are ondy Lwn cases where we can get {82, 2} fickl
independent and simmlaneonsly aldain a jodisoinial Lagrmoginn, namely

Vg = go = e (right haaded chiral Schwinger model), with constrainls
ke = = ¢ (20)
:“ll' .
1, = ¢ < e{da-l 4y): (21)
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it} gy = —ga = e (lefl handed chiral Schwinger model), with constraints
Hw=¢ (22)
and , .
Ty = = + e{Ag- Ai). (23)

Cases (20) and (22) are the cases studied by Harada and found elsewhcre
in the liverature [2,4,8,10]. Cases (21) and (23) have not been prevnoualy con-
gidered. 'To be definite we will start from ease (ii) and complete the gauging of
the chiral boson within the context of the left-handed chiral Schwinger model.
lposing (23) on (2), with§, = —g; = /7e, we oblain in Lhe same way that
we: did before

'CG" = _$¢‘ - ¢'2 + C($+¢') (AO—-AI)

M?
+ T A“A - %lﬂw"‘"' (24)

where we added a kinectical term to |.he resulting Lagrangian. From (24) we
compute the canonical Hamiltonian -

H
= 5';—’ Frd 8T e (o) - A )

The constraint (23) is second class,

(). () = +26 (' -¥") (26)
with 9. = % + & — e(Ap- Ay). There is another primary constraint,
Q) = =%, whose cousnstencc under time evolution produces

o = {n.,jdy' (u,+u._n,+u,n,)}

= Oix' + e + M3Ag + eu; = 0. (27)
This determines uy, while v, is determined through 3 = 0. T'he inverse
of the constraint matrix is given by
. I 2 (' - ') eﬂ(_:' -y')
Cij(zy) = 3 ' (28)
. —eb (' —y') 0 _ ©

and the nou-mnll Dirac hrackets are

(62). 7)) = 8(='-4") ; (¢(2). A4} = 55(=‘-_u'_) ;
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i"'o(")--"u‘.ﬂ'"' - :!-0‘ (""“yl) )

{Aals), Au()” = -%ﬂ' (' ") (Aule), ()} = 'l,h(-r' )

{A=), s} = o(2' — ') (29)

One can clions ¢ to be: clzmipated Trom (25), after nsing Che constraints strongly,
and then areive to the final Hamalionian,

1y 1t
N = ('2’ + 2'A, 4 7y - exg(do-A) - 5‘-,;—;1;‘, (150)
‘I'banks L the non stamlant commmutation relations obeyed by Ay, QL is not.
vasy 1o solve the equations of otion ohtained from (31). ‘To see something
abont the speetrung of this theury we cab integrate functionally over the A,

lickd 10 oldain an ctlective Lagrangian for the ¢ lield,

] e? = A1) D = APO + M2 (O + M) UL
1, (WA @ - Ao A 04 M B0
2 MO 4+ M?)

Loy =

Uning Ml? = e¢*n, we sce that there are poles in the following regions in the
(ky E_)-phane:

im#EL
(et = 2a = et +13)' £ (ae? 4+ 83)
k. = :’:l‘l( 2k+(ﬂ—l) ]
by =0 (42)
iije = 1, .
. - [ ‘T.'.
ky =0 (13)

Althongli the: expression for the k. rugve i not directly Lorentz covarianl,
we: can sev explicitly the preseccs ol 4 sell dual pole in the spectram of the
theary, with the correct chirality

Yot the appearamee of ouly the AL commponents of the oA, fictd in the La-
grangian suggests Lhat. this kind of conpling could he obtained by o kind of
sl slnal” goaging, in which suly the §_ derivative wonld be covariantized.
This lus bed us 1 eonsider Siegels Tormalism for the right hamled chiral boson

| |
Ly = ibit ¢+ A )". (:34)
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Performing the substitntion
¢— D ¢g+2eA_ (45)

we gel
e = ("_'2"‘2,_,;2 + Adé + "‘_;.'24." +e(é+¢)(4a-a). ()

I'lhe first-order Lagrangian is

L_';" = t‘é - A_-:-l {%t: - Ar,é' - e(u-l-é') (Aa— A1)

1
+ Et’(ﬂn - Al)} . (37)
Solving Lhe constraint through the equation of m-ot.ion for A, we oblain
T = —¢ + e(Ao-A) (38)

al, after substitution in (37), we gel L‘.'c." given by
Loy = —6¢ - 6% + e(6+6) (- 4) (39)

which is the same as Loy, eq.(24), without the last two terms.

Finally, we would like to notice that the gauge syminetry of the model pro-
posed in (36) is a kind of “chiral” gange syinmetry: the symmetry of the model
is¢p - p+ennd A_ — A — £0.¢, € = £(z™). This symmetry preserves
the chirality of the chiral boson under gauge transformations. It is also re-
sponsible for more degrees of freedom than those present in the case considered
by Harada[8], as we can take A, as a gauge invariant quantity under these
restricted transforinations. If this model is an allernalive deseription for the
minimal chiral Schwinger inodel, is a very intercsting question to be adressed in
the near future.

We wonld like Lo Lthank Marco Antonio Andrade for introducing us to Lhe
DERIVE package and Dr. Juan Alberto Mignaco for continuous encouragement
and uscful criticisms. One of ns (A.5.1)) is partially supported by Conselhio
Nacionnl de Desenvolvimento Cientifico e “lecnolégico (CNIq). =
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ACOPLAMENTO YANG-MILLS/MODRLO SIGMA (2,0) EM VARIEDADES COM TORCAO
CARLOS ALBERTO S. ALMEIDA-DEPTO. DE F{SICA-UFCE
J. ABDALLA HELAYEL-NETO-CBPF

RESUMO: No superespago  (2,0) efetua-se o acoplamento do
supermiltipleto de Yang-lul.ls ac modelo & ndo linear. ‘1stor &
realizado através do gaug!ng das jisometrias do eapaga-alvu do modelo
¢, neste caso, cons!.darado como uma variedade genérica com l:on;&o

A aglio do modelo-¢ manifestamente mvarlant.a sob a

[ ]
supersimetria-(2,0) & a seguinte

S’ = 1 ldzx ds’da' [ Kl(°.3)a-_.l - Ki(’.i,a__’l ] . [ (1)

onde o vetor Klti.si. algumas vezes chamado de prepotencial, P
definidoe no espago alvo, cujas coordenadas sdo ‘os supercampos
escalares 9,9 do superespa¢e (2,0). Os iIndices ‘latinos nr
1,....n(n) denctam um es_p'aco alvo 2n-dimensional. O prepotencial
contém toda a informaglo scbre a geometria do modelo, uma vez que a
partir dele podemos obter a métrica e a torclo, ou seja
9 a_%. [33‘, . ax] : by 2 [zalxJ ajxt] (2)
Vale lembrar que estes supercampos sdo “quirais®, no sentido
que obedecem aos vinculos Dj‘ = I_J'O;’ =0 .
Duas invaridncias de "gaugus® estdo presentes na ac¢ldie (1):

3 = La‘MO.E) com A real (3)

3K =F, (8); OK; = F; ® com §.F, =8 F;=0 . (4)

Devido A ébvia semelhangca com a transformacd3o de K&hler, a
menos do fato de que esta é definida para escalares, enquanto que
{(4) é definida para vetores, rotulemos esta uUltima de transformacgio
vetorial do tipo Kahler,

[ ]
Notaces e convangdes sobre o superespago (2,0) podem ser

encontradas no trabalho Modelo de Schwinger Quiral no Superespago

{2,0), apresentado neste mesmo volume.
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Consideremos tranasformagdes nos suparcampos ([cooardsnadas da

variedade) tais qua:
so' = 2% &) ; s¢'aa% B (5)
[+ a
onde x! é um vetor do eapago alvo e A% & um parémetio global. 0
vetor k'(.) ('El {®)) é& uma fungldo holomérfica (anti-holomdrfica), no
sentido de que dependem apenas de um supercampo quiral (anti-quiral).

Sob as transforma¢des (%), o prepotencial K’N.al comporta-sa

da seguinte forma
R - B - 1 . i =
GK’ # K|(0.G ) KIN.O) = IGJKI)GO + (ajKIlM
_ a, i « =
= (ajltlli\ kaﬂl + (BSR’H kuﬂl {6}

valendo, também, & claro, o conjugado complexc da equaciio acima.
As condigSes para a invari8ncia da agdc (1) sob as

transformagdes (5), podem ser resumidas na expressfo:

z"‘u1 0.9 = r‘:m + i al:.“to.n N

ondae Zal{l é a derivada de Lie do prepotencial na direglic do vetor
kj e é definida como

3 ) 3 ‘
.h"l + I(j 8!1:“ . (8)

£ Ki . Ki.j ku

o 1.3

+ K
Lembramos que L(®,®) & uma funclo escalar real. A partir da equaciic
{(7) podemos obter as condigSes para a invarifncia do modelo
bosfnico, a saber, que o vetor k’ seja um vetor de Killing da
variedade e gque a derivada de Lie do potencial de torgic se anule,
caracterizando que as transformagdes (5) sd3o isometrias da
variedade.

Nogso ohjetivo agora é introduzir supercampos de gauge através
do procedimento de elevar as isometrias A4 condicdo de simetrias
locais. Como sabemos, uma transdfoimacdo de jisometria deixa a métrica
invariante, portanto o preputencial Ki (9.9), também o seré [ Ver eq.
{2)), a menos <de uma transformacio vetorial de Kahler. Fm outras
palavras, se a variagdo GKl ndo for zero, deve ser no miximo

igual & transformagfio de Kahler. Desla toruwa, podemos identificar
;i o | ) o
a8 - = =
8k BK (9:8')-K (8,B)=2 ["u"u.."‘u".,_.] AR, () 19]
Considerando a Jepetciéncia dos prepoltenciais nos supercampos ¢

8 ¢, @ levando em conta ainda a simetria da acdo e da mérrica, a
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equacio acima devem ser modificadas para
af.3 j & « -
& = A [k¢ K.yt kg xl‘j] = AF (0} + IATOM (8.9) (10)

As tranformagdes locala do subgrupo de isometria sdo escritas
na forma '
se' = A k(9 ae' - A k\(®) . (11)
onde All@."(xso.aiqu é um supercampo quiral parfmetro de gauge.

Na forma finita estaa transformagdes tornam-se

1 1 i 1

9‘,—-}0_" 2 exp( I'An ¢ ; ¢ @' = exp( L, i )@ {12)
onde os operadorea I'A ia. i s¥c definidos como

o alf® P 8 3 '

o=[n ki—t’] g ® ![A kﬂ—-;..] (13)

A fim de covariantizar o preptencial K, e expressar todas as
variacSes de gauge termos do gupercampo A(x:8,8), de tal forma a
imitar o caso das transformagdes globais, propomos uma redefinigiio
de campos onde esteja embutida a troca A » iV . Definimos um
supercampo &, que corresponde a uma "covariantizagio® do supercampo
%, tal que

i

Feexpin,, -8 (14)

iv.x
onde a transformaciio de gauge de V é fixada na forma abaixo

vt M MG

=@ e e R (15)

Portanto , ¢ transforma-se como

§l — ¥} = expl L ;5' ‘ (16)

No entanto, esta prescricic ndo § suficiente para tornar a agéo
do modelo-¢ simultaneamente invariante sob simetria de gauge e
transformacSes de Kahler lacala. Para isso, .-sugere-se a introdugdo
de um par de supercampos auxjliares quirais e anti-quirais, El (®) e
Ei@), cujas transformagdes de Yang-Mills sdo tais qgue compensam a
variagio de jsometria de K|. No caso global estes supercampos

auxiliares sfo tais que
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8, (0) = N Fl® ; 8.0 » a® F (& ) {17)

Formulamos a preacricfoc de gauging fazendo as substitujces

$ -— & e E —3 &€ ., de tal forma que ohtemna a seguinte
lagrangeana

B = Ik (0.8 - §,01v o' - K 0.8 - v ¥ (18)
onde

veaa o-grff ko ; v ¥aa ¥ -or? KB H (19)

Na equacdo (18}, EI(O,GJ indica o complexo conjugado de Klti.sl.
Considerando que as derivadas covariantes ({(19) transformam-se

como os supercampos ¢ e $ , e tendo em vista que
o Al =
86 (9) = AV P (9) ; 8 (8 s A" F _(§) . {20)
a v;r:iagso da Lagrangeana (18) & dada por
38, =A% |ek -2c]v o' - ek -2&|v & (21)
€ % | a i) -- (3} avi) -- '

Portanto a condi¢iio para a invaridncia facal da fLagrangeana
{18) & que existam vetores R e R , tais que

ZR =LK -§)=0 ; LR =g (K - En’ (22)

Acerca dos supercampos auxiliares, assinalamcs que no caso da
variedade com torgdo, o gauging de um subgrupo de isometria requer a
introducsio de supercampos auxiliares, os quais s&c vatores da
variedade alvo. No entanto, uma vez que eles sfo holomérficos ou
anti-holomérficos, a métrica definida a partir dos vetore: RI 4 a
m:sma obtida a partir dos vetores KI . Desta forma diferentes
escclhas de § correspondem & mesma acdc do modelo-o em termos dos

campos componentes.
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A EXPANSAO DO HEAT KERNEL NO ESPACO-TEMPO CURVO
A TEMPERATURA FINITA

H. Boschi-Filho
Departamnento de Fisica ¢ Quinica
Universidade Estadual Paulista - Campus de Guarabinguetd
12500 Guaralinguctd, Caize Postal 205, SP, Brasil

C. . Natividade
Departwrnento de Matemiilica
Universidude Estadual Paulista - Compus de Guarnlingueid
12500 Guaratinguctd, Caize Postal 205, SP, Bresil

Resumo. Neste trabalhio encontramos a expansio do heat kernel o espago-tempo curvo
i temperatura finita. Usnmos, entdo essa expansio para calenlar as anomalias quiral e de
trago, nessa situagiio .

O lieat kernel no espugo-tempo enevo é bem conhecido [1] e tem sido utilizado em
téenicas de ragularizagiia em teorin ¢uintica de catupos desde a déeada de GO. A partir
dos trabalhos de Fujikawa [2], envolvendo o ciculo de aupmalias via método functonal,
liouve um renovado interesse por essa téenici.

Neste trabalho vinnos caleular a expanso assintética do heat kernel uo espigo-tempo
curvo a temperatura finita, usiido para isto o fonualisino de tenpo imagindrio [3]. Este
trabalho é uma generalizagio de outro anterior, restrito ao espago-teinpo chiato |4).

O heat kernel no espago-tempo eurvo,  temperatira zero, ¢ usualmente definido conw

[l

HW (4, a5 1) = (.:.-'|r.-—'“? |}

= = i? ‘,Il?(;':'_,;’)[(_-p, ' )o(x, x") (1)

oml: D* = D*D, + X, D, & a operador dy Dirae, V(e,') é o deternminante de Van
Vieek-Moretbe ¢ I(x, £') o deslocamento geodéieo paralels. A expinsio assinidticn pari

t = ) de sua parte dingoual (0 = &) 52 dada por

Mty & oy nlﬁf Y ) 1™, (2)

"
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oncde N ¢ a dinensio do espago-tempo « = det o,

v os duda) sio os coelicientes de Sceley,
aque sito usnalente calenlados por formakas de recorroneia [1]. Entretanto s bécinea desen
volviela por Fujikiowa para o cideulo desnonidius vin integragao funcional pade tianhém
ser usacda pata este fime Esta abordagem & prerticalarmente aul no formalisina e temmpo
inaginario.

‘A temperadnrs finita, o heat kernel |ml||-= entig |, ser eserito vonng

H::N](.r,.r';l) ST ”"’l"""(.r,.r'H(.r,.r' Joutr, '), (d)

omdbe o fungio delta generidiziddie & temperatuea finita, & diabi oo

: WA : 2 2 1
h:,‘“(.:.-,.u') = L /(ER)N vxp{;I."'n(.l":r')",}(-I-;!-) O(I.'" - -’-;-r—(u + -j)) . (4)

= -
nndtlogn & formi correspondente no espago-tempo vhato [34]). Cabe ressaltar que osta
formuta ¢ validi para campos fermiomiens, que sio antiperiadicos e relagiio & translagoes
tewporais. A fGrila corvespondente para campos hosonicos ¢ obtida troeando n+41/2 por
n na fungio delt usnal. Aphicindo a téenica de Fojikawa para o cilealo dos coeficientes a

temperatura finita [4], encontramas

. ] 232
“m(-"; H'!/” - "m(-"l) (1 + L(_l)" ‘:Kl'{—%} ) ' (5)

que substituida em (2) nos fornece a expressio do heat keruel no espigo-tempo curvo @
temperatura finita. Dessa formia, os kergels is womperatoras finita ¢ zero sio relacionados

por:

"‘I'N’(:,-‘.,-';” - "|N)(J_’J_-;” (] + Z(—-] )" |_-x||{_ u;-l,:" } ) . (6)

Os cocficientes & temperituric zevo, a,,{o), sio os nsaais (spin 1/2) [1):

wl.r) =1 (Tet)
g kX Tl
ll|(.|)--a . ( |)
I i l i ie gl e
o) - 12'\""'\ I lb‘llt Bypr It R,.R")
11 . A i '
“‘ .:-, ’I. -\ ';‘l l 2‘ "i ]“ .\ ' . (7.)
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As snommlins, em geral, podei ser eseritns como uma soma divergente |2, o mesmo

acontecoclo i temperatura finita:

Ap(z) = E(&..Ln)w,.(:u)) : (8)

" #

oncde ¥ = % parn s anonalia quirnd ¢ 4 = 1 paraa anomialia de teago 2] Sua expressio

regularizada é entdo dada por

.'lp(:l-')

= !1_.“5 tr (‘rl\',;(-'l'; £ 3)) ' (9)

reg

onde Kg(z,x;8) é o kernel do operador poténcin, definido peln transformada de Mellin [5]

ANy o L [T g
Ky (e, x;8) rl-"‘)/u di t*~ H " (2,0 f) (10)
Substituindo {5), (6) ¢ (10) na Ey. (9), fazendo a integragio em { ¢ tomando o limite
e s, obtemos:

Ag(r)| = A=)

reg

= t:'(;ya,.(af)) ' (11)
reg n=Nf2

logo as anomalias quirnl ¢ de trago sio independeutes da temperatura.  Esse resultado
para a auomalia quiral ja é bem conhecido no espago-tempo chato (3, assimi como para a
anomalia de traco nos espago-tempos cstaticos |6] on conforinalmente chatos [7). O resul-
tado aprescntaclo aqui, entiio , pode ser entendido como wna generalizagiio dos anteriores.
Fisicamente, este resulticlo pode ser explicada com base no fato dessas anomidias serem
fendmenos de grandes momentos ¢ conseqnentemente de pequenos comprimentos de onda.
Logo, a pequenas distancias a estrnturn global do espago tempo nio modifica essas quanti-
dades, nma vez que sempre é passivel aproginar nm espagu-tempo enrvo, nas vizinhangas
de wn ponto, por wm espago-tempo chiato,

U aspecto interessante que convém salientar é o caracteristica topoldgica da auoninlia
quiral. Essa anomalia pode ser obtida através do teoremi do indiee, como & bem sabido
12], logn, era de se esperar que essa anomalin fosse independente da temperatura, ji que
o temperatura é uni carncteristicn global da variedade nao modificando sui topologin,
Eutretinto n anomaladin de traco apesar e niio ter tal origmn topoldgica, tabém exibe
win caportimento semclhante, Esse fato sugere nng estudo isais profuado das possiveis
relacoes topolagicns comn essa anomlio.

Cabe ainclie lembrar que o amilise disentida agui pode tanbén ser estendida i anomalia

gravitacional [8] assim como @ de supercorrenta: |9].
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RADIATIVE CORRECTIONS IN (2+1)-DIMENSIONAL QED

B.M.Pimentel’, A.T.Spzvki, and J.L.Tomazelli?
Instituto de Fisica Tedrica -'Ukiiversidade Estadual Paulista
S Rua Pamplona, 145
01405 - Sio Paulo - SP - Brazil
E.mail UESP@BRFAPESP

Abstract

We have calculated the vacuum polarization tensor for (241)-di-
mensional quantum electrodynamics (QED) using the analytic regu-
larization technique by means of a gauge invariant construct. We have
thus demonstrated that the gauge boson acquires physical mass at the
one-loop level in the Abelian case. A generalization for the non-Abelian
case showed up straightforward from this result.

-1, Introduction

Gauge theories in (2+1)-dimensions!"? are interesting because of their
association with high temperature phenomena in four dimensionsi®l. They
present, however, a challenging theoretical ambiguity in their physical result:
gauge field mass may be induced radiatively at the one-loop level, depend-
_ ing on the choice of the method for regularizing ultraviolet (UV) divergent
integrals. For instance, the Pauli-Villars method does not generate such a
gauge boson mass (also called topological mass), both for Abelian and non-
Abelian theories even up to two-loop level, in contrast with other techniques
(see, for example, refs. [2,4,5,6]).

Among several regularization techniques available to tackle UV diver-
gent integrals, there is one known as analytic regularization!”], which essen-
tialy consists in considering an analytic extention for the fermion propaga-
tor to ensure convergence in the Feynman amplitudes. However, care must
be taken, since naive implementation of this technique may violatc Ward's
identity!® and so it requires a certain criterion to be implemented such that
gauge invariance is preserved.

In this work we shall address this problem through a construct which
preserves gauge invariance in the analytic regularization procedure and em-
ploy such a method to evaluate the one-loop photon self-energy for QED in
three-dimensional space-time.

1With partial support of CNPq, Brail
2Supported by Capes, Brazil
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2. Analytic Regularized One-Loop Photon Self-Energy

fn three-dimensional space time the algebra for Dirae ganma matrices

is realized vsing the Pawli-matriees
T"-':ﬂ:'.)'l:'."l,'r!'.z- ‘l)
Y = - i g = ding(), ), -1) (2)

Consider now the vacuum polarization diagram. The general stracture
fur the regularized polarization tensor expressed in a gauge-invariant forn
readls Lok,

k) = (y,,,, - 1 ) NNE?) + i uak N12NE?), (3)

where ¢,,.o 8 the usnal three-limensional Levi-Civita tensor, Nole thal the
amivalent for Lhe last term in Fq.(3) is absent in a four-dimensional theory.

Falluwing closely ref. [8], and using Lhe gange invariant analytic regular-
ization there ondined, the regulated expression far the polarization tensor
is given by

. ' i Nuw + P,
(ALY = 5 2\ | [T nv ,
D) = ~2imp02) [ dE-/(Q’)S W
where 2
Mw = .‘hw(k’-‘ - I"‘ - i() + 3(‘ + A)}’zyuv ’ (5)
and
P . 2 ;‘ﬂkl' : 'y
a = "(I + '\) Z{(f - l)k (.'hw - ‘.2 '+ “"C‘wtl" L) (G)
with
M2 = u - 81 - 6K . (7)
It is couvenient 1o rewrite Fa.(4) in the form (3), where
1 J
L2y = 15120 2 _ d’p |
HOYK?) = Lian®™ FAN |+ Ak _[' g £(£ n/(m,(w 7
(8)
(2} 1.2y = 27 ! p
162 k?) = 20 f(A)D ,\)/ e /(zn TEr e R
) _ e ! dlp v
NGy = "z""uﬂ“""".l.: "{j(,,) VA - g Y (o
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and
Bp - Pt
2x) (M2 = p? - i)

e, = --....“fmu +'\)J4w / dg / ( - U

The gauge-breaking terms ll,l_-,!,), aml llg,, add up 1o zero, since on cval-

uation the two cantribntions given by Egs. (10) and (II) cancel each other
out. This means that the regulatsl polarization tensor II Nis already gauge-
invariant even before gaing Lo the limit A — 0.

3. Mass Generation for the Plioton Field

"The polarization tensor leads 1o the modified gange boson propagator

k.k,

l),,(k):rﬁﬁi@{gﬁ, Bt~ ey L,u(:ﬁ)}. (12)

where
N(&?) = 1K) + mHPHE2 )M (K?) (13)

and
2mTP(k2)

--W;— &) (14)

From Fq.(8) one verifies that 111(0) = 0. As a result, the only contribu-
tion Lo Lhe gauge boson mass comes from the H(2)(0) term. Aflter performing
the momentum inlcgral this Lerm results in

M) =

gy = T aap MO [ 1
1)) 2( W VTS y T (15)

If we now Lake the limit A = 0 we finally obtain

e 0) = -ﬁ , (16)

so that a topalogical mass is induced at the one-loop Iew.l in contrast with
the Panli-Villars regularization method where 12)(0) =

4, Conclusion

We have cousidered the three-dimensional — guantum-electradynamics
regularized via analytic extension fur the fermion propagator and shown the
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transversality of tle: one-loop vacumn polarization tensor. First and origi-
nally envisaged for funr dimensional gange theories, this formalism of ana-
Iytic regularization embedding, gauge invariance by construction wis showa
ta presluce o ane-loop radintively roreected photon propagator with » dislo.
cilend pole in such a way that we can attribute a pnon-vanishing mass to Uhe
real photon. ‘This contrasts with the Pauli-Villars regularization, where the
tupological mass term in the repularized vacunm polarization tensor does
not contribute fir such photon mass, We wonld like to puint out here that
the add-parity conteibution fraan fermions s proportional Lo the sign of their
mass, amd is therefore paturally cancelled ont hy the regulator fields in the
Panli-Villars method, On the other hand, sinee the analytic regnlarization
has no additional ficlds of that sort, it leaves the original fermions’ clffect
nnchanged.

Generalization ta the nou-Abolian case presents no difficullies since up
1o the ane-loup level, besides Lhe analogous Feynman diagram for QED
we wonld have the additional eontributions from diagrams involving glnon
sell-intersction vertices as weoll as diagrans with ghost loops, whose cor-
responding Feynman amplitudes can be regularized by means of the saine
gange invariance preserving fonnalism. llowever, in this case the only con-
tribuieen 1o the tapological mass term comes frum a closed fermion loop.
Thus, the nou-Abelian calenlation is formally the same, Lhe only difference
Iving on another conpling constant as well as colonr gronp overall factors.
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FERMIONS AND O(3)-NONLINEAR SIGMA LIODEL IN A
‘CHREE-DIMENSIONAL SPACE-PIME
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ABSTRACT

In this paper we study the O{3)-nonlinear o model soliton coupled with a isospin-1/2
fermion doublet by the Yukawa-type interaction. Describing the bosonic @ = 1 seetor by
collective coordinate, we show that a purely fermionic action can be obtained for this sys-
tem. We also calculate the induced Hopf term for the bosonic seclor by integrating out the
fermionic degrees of freedom, and also the induced fermionic current.

1 - INTRODUCTION

It is well known that the 0(3)-mnlmea: mgma miode] {WLo}). defined in a 2+1-
dimensional space-time prmntstopulogm.llystableeonﬁguratmas, solitons, Muedmr
acterized by a charge Q defined in the next section. Thesemwmdmihemmms
 mips from the compactificld epordinate space 52 irto the group spoce 52, Since the second
bomotapy group H3(S?) = Z, the NLoM admits infinite cla<s of solitomist).

1n this paper we shall study the interaction of the Q = 1 suliton soctor with a isospin-
1/2 fermionic doublet usng a Yulkawn-type coupling. Describing the bosunic sector by a
collectiva courdinates, we shall hq able W quantize, in u sumiclussicnl way, the total system
- and also to .exptcss it by a purely fermionic activn. lu order Lo obtain the induced [fouf
terms and the w}mlogit.nl current WE.EIHI-“ develup n perunrbation theory in the Yokuwa

- couplipg constant.

11-CUHE SOLITON-FERMION SYSTEM
The: 241 dimeasionn] O(3)-NLoM is dseribed by e follnving Lagrangian:

"y = 57 | £ B ure). (- 1)
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where @*(Z, £), fr n=1,2,3, are real bosoniv Geld thot raisly the consteaint condiLion

p'lp' = 1; 80, the fick) manifold is equivalent to a sphere S2,

T sector () -= ) can be rejaesented by the isoveeier ¢i(F) = (#sin g{r),cos g(r)) ,
winre Z is a 2-dimensional mhit rinlinl veetors, aixi g{r) buing o Manction that chey the
hoandary eondition ¢(0) = 0 und g{oo) = x, The topalogical drarge defined by

0= j £z J°(z), @- 2y

where the identically conserved curent J is
I = e B O (2-3)

We can study the interaction of an isospinor-1/2 Dirac fermion ¢ with the soliton field

w(5), viz the Yukama coupling. S, the fetmionic lagrangian density is given by

£ = (i7", — mp - 9,P0¢, (-4
where ghas four complex components: = col(y, 9y, 97, ¥5 ) whera the indices 1,2 refer
to isosein (charge) and -+ . - to spin. The gamma matrices are given by 9 = (&, ic%,i0%)

Now, Ietusgohncktomonmmlproblem The Q = 1 sector oonﬁgurnhonls
invariant under o combined spatial and isospin U(T) transformation®. Let the n.b-poup
of SU(2) geucreted by 7 be this syrmetry group, ie., V{(z) = % ¢ U(1). So, under
this transformation we Lave

wos g(7) c~quth) iy g(r))
@-5)

oE) — (@) = VBV = (
eI sing(r) - onse(r)

‘The iuternction lagrangian densivy of Lhis Dirne fermion with this wew configurntion,

L= H(i p-10)¥ - g, 07 4, (2 -6

cany e writen ny

CoWi L w ol | PGV (2~ 1)
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i we sesume M o = of) nd ¢f o0 V" Tgn Diajgmug 1 pritee indiee in the fernmeane

fie-hl, the b aengian la.
Lra= [ 2 s B m--syol@w 1 i) [ s BP0 (2--7)

‘Tue hosonic lagrangian for the configuration (2-5) is:

Lytor = ~M + %mu)’, (2 - 8a)
where
M= ;'-'r /. drs{(g'(r))* + ;',-sin’ytr)]- (2 - 88)
2%A .
=5 (2~8¢)

We caii see that (2-8a) is equivalent to a free rotator lagrangian.
The total lagrangian for our system is written by

L= bnsoss + Lpa =M+ ;160" + &(9Q 17, (2-9d) ~
with
Q=/n"= W-';—w. (2 - 9%)
and
"‘F“_/‘F=17’("!"m—9#(5))¢ (2-99)

Cne con see that in Ly, a() is a cycliz varinble, so its conjugate momentom P is

toNherved

P %lf-.z‘:”"') | Q= k.

We cun elindniie: &(1) in favor of F and it lerad 10 parely fenmionke homiboaian

H= M- (s -2}‘;—)-2 4 jdﬁz vy (2 - 10u),
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ho 8 {m yl.-p(:l':j) . (2 )

T - SOME Pl RTURBATIVE RESULTS

111 - k. The Induced Jlupt terms for the NLoM.

The effective luprangian to the A{f) Hizdd czr be oktzinsd by tha diagram shovn in
Fig. 1, that is obtained by integrating ovt. the ferinionic degrees of freedom,

Fig. 1 - Lowest arder in &(1) in the bosonic ellective hgrangian.

‘We shiall concetrate oursclves only in the first dingrams, that, as we shall sce, provides

the Hopf tern for the bosonic sector.

L‘,}’I(d) = ..%9 j'd’:'ﬂ- [S(z.z)')’g-] ' B-1)

whimie 1hie trace is over the Dirnc nud isospin matrices.

The full fermion propngatur Sz, y)(==b==) must obey the differential eguation:

D(=)S(z,y) = 6z - y),

wiih D(z) ledag the Disae apaator ledow
D) 8 m o gp(F)
We ean edanin S0z, v} hy defining
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. dE _.n —_ .
8(=, L') = l'i;‘c s ")S]_'(:I:. 7)
where € i u eansal comtonr in (he cotplex 12 plaps,

The ferinlonic propagator can be obtaived-only by a pertubntive expression given by
following secries in power of g,.

S5l i) = SOE- P+, j 2 800 - 7)0(5)S0E - P+
8 [ [ #ndn s - 51e)s@ - mee)s@Em -0+ -

-Introducing the Fourier transforms of Sz(%, ) and (), wo have

85(,9) = j j % ('f ’;',e“’f' S5ty B (3 - 20)

. where

Sa(Fy, 3) =SPF NP5 - p)+
o[ oo (ﬂ;, SO kS BN P - - B+

&k, &k,
&f [ G ),sm(p,m,)sm, + Rl F) SO

@08 - -k - B) + ... (3-2b)
with

(O 'f'E- At m _
Sp'(#) gt Y age g (3-2¢)
Now, i urder 1o wlitsin the induceed Hupf Lo for the NI.oM \‘ve have Lo use Lhe

perturhotion cxpansion (3-2b) in the calculntion of the effective action (3-1).

)

(@) = ----— Tz j / B e CL £, Tr [Sk(ii Hw’] - (3-3)

@y
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G cudeslation for the inducel Hopf term il be desebaped in b fonrels ol sis 11

wschnt in The passimaer g, in Ahe series (3 20)
a - 0{y]).

Calenlnting the 0(g8) in Sp(fiy. ) given in (3-2n) and substuting in (3-3) we get:

8 Lo &
o =g 2 [ [ [0 L0 L0 @@

S“(_EI - 6)" 'E)ri*‘(ﬁ-ﬁ-ﬁ) (3"4")
where

1.6, 5) 3 5p [ [ o2 e s~ )G 6 - dx
PG~ 5 - &~ 5P brdrtd). (3-45)
i

So, alfer somna stops we get:

abedy ~ 1=h
g, ) =S Sy [ dn [ donx

/I -5—8 dzy [Z(zl + ?) - l] A“’ (3 - 5“)
0 a
where

A = Tr A2, (3~ 58)
wml

a=m I J(q. z,).

Unfen unisdicly insenting (3-5) inko (3-4a) and innking nn inverse Wick rotation it is not
potoibibz 16 gt s nninerical valie for the corficient of the induced Dupf wenia, and whing

e Tt Bt 1 s 1. or somll nonema gy, ] ¥ of onlder £ .0 . %o, mo HopfLerm

i umlnced antil chin apdeg,



b -ll(_q'l:).

e Calenlitfon of 1 ke effective neton inonler ( _,‘."') can bt dane indhe shame way as Uie
mevions cabenlatiin, but is nmch hivder  Aler we have made the Feyminan jeparimiela iza-

tion p -9 pd ):.‘ @3, acglected lerms with gf , ol powar of E, cte, pesforming the

* trace oves the gaunn iuntrices, nnd alvo uning the REDUCE and MAPLE programn in
some steeps of this caleulation, we foind that in the limit as m is Jurge the Hopf term is

obtained.

Lgs =~ (2)" fay9et0. (3-6)

where 9 is & non-null munerical constant. of order 0,1.
111-2 ‘The hiduced Topalogial current

Althongh the cnkeulstion of the induced topological current bos be dene by others
nuthors using ailers odols™ nnd techniques*?, we alo would (o to present our calew-
tion for thic modn) gsing 1he perturlation sicthad developes rrevionsly. So. et us start

with the standird cxpression for the ferinionic current.

< J(2) >=< TP s > - B-7"

axd ulitain this expectation value in presence of a general backgraound bosoric field ).

i sholl consides #s Lhe intecst Lan nelion

8y .= /'P‘rg_-rﬁh)'r’(“)'hzi- (3-8)

Derrnse the Lopolopical enrrent for the NLo M, l-:-,f('z-?.l-), is a tri-lincar expression in the
fidi () | all 1hat we hove b v s to work out (8-7). By thiee fisertion of the
prertnstadion, conpecunl by the wieurlasd ferniunic aopagator, in motsestan space,

wie Y

CPI |Pl lr' ™ .

wliper
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o+ at+ o) =g [ 2 T SOGIp(0)5(p ~ o elen)x
@y

50~ g @) Up- @ -~@-w)}  (3-90)

The expression above can be ohtnined by the use of Lhe Feymman reparametrizntion,
collecting all the terms proportional to m? and m? and performing the trace aver the
gmnamu 2nd Pidi mairices; the result, in the limit as m is large, is

a
Mo tatra)=- (Iml) T ""'t"‘[29(m)n(¢:).+
+ 1(g)uleh + s(m,.(qs)v]w-m)«a'(emm- (s-10)

Now, nserling (9-1V) mto (3-#a) we get, ior g, =m,

< JP(2) > — Imllﬁ — " **(8,¢0")(0.v°), (8—11)

that is in agreement. witb previous results given in Refs.(3 4).
IV - CONCLUSION AND DISCUSSION

In this paper we Love siown that the @ =1 soliton sector of the NLoM coupled
with kopinor-{ fermions by 8 Yulmwu coupiing can be expressed by a purely fermionic
action. For this system it & also possible to develop a perturbative series for the farmion
propagator and obtain rome perturbative results: §) For the induoed-Hopf term we have
chown that, although it formally can be expressed as a fourth powerpof the bosonic field
#°(x), it only appears in the sixth order in g, in the. perturhutive series. i) The topulogical

cutrent apress, unless a factor '5 with its fornal expression.
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O ESPECTRO DO OSCILADOR DE DIRAC V1A ALGEBRA
DE OSCILADOR GENERALIZADO DE WIGNER-HEISENBERG

Jambunatha Jayaraman (Depariamento de Pfaica-CCEN, i]FPB, 58059 - Jodlu Pesson-PB),
Rafael de I.. Rodrigues @ A.N.Vaidya (Instituto de Fisica-UFRJ, 21941 - Riy de Janeiro - RJ)

RESUMO

No presente traballio, incorporamos o oscilador de Dirac dentro da estrutura da dlgebra de
Wigner-Heisenberg nn sun forma super-realizada. Tal conexio nos permite a conversio do problema
espectral do oscilador de Dirac para o problema correspondente de uma matriz simples Hermitiana
no espago de niimero para n particula de Wigner, proporcionando-nos uma fécil determinagéo do
espectro de energia completo. Do nosso método algébrico, apontamos a assimelria inerente do
espectro para energia positiva e negativa e indicamos também a conex@o com o oscilador SUSI
tridimensional associado ao oscilador de Dirac.

1. INTRODUGAO
A equagio do ascilador de DiractV (c=h=1)

i2 v =Hoto, Ho=g-(-h)+MB (a="Twf= ), -
(B0 =0 (i3 =123),

tem atraido muila atengio na literatura recente® devido os aspectos supersimétricos (SUSI) do
seu espectro de energia. Nu entanto, a interessante conexéo de /Ip com o oscilador generalizado
de Wigner-Heisenberg (WH) parece ndo ter sido abordada na literatura. No presenie trabalho,
incorporamos Hp denlro da estrutura da Algebra WH super-realizada (Segiio 2) de 1nodo a exLrair
facilmente as propriedades especiais do seu espectro (Segio 3). A Segiio 4 contéin os comenlarics.

2. A ALGEBRA WHi SUPER-REALIZADA EM TRES DIMENSOES

A Hamiltoniana de Wigner H{g- L +1) e seus operadores escada a*(g - L, + 1) nas suas forinas
super-realizadas dadas por (Jayaraman ¢ Rodrignes®)

oL )= = £ (5 47) 2 -}(g-uuza - Mor} 5y = fr@-uen}t, @
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H(g,-h-l-l)-:.
(n_(g-g=ﬂ-,-[-(,g,+;£)+;’-g-k(g.1,+|)+n4u?.=} 0 ) "
v He L)=tAe-L+1))

ratisfazem as seguintes relactes de (anti-)comutagio da dlgebra W1l em Lrés dimensGes (3D):

(Mg L+1).a%a - L+ 1)]_ = twa*(g-L+1), ()

o (e-L+1),at (- L+ 1)), = ZH(g-L+1). (s)

Também os a*(g - L + 1) satislazem a seguinte relagio gencralizada da comutacio quéntica:

[o(g-L+1),a%(a-L+1)]_ = 14+2(c: L+1)Z. (6)

Tal forma super-realizada da dlgebra WH, contida nas equagdes (2)-(6), foi desenvolvida por nés®
como uma técnica do operador para achar, de modo ficil, a resolugio espectral dos potenciais
relacionados ao oscilador. (Veja os detalhes em Jayaraman e Rodrigues® para obter os espectros
de i{g-L+1),1_(g-L)eH,(a- L) por operaghes puramente algébricas.)

3. O ESPECTRO DO OSCILADOR DE DIRAC
Apés uma transformagiio unitéria feita por U/, a equacio de autovalor Hp¥p = Ep¢p se torna

1 0
i,-ﬂxu = EDXD H ﬂﬂ = U’lnlﬂ XD = UW'U = ( ) ) (7)
0 Oy = tr=
onde
fip = &, + (“—-’-;11 - er) L+ M2 = {iVaMAQ- - Q) + M5} (8)
- .-Jm‘..;"{' “2""..-(2-“ -1 ’;”‘a"'(g-m 1)} + M5 )

coin a*(g - & 4 1) justamente os opersdores escada em (2) da [Hamilloniana de Wigner em (3).
Tratamas abaixo o casn de g - L-1- 1 -~ £ + | explicitamente.

Sobre 0 conjunto completo dos estaclos [15¢4-1 >= [0 > (n=0,1,2,--) da particuta de Wigner
valemn a8 seguintes propriedidest):
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HEE+Dn>=E 4 Y n> BN+ 1) =0+ ; + nw, < 1’ > =y (0,7 =0,1,.:.), (10)
n"(l';' Dizm > = V2ulam—1> a7 ({4 1)2m+1>= VZm 1+ 2+ 0)2m >,
at(t+1)[2m> = VImE 1+ 2{+1)2m+1 > 6" (€4 1)2m+1>= m|2m+-2 >,
Lyf2m> = 2m >, L2m +1 >= —2m+1> (m=10,1,2,-+1). (n)

Expandindo a parte ragial de xp em termos da base |n >, ist0 &, xp = ¥ g Ciml|2m > + Lo
Cimia|2m+ 1 > e com uso de (11) em (7) a (9), obtemos apds simplificagio, que

-M ivAMwn Gana Can-i
[ v ] [ ] < ER (4 1) [ ] (m=01,-,C,=0 (12)
-iViMwn M Cin Gan
a qual fornece a resolugiio espectral:
EDC+)=M, ESL(t+1)=3VM1aMun (n=1,2.) (13a)
comn
X+ 1) =10 >, xPh€+1) {(Eg?*(l+ 1)+ M) 120> +ivViMunj2n - 1 >} (n=1,3,--). (13)
A nio-dependéncia de E},’?*(l + 1) em ¢ significa que existe um grau de degenerescéncia infinito

desses autovalores.
A repetigio da andlise acima para g - [, +1 — —(¢+ 1) fornece

ER(~(t+1)) = /M + 2MuZn+ 2 +3) (n=0,1,---;¢=0,1,--7) (14a)

com

AhI=(e4- 1)) o 2 { (ESM -+ )] - M) e > —iy2MulBn+ 2+ D2u+1 >} (n=0,1,-). (148)

A auséncin do sutovalor —M para a energia significa uma assimetria do espactro do escilador de
Dirac entre ag energias pasitivas e negativas.
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As autofungies fisicns by na representagio de Dirac podem ser facilinente obtidas através da
transformagéio inversa de 1) sobre xp.

A conexio de 11} com H{g - L+ 1) e Hgyy segue-se das equagdes (8), (9), (3) e (6):

Haw = i-.\'l-j_;'.,(n?’ ~-MY) =gl +1)~ g {142(g- L+1)3) . (15a)
= [@- Q)1 (158)
@ = =0, [Hsusy, Q] =0 . {159

4. COMENTARIOS

Uma guestio interessante sobre a existéncia ou niio de uma interacio que inverte a assimetria
do espectro deduzido acima pade ser respondida afirmalivamente. Tal interagéio nao infnima corre-
sponde & p— g = p+ inf em vez de p— g = p~ ir como em (1). A ndo equivaléncia dos espectros
nestes dois casos segue-se Wla auséncia de uma transformaciio unitdria a qual deve transformar

g—af—f mas af — —qf.
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ESTADOS COERENTES VIA A'LGEBM DE WIGHNER-HEISENBERG

R. L. Rodrigues ({(Departamento de Clénclas Exatas e da
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J. Juyaraman (Deparlamento de Fislca-UFPB, Jofio Pessou-PB, 58.000)

Resumo, Desenvolvemos um Formal ismo geral para se construlr os
esLados coerenles candnicos de polenclals gerals Lipo oscliador com
barrelra centrifuga. Mosiramos que eles s8o0 ndo-orlLogonals,
super-complelos e normallzidvels, Exlensdes para os eslados
coerentes generalizados sfo discutidas.

1. INTRODUGAO

Num arllgo recenie, Jayaraman e Rodrigues (JR) [1] mosiraram a
uLilidade do méLodo algébrico de Wigner-licisenberg (W) [2-5] para
se resclver os problemas especirals de sistemas quanilcos que
possuem conexdes com osqlladores. Nesle Lrabalho, construlremos os
Estados Coerentes Candnicos (ECC) de um oscilador generallzado,
embulido no setor bosdnico do llamiltonlano de Wigner (velja eq.(3)),
como uma Superposiclio dos seus repeclivos autoestados, de modo
analoge Aqueles do osclliador harménlco simples [6]. ULllizando o
sislemn de unldades em que Mel=w=l, a Supcr-reallizagio JR da
Algebra Wil ¢ alcancada através dos segulntes operadores escada
mutuamente adjuntos:
Q!r.'é):‘_s_',r.t.'_ Y --x}:{a‘i'g)}* ()
5, assim, nos proporcionando uam llamllloniano de Wigner dlagonal com

tlols selores (bosénico e Fermidnico ),

| o W) O
pr).;%[arg)wats)l-: o he-0=leg)) P

-+

cu)o selor bosdnico ¢ o llamllLonlano de um oscllador harmbnice mals

uwa harrelra centrifuga, a saber,

L .
Hg%..j)_—%{-":;&+xzf -i-z(‘f--!)‘f},ccm : (3)

A parlir da relagio de comilagdo eseada di Algebra W,
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[H$. 0% L=xd'csy |

podemos derivoar wn relogio de comubagio genertal | zida:
[().-t"g),()'("f)]_: 1 +el, : (5)
E das propriadides das malelzes de Pould, ):‘ll=l,2,3), oblamo:s:
r. ) - o
[ Es,u (%)J+:O = LE.&'H(‘E):"_:‘O ) (6)

As eqs.12) e (4) Juntamenle com as egs. derlvicdas (B) e (6),

constltuem a algebra W, o qual & para-bose de um  grau  de
I1berdade.

{im)

0s autoelados do selor bosdnlco, |\r¢,'.'-i-l)> , pertencem ao

auloespaco ussoclindo wsos quania pares. 05 operadores escada desles
*

quanl.u,g"(-‘;) , sfio reallziados porr opueradores quadrdllicos, ablides

2z

a partir da relagio de comibagiio escida i alpebra Wi

Y ey t ot _
G(E):‘%}l‘g'!:.;.;l_:—_;'(‘-'—;"i)-a;i?f! - ji B C%)S , (7)

L Hig-d), geg)l=12 Bls) . (8)

Da relagio dc comulagfio escada dada por (8), vemos que Csses
operadores deslocam os quanta pares em duas unldades, 1.é&, 2m >

2m:2, ou equivalentemente, m -» mtl. Nesle caso, oblemos:
- m? . ’/l = (M")
REN| Wis-nd=dmizmbep Tl (g -0> . 1o

L {m) . (IZ (~r1)
YENR 4 (qz.__i)>-_{2;mu)(2m+c lf),l'\r!ci__u>. (10)

L1 0 STADDS COENENTES CARDNICOS 1O SIETOR BOSORTC)
i HCC do setor bousanico  do o lEwl btonlang de Wignere  sfio
defiddes coma semdo o autoeslodon do opericber de anlgul Lacho dos

quaanla pires

BIOIL -1 =plp s> L o
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onde o autovalor P, pode assumlr' valores complexos ‘Existem outras
definicdes possivels [8]. Expandlndo os ECC na. base, “ '\}' [m_”>}
obtemos a seguinte expressfio para os coeflclentes da expans&o %_'

4 = ﬂ’lim[zm 4 -1)}-1,.‘:‘1:(.%)?!1(%1)/-"-! 12 ‘-‘-‘!-‘), z'{-u . (12)

onde r-' é a fungfo Cama ordindria. Agora, usamdo a condlgo de

normalizagio, obtemos os segulntes ECC normal Izai_dos: .

. . =ih -4 et ’;')"" i
bl [ap0f )+ )G ¥ o
2 -c{"!r{""'gj!’)} :
onde as fungdes de Bessel mod}flcadas IA(‘ X) s&o dadas por:

2m4 AL
(%) (14)

I}"x )=

o [ n +4)
Note que o estado de vacuo também & um ECC, o qual estA assoclada
ao autovalor zero. Conslderando a produto escalar entre dols ECC

agsocliados a autovalores diferentes, obtemos:

- 7
i,(f%)/l*if'f“*‘-?ﬂ '}

<£)i'lf.“'>— . (15)
(“—*—‘)("1')"’[11::“: I{l m} ’lzlm );_...

Isto nos assegura a ndo-ortogonaljdade dos ECC. A Importante
proprledade de completeza Jjuntamente com a nBo-ortogonalidade, nos
permite fazer a expansdo Je um estado arbltrario, N’('j'- ])> .
numa base constitulda de ECC. Em particular, podemos expandir um
ECC em tal base, o que equlvale a dizel; que os ECC sdo

super-completos, Islo sera mositrado em oulra parte.

11. CONCLUSOES

Construimos os Estados Coerentes Candnicos do setor bosaénico
do Hamlltonlano de Wigner super-realizade. Eles sfo osg autoestados
de um operador de aniquilacdo quadriatico, Independente do numero de

quanla, Gs ECC s8o ndo-ortogonals, super-completos e normallzavels.
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Ao contréario dos ECC para-bose deduzidos por Sharma, Mehta e
Sudarshun (7], esles podem ser ldentiflcados cam aqueles do
oscilador radial tridimensional 18), do oscllador isolrépico 3D de
spin 1/2 [9], dos osclladores isotdnjco 1D e radial D-dimenslonal
[10). Especlficam:nte, Lal correspondéncla ocorre quando a
constante caracteristica da algebra W, c/2 ,[forr subsLitulda par,
respectivamente, (2+1) , ? -~ momento angular crbltal; por (o.1.¢1],
o-matriz de spin 172 de Puull e L-opuradur momento angular orbital
em 3 dimensdes; porr ( A ¢ 1 ), A € R ¢, no caso D-dimensionual, por

[t . D3], ¢ -momento ungular orbital em D-dimensdus. Os
D 2

£ e
operadores }.E)lg) e %“_l‘;-l.\ sio geradores do grupo SL(2,R). lLogo,
podemos construir os estados coerentes generalizados pela ag8o de
um elemento unltarlo, desse grupo, suvhre o vacua. Um Lrabalho

referente a esta generallzagho estA sendo desenvolvido por noés.
Esile trabalho ol financiado parclalmente pelo CNPq.
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K. L. Rodrigues (Departamento de Ciénclas Exalas .e da-
) Nal.urreza-UFPB, Cajazelras-PB, 58,900)

A. N. Vaidya (InsLituto de Fislca-UFRJ, Rio de Janelro-RJ, 21.945)

J. Jayaraman (Departamento de Fisica-UFPB, J. Pessoa-PB, $8.000)

. 'I
Resumo. Encontramos os eslados coerentes candnicos e generallzados
do oscllador radial 3D,. através de operadores , derivados .da
super-reall_zncho da Algebra de Wigner-Helsenberg. Usamos os estados
coerentes de Perelomoy do grupn SL(2,R) para obter o espectro desse
oscl lador.

I. INTRODUGAO

Construlremos os autovalores de energlia do Oscllador Radial
LOR) via o operador resolvente, na representagfio de Schwinger [1], .
sobre uma base de Estados Coerentes Gencralizados (ECG). Os EC
podem ser definldos de trés wanelras, em geral, lnequivalentes: (1)
EC candnicos, s@o os autoestados de um operador de anlqullagdo
independente do numero de quanta [2]; (11) EC de Incerteza minima,
sfo as solugles de uma equagdce diferenclal deduzlda da relagdo de
Incerteza de Helsenberg [3); (111) os BCG sféio aqueles obtidos pela
aclc de um operador sobre o vacuo (estado fundamental). Tal
operador pode ser unitario e pertencer a um certo grupo [4], ou um
funclional compllcado [S]. No caso do oscllador harmdnlco simpies,
estas deflnicgdoes s8%0 equivalentes [B]. Aqul utillzaremos as
definigdes (1) e (111). Os ECC radlals de um operador de
aniqullagldo, dependenLe do numuro de quanta foram construidos para
o OR 3D [7]. Entdo, quals séo os .ECC do OR 3D .como auloestado de um
operador de aniquiiagio Imicpendente dos quanta? Utillzando a
super-reallzacdo de Jayalamnan e Rodrl-gues (JR) da &lgebra de
Wigner-lleisenberg (Wii) [8], obLemos a resposLa desta queslio,

A algebra Wi para o OR 31, disculLidas na seglio 3 da ref. (8],
& a segulinte:

. - +
Wh4)=‘5[a}eu),a?mﬂ!. [ atewy, Haw]=tu) - o
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[Gless), Qlerd)] =1+ 2€+)Z5 (2)

onde os operadores escadu do super-oscllador radinl de Wigner e o

Hlami itoniano do setwr bosdnico sdo, respectivamenle:

4 .
Oan=£3 Je(d e b)sethy o},

{ dtozd 402 r-(fZLi)}

v v Y (4)

Hee) -

lv"

Seguindo © maguinéric para sc consblrulrr os operadores escada,

independentes dos quanta, do selor bLosdnico (9], obtemos:
L v
[wer, B%ee )] = c26r1) .

onde os opecradores de criagio, g , e de aniqullacfo, 6 , do

oscllador radial séo:

BNH)-—)‘-E Lo -,-.{ * Z\fd* rk- Eﬁ'ﬂ)’”} . {6)

l.l'

Esses operadores quadraticos diminuem ou aumentam os quanta em duas
unidades,
(v}

G(?H)llef(’l> 4‘M(2M+N“)$ ;;) > . (7)

o . p {rtd)
;_a,*mnm,_w'>-_I,z::wnc-zM*gzu); ’mi,, N @

I1. ESTADOS COEHENTES CANONICUS I GENERAL1ZADOS

Agora, construiremos os LCC radials, g, ¢) . #éd . como sendo
upa superposicio dos auloeslndos do OR 3. Eles sfo os auloestados
do operador de anlqullacio, g.'i[”\ . do OR 3%

Bion ) |00 > =k [or. 0> L
Apesar deles serem hdo-ertogonaihn,
W, ol e e
E (eI ) TOso{ 2 o ()
2 )“ 2 ] ?-% -[l" /3 ‘ )”IZ" ’w!l‘[l‘"th%l}‘&
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eles sio normallzavels, e dado‘s por: - - - e

Jq-il
1o, > =] r'(,azu)l'('wq)}- ‘(.-ﬁ.')- Z Q_/:_____'.@”’?. (an
- a Lz PEATY 8 g
.onde IL‘) so as .!'llnt;aes‘. de Besse‘l mo.dll‘lciadas, r' é a _I‘unq&o
Cama e 4 =¢ ¢ 4/» A inmportante propriedade de completeza
serd demonstrada num trabalho que vamos submnelblé-lo a publlcagéo
numa revislia Inlernacional .
Agora, calculalems os . I-:st.ados Coel-enl.es General i zados(ECG)
assoclados ao grupo de simetria SL(2,R). A part.lr de (3-5), oblemos
a.seguinte reallizagho da algebra de Lle do SL(2,R):

K,k,l-_-, k, [Kwh"_-]_:-k_ . (12)

[K_,K,]_:: 12k, > K:.E%g;?ff-) y Kz 4He) - v

De acordo com a nossa reallzaglio acima, k{x-1) , k=€+3/; dio os
autovalores do operador de Casimir do SL(2,R). Os ECG de Perelomov
assoc lados a essa Algebra geradora do espectro do OR 3D, sio dados

por: o - ) 3
. l' Clzx+n) }f” ‘
VAT o, (14)

1 k> = 1= ei?)"

)

™%

onde a medida de inltegracgio & a segulnte:
: N2
duliei) =(?%)(1-M‘) d& . (15)

Estes ECG sZo andlogos aos do potenclial Coulombiano na equacgio de
Klein-Gordon [10] e, assim, s3o ndo-ortogonals e super-complelos.

I15. A FUNGCAO DE GREEN E O ESPECTRO
A fungdo de Green deflinlda sobre uma base constitulda dos ECG,
}jsx)} . € uma soma parciul de fungdes de Green, 1.é,

Gloio) = X(,(cr}'i—z@xjclw S . e

onide GE é o operador resolvente. o qlldl na representagao de

Schwinger I.oma a segulnle I'o; mw exponent.!al
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4 (W d
G, =(Wor-£) =i \expl-i[ -} -
De (14) e (17) em (16), a fungho de Green torna-se:

£ 2E2)N a3
C(aa’) (1 L_')‘( ""2) g (1- ;e-ﬂ)ld,, (18)
e" (c

Os pdlos do Lraga do npm ador resolvente:, na base dou 117,

. ¢t
1;‘6 =/ ) ( { (?I Iinﬂ) (14)

U oz

sfo ns autovalores de energla do OR 3.

1V. CONCLUSDES

Construimos o5 Eslados Coerentes Uanonlcos e Generalizados (ECC
e FCG) para um oscilador harménico radial 3D, via aperadores
derivados da dlgebra de Wigner-liclsenberg super-reajlizada.
Calculamos a fungho d: Green e o espectro, através do operador
resolvenle, na rejresentaciio de Schwinger, definido sobre uma base
constltulda dos ECG do OR 3D.

Esle trabalho ol rinanciado parcialmente peio CNPq.
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The Feynman - Dyson proof of Maxwell equations
and maguetic monopoles

Adolfo Maia Jr. and Waldyr A. Kodrigues Jr. .
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Abstract. Using a violation of the Jacobi ldentity®! we are able to generalize the
Feynman's Proof of the Maxwell Equations including magnetic monopoles.

In 1990 Dyson' published a proof due Lo Feymman that the Maxwell equations
follow from Newlou® s equation

mi; = Fj(z,2,t) (1)

and the quantum mechanical cavonical rules
[5124] = 0 . (2)
m|zj, 2] = i fibjx. (3)
Soon after, Lee? extended the Feynman’s proof Lo non - abelian gange fields,
obtaining the Yang-Mills equations. In his paper, loe suggested thal magnetic

monopoles can be introduced, through Feynman's approach using the dual Lorentz

force equation
F; = B — ejregrlsg . (4)
It is possible to obtain Lhe magnetic mwonopoles withont postulating the dual
Lorentz force. This is shown helow.

In his proof Feynman have used twice the well known Jacobi kdentity

A (B, C +{8,{C, Al +|C,|A, B]] =0. (h)
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Magnetic monopules appear when we have a violation of Jacobi ldentity for the
kinetic momenta g = m £y

We: follow Dyson-Feynman® closely and poinl ont Lhe necessary changes to include:
maghetic inonopoles.

Fram (1) and (3) we have
[r)s M) = —mliy 4] ()
Now, we use Lhe Jacobi Identity (5) for operators z; and @ in the form
re (25, 2al) £ 25, ke ze]) 4 s Jee 2]l = 0. (7)

From (1) it's casy tu see that Lthe two last terus in Lhe left-handed side of above
cqnalion, vanish.
So (7).can be writen
[-'r'h l':.hrk" =4. (8)
This cquation means that the comutator [£;, k) is a function of z and ¢ only.

Sa, [rom (G) and (8) we can define Lthe magnetic fickd I/ as

. -t
fz;, F.] = (- ;.'E)Eju i, (9)
and the eletric flield as
":,' == ;',' — Ejkr :Ek ”f “U)

and, of cowrse, My and E; are also functions of z and ¢ only.
Substituting (6) and (9) in the Jacobi ldentity in the form

Ei*‘[ifiljni’*" =0. (1)
We conclude that
e, He] = 0 (12)
which is equivalent to
' div i =0, (13)
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Now, as shown by Jackiw? and Wu and Zee!, the existence of nagnetic mmonopoles
implies the violation of Jacobi Identity (11) and this is the very definition of inagnetic
charge, namcly :

div /i = 'ﬁiejk!l"hh'jiplc" = fuing (11)
where we have rewritten (11) in Lenns of kinelic momenta p; = m k;.
Using (6) we can rewrite (9) as

—im?
He = —g—eipeltis il (15)

The Lotal time derivative of (15) is

o, . all —im?® .
(')t¢ +z,,.ax': = ;:-:I Ejul:l'j,él-'g]. “6)

Alier soine calculations on the right-hand side the above equation we get

0”! OEJ _ . 0",‘ .
a .E’HB::; = T Oz, (17)

The right-handed sicle of this equation «defines Lthe magnetic eurrent, using (14)

— Tt Prug = Jt (18)

atl so we obtain Lhe second generalized Maxwell equation

0!!, l')’.'-} .
— — T el —] . (

The other two non-homogencons Maxwell eqquations

div E = elenic (20)
I
curf I3 — T Jeletric (21)

are interpreted in Feymmnan-Dyson approach as delining the very eletric charge and
current.,

‘I'his have caused a cerlain uneasiness®™ " because apparently there is wo physi-

cal or matliematical principle to fix the non-homogencons equations snch that the:
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complete set of Maxwell cquations resulls Lorenlz invariant.

Neverlheless, we agree with Farina and Vaydia®, aud Hojman and Shepley™ that
it is necessary to intraduce a parmneler with wnits of velocity. 'This arbitrary pa-
rameler 8 shown Lo be independent of Uhe observer'! using weaker assimmptions on
isolropy and homaogeneily of space than the original conditions nsed by Einsbein,
abtaining in this way the Lorentz transformations. Bul, wnfortunately we cim not
yet lix the non-homogeneons equntions from the postulates (1), (2), (3).

Another shortcoming is related 10 a Lagrangian formmlation of magnetic
monopoles theories.  Hojman and Shepley™ have shown Whal if we don’t bave a
Lagrangian for a physical system we can't quantize it..

However the monopole Lheary, wher: the manopole didn’t arise from a change of
the Ltopology of the world manilfold, is an example of a quantun system for which
there doesn’L exist a Lagrangian*? giving sinmlaneonsty Ue lield equations aml the
cquations of motion of chauges and monopoles. So, it would Le interesting Lo jo-
vestigate how and why this kind of monopole overrides Lhe Hlojman and Shepley's
thearem. "To end we call the reader’s attention that we have shown elsewhiere™ Lhal,
the equations of inotion for both charges and monopoles follows divectly from Che
generalized Maxwell equations without any ad-hoc postulate, a result complemicutar

Lo the abiove oue.
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Abstract

We consider quantum electrodynamics in the quenched approxi-
mation including a [our-feriion interaction with coupling constant g.
The effective potential at stationary points is computed as a [unction
of the coupling constants e and g and an ultraviolet cutoff A, show-
ing a minimum of energy in the (a,g) plane for @ = a; = x /3 and
g = 00. When we go Lo the continumn limit (A — 00), keeping finite
the dynamical mass, the miniium of energy moves to (o =, g = 1),
which correspond to a point where the theory is trivial.

There are severnl works devotel to the analysis of a non-trivial phase of
quantum electrodynamics (QED) in the strong-coupling regime, where it
has been shown that the chiral synumetry is spontaneonsly Iroken [1). For
the existence of such symmetry breaking, the gauge-coupling constant o«
must have a particular relation to an ultraviolet entoff (A), fivan which it
can be inferred that the theory has a non-trivind ultraviolet fixed-point [2).
The existence of a fixed-point changes completely the argmment, that renop-
malized QED is a trivial theay [3]. As long as these ealenlations were mnde:
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in the gquenched approximntion, where the coupling constant is uot allowed
to run, it s far from obvians that we may defice o repormalization group g
function [4], and from it we are able to deternine the presence of the fixed
point. Moreover, the results were obtained solving the Seliwinger Dyson
equations (SDE) in the ladder approximation, and it is not an easy task
ta detennine how acreurate these solutions are. However, a strong support
for these ealeulations comes out from Iattice shunlutions, where the sae
broken synnnetry phase was found at strong conpling [5,6].

Another important result is that, in the planar limit the dimension of
the fonr-ferntion operators approach dimeusion fowr at the eritical conpling
constaut a, then, Lo study the fixed points we nmst include this four-fermion
internction [7] with dimensional coupling constant G. It is interesting to
keep in nind that this four-fermion interaction introduced by hand, could
be dynanically generated by the theory |6}, The dynmnical generation of
new interactions it a fixed point occurs also for example in ¢® theory |§).
It has alse been shown that solutions to the gap equation for an arbitrary
value of G will break the scale symmnetry unless G approaches a fixed-point
value [7]. Oun the other hand, it is well know that weak coupling solutions
of the Schwinger-Dyson equations does not produce spontancous breaking
of the chiral symunetry [9,10]. However, when four-fernibon interactions are
aclded, spontaneons breaking occurs even for weak gauge coupling, but in
this case a critical ine in the (a, G) planc appears [11,12}.

Even though the triviality of QED does not have sy phenomenologicnl
consequence, because it will probably be unified to the other interactions
hefore we arrive at the Landau’s pole, it is erucial Lo know if the simplest,
and (perhaps) the best known gauge theory we have, hehaves well at high
energics. It is clear that if the theory is not trivial at strong conpling,
and cliral symmnetry is broken when the coupling constant is larger than a
certain critical value, sny a > a,, Lhe vacuum energy mst bhe well defined
and different from zera, In the case of QED without four-fermion inter
action it was verified that the theory has o mininnn of energy, exactly
at o = . |13). In this wark, we will compute an effective potential for
campuosite operators |14 ut stationary paints in the ease of QED with a
four-fermion interaclion, looking for winima of eaergy in the (o, g) plaae,
ly = GA?*[4x?).

The: chival invarinnt four-fermion interaction to be added 1o the QED
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Lugrangian is [7] B _
= (G/2) | (P91 - Frsp)!] . ()
In the chiral limit, in the quenched (ladder) approximation and in the

Landan gange, the Schwinger-Dyson equation for the fermion sell-energy,
%(p?) takes the form (7],

_9 yE(v) L. ) N P .
X(z) = AT Jo y+zl(y)+ j y+22( )Lz ”( -y )40y )]: (2)

where, we have made a Wick rotation ane integrated over the nugulm vari-

nbles, with z = p?, A = 3a/4x = 3¢?/16a? and g = GA?/4n?. Eq. (2) cun

be solved by standard methods [7,11,12], and a critical line can be deter-

mined from these solutions. This critical line separates the spontaneously

broken and unbroken phases of the chiral symmetry. It has also been ar-

gucd that the whole critical line is the fixed point i.e., we have in this case
n “fixed line” [11).

With the non-perturbative solutions of the Schwinger-Dyson equation
for the fermionic propagator we can start the calculation of the effective
potential of QED. In the Euclidean space and after integrating over the
angular variables the effective: potential for composite operators [14] is given
by e

V() = 8;, o [1 (1 + EZ’)) - zizg,’(l)

1 (% 3%(z) ¥ yE(y)

teh “ziTin b Yyt Dy

F(z,y,A,4), (3)

where A A
: =2 200y—x) i 2
F(z,y,\A)= a:ﬂ(-r—y)+yﬂ(y £)+ 5

By using Eq. (2) as an identity in Eq. (3), we obtain the following expres-

sioi: - £(z) £T(z)
A= - d:l:[:l: ln(l + ) - )] (4)

8x? T 4 N2
In virtne of the condition SV /L = O which implies (2), Q2 means Whe value

of the effective potential st the extreme points. Notice that §2 is always
negative for any non-trivial solntion S(x).
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Without going into the details [15], we now disenss the existenes of o
minimmm for the vacenmm energy. In Fig. 1 we show a plot of (8r4/A)Q
aguinst o for several viles of g, Notiee that the ease g = 0 is not pedueed
directly to the one in Ref.  |13], where a simpler approximation o the
solutian of the Schwinger-Dyson equation was used and where the upper
limit of Eq. (4) was npproximnted to infinity. From Fig. 1 we can see thad
the minimnim of energy tends towards the point o = .. To illustrate the
lchavior of Q as a function of ¢ we: show, in Fig. 2, (8% /A1 )2 agninst g for
vihues of e around a,. For large vadnes of ¢ Fig. 2 tells us that the decpest,
minimum oceurs for o = o, For larger or siadler values of o ol curves of
Fig. 2 lie above the curve with o = a,. Strictly speaking the mininnn will
ocenr at (o = a,,g = 00). The position of the mininmm in the (o, g) plane
is shown in Fig. 3 by the thick solid curve. At the point (g, 0) the value
of (872/A*) is —0.0012, aud it becomes decper and decper as we inerense
the value of g and approximate a = a..

Iu Fig. 3 we show also another curve (dot-dashed) which can be in-
terpreted as follows. Away from the critical line the fermion self-energy is
approximately constant, therefore the solution for the gap equation leads
to a consistencey condition |16

o 2 Al
1=(E+g)[]~ﬁlll§ . (5)

Eq. (5) in the limit £?/A? — 0, gives a mean-field curve, ¢ = 1 ~ afda,
described by the dot-dashed straight-line in Fig. 3. For larger values of ¢
{abave this curve) we approach a trivial Nambu-Jona-Lasinio theory [16).
Thercfore, if we allow for large values of ¢ we conclude that the miniunun
of energy lappens for vilues of the coupling constaunts where the theory is
trivial, and it is clear from Fig. 3 that vilues of minima are above the mean-
field curve described by Eq. (5). However, we have also to keep o wind
that the curve g = 1 ~ af4n,. wis obtidned with a ernde approxination
el it should be regarded more as o qualitative result. The question now
is: how arbitrary is g7 This paint is of fundmnental inportance becanse if
g is limited to some finite value, we do have a definite iininnnn of energy
in the (a,g) plane (see Fige 3), otlierwise (he wininonn will be loeated at.
g equal to infinity where the theory is cortudaly rivial,

T our endentations we have o free anass paraaneter A that ean be factor
izedd in such woway that A enters in 2 only s a mnltiplicative factor, b fact,
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the quantity /A is independent of A, We can ask what, happens il we
consider the continumm limit A — 00. Inorder to take A - ou seviously we
must know the behavior of g and o as a function of A and this limit, mnst
fulfill the hypothesis of Mirausky and others [2,7] abont, the existence of n
fixed-point. In that case we can have a possible limit that resnlts in g, o
and m finite and therefore a definite minimum of energy. We notice that
there is a possibility of taking this limit even if not in a rigorous way. We
can argue that when A — oo, g and a are related through the eritical line.
In this case, A goes to infinity but 7T goes to zero keeping i constant and
s0 §, i.e., the linits on A and 7 are taken in such way that their product
is equal to & over the critical line, where x has a definite value. In this case
all points of mininm in the curve lie under the mean-field line showed in
Fig. 3 coinciding with the criticul line. However, Q for a = o, and g = 1/4
is not the deeper minimum. In fact Q becomes deeper and decper as we
decrease the value of o and approach o = 0 and g = 1. This result tells us
that in this picture i.e., A — 00 and ¢ and « related by the critical line,
the 4-fermion interaction alone is more efficicnt to break chiral-symnctry
than both interactions together. Notice that the minimwn of encrgy at
(a = 0,9 = 1) is the only one that also corresponds to a point (according
to Eq. (5)) where the theory is trivial. The above procedure is useful to
illustrate the possibility that when A goes to infinity we can have a well
defined miniinum of energy.

In conclusion, we computed the vacuum energy of QED with four-
fermion interaction. Starting from the solutivns of the Schwinger-Dyson
equation for the fermion sclf-energy, we determined the values of minima
of energy in the (@, g) plane. The minimum we have found is located at
(a = a.,g = co0), and we argued that this point corresponds to one where
the theory is trivial. The theory has an unique mass parameter which is
given by the ultra-violet cutoff A, When we go to the continmmm limit
(A — oo) we only obtain a scnsible result imposing the same condition of
Miransky and others [2,7] i.c., we must inpose a relation between o, g, m
and A in such a way that when A — 0o and m is kept finite ¢ and g ga to
some specific critical line. However, performing tle: caleulation over the erit-
ical line, with A/m — oo, we fonnd the global wininmuw at (¢« = 0,4 = 1)
which is again n point that chimracterize a trivial theory, All these canelu-
siong probably o not hold if the four ferion is genernted dynawmnically,
when a well defined mininnnn of ruergy could appear as o function of a
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certain eritienl value of .
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FIGURE CAPTIONS

Fig. 1. § calculated from Eq.(4) for @ > . and the following values of
¢ : g = 0(a), 0.25(b), 0.50(c), 0.75(d), 1.00(e).

Fig. 2. Q calculated from Eq.(4) for the three different rcgions: 2, for
a = 0.8a; (dot-dashed curve); §; for @ = a, (solid curve) and Q5 for
a = 1.4a, (dashed curve).

Fig. 3. The critical line (solid curve). The line separating the regions with
trivial and non-trivial solutions obtained from Eq.(5) (dot-dusluxl curve).
The local minina of Q (thick solid enrve).

207



5{ yv/228)

-0.00901



Unobservahility of the Sign Change of Spinors Under a 2r Rotation in Nentron
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and
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Abslract

We sliow that the nenlron interferoniciric experiments do not fnply that the neutron wave
funciion must be described by a Pauli c-spinor wave function that changes sign under o 27
rotation. We argue that the papers supporting the opposite view have jumubled up the time
evolution of the Pauli ¢-spinor wave lunction with its transforination law umder rolations. ¥ven
more, we show thal, the experiiment can be well deseribed using a Pauli algebraie spinor wave
function that does nol change sign nnder & 2x rotation.

PACS:  03.65.02 OL.65.H

There are essentially Lhree different definitions of spinors in the literature: (i) the covariant
definition, where a particular kind of covariant spinor {c-spinor) is a set of complex variables
defined by their transformations under a pasticular kind of spin group; (i) the ideal definition,
where a particular kind of algebraic spinor (e-spinor) is an element of a lateral ideal {(defined by the
idempotent e) in an appropriate Clifford algebra (when e is a primitive idempotent we eall it an
a-spinor, instead of e-spinor); and (iii} the epervtor definition, where a particalar kind of operator
spinor (o-spinor) is a Clifford number in an appropriate Clifford algebra R, determining a set
of tensors by bilinear inappings. Tn [1,2] we have clarified Lhe relations between and the possible
cquivalence of all these kinds of spinors aml in [3,44] we studied the corresponding spinor lickls as
seclions of appropriate bundles over a manifold modelling spacetine.

Pliysicists use almost exclusively c-spinor fickls (despite the lact that uperator spinor ficlds have
been intreduced by Ivanenko and Landau [5) already in 1928 and rediscovered by Kihler[G]in 1961)
as the representatives of spin 1/2 ferinionic malter. As is well known, i c-spinor wave function has
Lhe property of changing its sign wader an aclive 2x rolalion, which is not the case for algebraic or
operator spinor wave funclions interpreted as seclions of appropriate Clifford bandles [1]. Which
kind of spinor fields, covariant or algebraicfoperator gives the hest mathematical and physical
reprisentation of lermionic matler is a very important problem, sinee algebrale sl operalor spinor
lields can be: written as snms of non-homogencons dilflerential forms [1,2,0,5,7,8] thns challengiug the
“majorily view” that spinors are objecls more fundamental than tensors {3,10,11]. (We emphasize
here that when a-spinor fields are interpreiol as sections of the so callidd Spin-Clifford bundle they
have Lhe nswal transformation law [1).)

Hernstein [12], Alaranov awd Susskind [13] aml Moore |1] proposed experiments for the verili-
cation of Lhe sign change of c-spinors wmder an active 22 rotation. Negerfelde aml Kranss [15] pit
forth a critical remark on the Aharanov and Susskind argument, showing that it is in faw (a point
on which we agree). Also Jordan [16] invoked the spin statistics Lheorem for spin 12 particles Lo
argne that 2x rotations are unohservable,

After the neatron interfermmetric experiments [17,18,19) the eomtroversy on the isterpretation
of the sign chimge of the neutron c-spiner wave fuuction in a magnetic field went out, as iLis well
illustrated by the many papers that appesred on this sulgect 20 30). 1L seems to he Lhe “majorivy
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view” that the neutron interfcrometric experiments do indeed prove that the nentron wave fanction
must be described by a Pauli c-spinnr wave imction {on the nonrelativistic limit appropriate for
the experiment) that chianges sign under an aclive 2x rotation.

llere we challenge such a viewpoint. Indeed, we are going Lo show that the nentron interfero-
metric experiment as described e.g. in [30] can be perfectly explained when the spin 1/2 neutron
miatter is described by a PPauli a-spinor wave function that does nof change sign under a 2x active
rotation. What happens is shuply that Lhe nnitary evolution operator for such a wave functlion
is an element of Spin(3) ~5U(2)} ! For what lullows nonrelativistic (first quaatization) quantunm
inechnnics will suflice. We are going to nse elementary definitions of the ¢-spinor and a-spinor wave
fuuclions, i.e. we are not going to preseul these objects as sections of some veetor humille. {The
interested reader may consult e.g. {4] on Lhat Lopic.)

We take as arena of physical phenomena the Newtonian spacetime N = Y x 0t and define a
PPanli c-spinor wave funclion as a mapping

$:N¢? (1)

where € is a two-dimensional veclor space over the complex field €. The space ©? is equipped with
Lhe spinorial metric

By : € x T2 = @; BV, )= ¥l (2)

v,
2
under the action of SU{2)~Spiny(3) (in fact it is invariant under the action of U(2} [2]). Asilis
well known Pauli c-spinots carry the fundamental representation D'/2 of SU(2). Under an active
rotation R in the Euclidian space R® the Pauli c-spinor wave funclion transfonns as

where ¥ = and t stands for llermitian conjugalion. The spinorial metric is invariant

v & u(r)v, U(R) € SU(2) (3)

and il R is a 27 rotalion around a given axis, then ¥ 2 _¢.Ina given magnetic ficld B : N — Bt?
Lhe newtron wave funclion ¥ satisfies as it is well known [31] Pauli’s equation

. 2
'%\I_’ =V - %m (4)

where we use units such that /i = 1, m is the neutron mass and
Hi=-p-B= —’l(l.'l'| I+ oyl + o3 lis) (5)

where o, j = 1,2, are Lthe Pauli spin matrices, B;, j = 1,2,3 are the components of 3 in a given
reference frame of I3 and p is the neutron’s magnetic moment. In what follows we are interested
only in the spin precession motion and so we consider instead of eq.{4) the equation

Q¥ = e, vt e (6)
We chouse I in Lhe z-direction and then write H; = —pHas. We now write ¥ = ¢ ( (l) ) +

€3 ( ? ) = Y. ¢|7 > and observe that oyapas|l >=i|l > and ayo303|2 >= ~i]2 >. Then e.(6)

can be written

a.a-;au%* = —pliay¥, (7)
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We now define the Pauli a-spinor wave function and write the (Pauli} equation satisfied by this
ohject for the situation of the nentron interferometric experiment. We first recall {1,2] that the auli
algebra B3 is the Clifford algebra generated by | and ej, j = 1,2,3 such that e;ej+¢;e; = 25;, where
{e;; 7 = 1,2,3)} is a basis of the Eudlidian vector space V = R? < My We take {0 i = 1,2,3})
as a basis of V*, the dual space of I3, with o;(e;) = & ; and call P(= Dty) the Clilford algebra
generated by | and the o, i = 1,2,3. A Pauli a-spinor wave function in then defined as a mapping

Vi N — {Pe) (8)

where: e = 1(1 4 ay) is a primitive idempotent of IP and {Pe} is the class of equivalent minimal
left ideal of I® generated by e, i.e. t is a sum of non-homogeneous diflerential forms [3,4,7]. Under
an aictive rotation & in IR? the Pauli a-spinor wave function transforms as

¥ u(R)pu'(R) )

where u € Spin,(3)(= SU(2)) C TP. (More precisely this is Lhe transformation law when (z,¥{z))
is taken as a section of Lhe Clifford bundle. See [3,4] for details.) This has as a consequence that

under a 2z rotation ¢ & Y. ‘The spinorial metric defined by eq.(2) can also be defined within the
Pauli algebra [1,2] but it is not necessary here, .o

The spinorial basis generated by e = %( I +a3)is {e,a,e} [1,2] and we can write ¢ = ¢e+cq0,e
with ¢;,c2 € €, generated by {1,i}. Also i = @y020; is the volume clement of ? and iA, is
essentially »A,, where A, € A(T*RY) is a p-form and + is the liodge dual operator. To write the
(Pauli) equation satisfied by ¢ for the neutron interferometric experiment we nced only to take
¢ : t— {IPe} and to make in q.(7) the subslitutions ¥ — ¢, o; — a;, (i = 1,2,3). We get

9 = yBioa)y. (10)
The solution of this equalion is
(1) = exp(uBioat)P(0) (1)

where Sping(3) 3 u(t) = exp(pBiost) = cos(p BL) + a0, sin(p Bt) {33).

Equation (11) shows Lhat the predictions for the nentron interferometric experiment when one
uses a Pauli a-spinor wave function are the same as when a V’auli c-spinor wave function is used.
Since Lhesc Lwo kinds of spinor wave functions have different transformation laws under rotations
(¢q.{3) and eq.(9)), it fullows that the experiment does not prove that the fermionic matter of the
nestron must be described by a Pauli c-spinor wave function.

llcfore we end we must add that the notion of algebraic spinor fields leads to a new point of
vicw [4] concerning the spinor structure of spacetime and the relation between bosons and fermions
(supersymnetry) [34). Also our translation of the Panli equation satisfied by ¥ into the (Panii)
canation satisfied by 4 provides a geometrical meaning for the imaginary unit i = /=1, a fact that
may have nontrivial consequences as already cinphasized by Hestenes [35 38] who has been since
long using algebraic and operator spinor wave functions for the inlerpretation of the relativistic
quantum mechanics of Lhe electron,

At least, Lo those who might not be eonvinced y onr agguments, we recall the fact that there
are many two-stale quantum systeins described by equations hilentical to ¢q.(6). Indeed as shown
in Chap. 11-3 of [11] this 18 the case of the amonia molecule (a hoson) in an eletric fidd. In a
(passible) interferomietric two-slit experiment with amonia molecules, with ane of the paths passing
Lhrough an eletric field E, we could see for an approgiriate E a phase change ¢+ —4. Nevertheless
wa are sure that in such a case nobody wonll clain that we are ohserving a 2x rotation of a spinor!

211



References

[1] V.L. Figueireda, E.C. de Oliveira and W.A. Rodrigues, Jr., lnt. J. Theor. Phys. 29, 371 (1990).

(2] V.L. Fignciredo, E.C. de Oliveira and W.A. Rodrigues, Jr., Algebras, Gronps and Gemaetries
T, 153 (1990).

[3) W.A. Reulrigues, Jr. and £.C. de Oliveira, Int. J. Theor. Phys. 28, 397 (1990).
[1] W.A.Radrigues, Jr. and V.1, Figueiredo, lnt. J. Theor. Phys. 20, 413 (1990).
[5] D. Ivanenko and L.1). Landau, Z. Phys. 48, 310 (1928).

[6] E. Kihler, Rend. Mat. ser. V 21, 425 (1962).

[7] W. Graf, Ann. Inst. llenri Poincaré XX1V, 85 (1978).

[8] 1.M. Been and W. ‘Pucker, Comm. Math. Phys. 89, 341 (1983).

[9] R. Penrose and W, Rindler, Spinars and Spacetime, vols. 1 and 11, Cambridge Univ. Press,
Cambridge, second print (1986).

[10] A.O. Barut, Electradynamics and Classical Theory of Ficlds and Particles, Macmillan, New
York {1964).

[11] M. Sachs, Geneml Relativity and Matter, D. Reidel, Dordrecht, Boston and London (1964).
[12] M. Bernstein, Phys. Rev. Lett. 18, 1102 (1967).

[13] Y. Alharanov and L. Susskind, Phys. Rev. 155, 1428 (1967).

[14] G.T. Moore, Am. J. Phys. 38, 1177 (1970).

[15] G.C. llegerfeldt and K. Krauss, Phys. Rev. 170, 1185 (19G8).

(16] ‘T.F. Jordan, Phys. Lett. 88A, 457 (1983).

[17] II. Rauch, A. Zeilinger, G. Badurck, A. Wilfing, W. Bauspiess and U. Bonse, Phys. Letl. Ab4,
425 (1975).

[18] A.G. Klein and G.1. Opat, Phys. Rev. Lett. 37, 218 (1976).

[19] S.A. Werner, R. Calella, A.W. Overhiauser and C.F. Eagen, Phys. Rev. Lett. 35, 1035 (1975).
[20] A. Zeilinger, Z. I’hys. B26, 97 (1976).

[21] G. Eder and A. Zeilinger, N, Cimento 34B, 76 (1976).

(22] 1.1, Bernstein la U. Bonse and 1. Ranch (eds.), Newtren hnterfermnetry, Clarendon, Oxford,
pp. 231-240 (1979).

[23) Gi. Badurek, H. Ranch and J. Summbionmer, Physica B161, 92 (1988).

[24] F. Mezei in U. Bonse and Il Ranch {(eds.), Newtron Interferometry, Clarendon, Oxford, pp.
205-272 (1979).

212



[25} F. Mezei, Physica B161, 74 (1988). .
g {26] 1.4 lle.rnslein and A, Zeilinger, Phys. Lett. ATS, 169 (1980). |

| [27] B. Alefeld, G. Badurek and 1. Rauch, Phys. Lett. A83, 32 (1981).

{28] A.O. Barut and M BoZié, Physica B161, 180 (1988).

[29] A.0. Barut, M. DoZié, Z. Marié and H. Rauch, Z. Phys. A328, 1 (1987).

{30] A.O. Barut and M. Bozié, Phys. lett, A149. 431 (1990).

[31] R.P. Feynman, R. Leighton and M. Sands, The Feynman lectures on Physics, vol. 3, Addison-
Wesley., Reading, Mass. (1965).

{32) A. Maia, Jr., E. Recami, M.A, Faria-Rosa and W.A. Rodrigues, Jr., J. Math. Phys. 31, 502
(1990), :

(33] 1.R.R. Zeni and W.A. Rodrigues, Jr., "A Thoughtfu! Study of Lorentz Transformations by
Clifford Algebras”, Int. J. Mod. Phys, A (accepted for publication, 1991).

[3] L.M. Been and R.W. Tucker, J. Phys. A: Math. and Gen. 16, 4147 (1983).
[35) D. llestencs, J. Math, Phys. 8, 798 (1967); ibiden 14, 893 (1973).
(36] D. Hestenes, Spacetime Algebra, Gordon and Breach, N. Y. (1966).

[37) D. Hestenes, Clifford Algebra to Geometric Calculus, D. Reidel, Dordrecht, Boston and London
(1984).

[38] D. Hestenes, Found. Phys. 20, 1213 (1990).

213



NON-ANOMAL.QUS BOSONIZED THEORIES FROM A GAUGE PRINCIPLE
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B = (1/2)3 ¢ HHe ()

ie 1wvar iant wmler the ylabal transiaction:

ix) o Ppln) ¢t v, (7)

where v 1% a consilant. As usual, nnw we 1epose Lhal Chis malel e

invariant vmnler a lucal translalbion

Pin) » Plx) + vixn). (3)

Thas is made by the introduction ot a gauge vector field, that has

the usual transiaormation

E (x I - (1/q)0 x {(n
u ) - u‘” ( 7) ”v( ) . )

whore ¢ 15 a damensional coupling constant. With thegse elemonln an
hands, it 1s nobk difficult to see that the invarsanlt  Lageangian

density shall be

2 o= (1/2)8 ¢ o + g E, Hep + "72’?""# L. (")

In fact the above Lagrangian densily is valid in an arbatrary
numher ot dimnwions. Here we will restrict our analysas to )
dumensiang. Up Lo now we do not have adentified Lhe gaugye Hieled I:“
wilth the phatn 11edd ﬂp, but in two dimensions we can relatle

these fiwelds through the qeneral expression

2. Y L L
ET = ll.' uy Ve, e ) t\'_. (73]

Uuaing tins relabtion we get for the Lagramngian densaty:

g = Y - "” -+ o . S N
v s (17204 ¢ Ny v gy (e« R L
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. = - o l. . . Ja ._,H' o _.2 . : 1
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Sehwongier onre respectively (4,910

Hewerverr ¢ avs can e e Irom abowve, the | agrangan densa by ol
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rcgqularczal i parameter. Now we will e hew to mntroduce thns
arlntrary parameeber. This will b eade throuwgh the ase ol Lhe
Wess—Zumona fuzid,

s as made Lhraough tiue Lransliormalions:

l’.i » !f' 3 k' t, (10a)

A + A  (k /Je2) o4, {10hL)
- " z 1

Lhat atter substiblal gore s (7) o rearranguingg gives:

1] - . A ' F Y ) ...’". A s .Z . "
URR S e R 'y S A L TR L

Ltk gk ad g oy (r ik 0 2k 0 ak®)o u oy
1 [ T ] 1 o2 T
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L _ 4, My p )
e u[( u'lt.l ¢ nkz)c)' I\H 4 "zkn " .v“nuJ. (1y)

Now we can 2liminate o aof  the constants kl il kz, hy
imposning that e crosserl beem in Lhe lields 0 sl 60 vannnsines,.
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carreuponds Lo ap interdctiom helween the Jeroon fields and The
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. . s 4 n e H
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. o P 2
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U - . 5 2 o ! 2. _jo?
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z..“ (kzh’)ld q, )c’?“ d'e + & kz 6[(1 9, g RO ]"I-ln"-'
(158)

Al makang the finite renormalization 6 - —(.Ilk7)r-l, we el finally
Lhe correct non—-angmalous GS5M, with the Wess—Zuming Lagre angean

e Ly

M.ooT (/7)) a - u‘;‘)aya Ho - e 6'[(.: S L q‘qf“"]opnp. (14)
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ESTADOS SUPER-COERENTES DO OSCILADOR RADIAL SUST 3D - Coeme

R. L. Rodrigues lDeparI.amen.I.o de Clénclas ' Exatas e da
Natureza-UFPB, Cajazelras-PB, 58.900)

A. N. Vaidya (InstiLuto de Fislca-UFRJ, Rio de Janelro-RJ, 21.945).

J. Jayaraman (Departumenio de Fislca-UFPB .Jofio Pussoa-PB, 58.000)

Resumo. Encontramos o5 esblados super-coerentes candnleos do
oscllador radial SUS51 3D, Mostramos que eles s#o de trés Lipos:
bosénlco, fermidnlco e super-simétrico (SUSI).

I. INTRODUGAO

Os estados coerentes podem ser definldos de varias maneiras,
sondo algumas delas equlvalentes [1]. Eles tém uma vasta apllcacgha
em fislca [2]. Uma exlensfio dos estados coerentes da oscllador
harmdnico simples sfio os Estados Super-Coerentes Candnicas (ESCC)
do oscllador harménlco supersimétrico (SUSI) 1D, os guais sdo os
autoestados de um operador de aniqullagio SUS] de primeira ordem
[3]. Estes estados geram espaco de lillbert bldimensional: um estado
¢ fermldnico puro, e o outro & uma mistura de estados bosbOnlco e
fermidnico,i.4, um estado SUS]. Aqul, faremos a extensfio dos
estados coerentes radials. Da caonexfo entrec o oscllador radlal SUSI
3D e o oscilador radial generalfzado de Wigner, oblén-se uma
real izagio das super-cargas, , en termos da super-real lzacgdo
de Jayaraman e Rodrigues (JR) da algebra de Wigner-Heisenberg (Wit)
{4]. No sistema de unldades em que h=l=M=w, tal reallzagiio da SUSI

en mecanica quintica & a segulnte:

H‘S'3= Hfé&l) - :‘fsz("' t zm-t)zs ):[0.40.1. (1)

[j-lgs.Qi:‘_::O, 612-‘_0 e QEO (2)

onde “({N l.) & o llamiitonjano do oscllador radlal generallzado
de Wigner (6], comuta com u coordenada fermidnica, z., . E as
super-curgas sio dadas por:

0= 4(4~55)0t) |, @ = L(1+5,)aW0ct) @

L
2
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onde Qt(u.!.) ., sfio os operadores escada da particula de Wigner,

LHCersy, aeesd]- ¢ a’(!f.t)- @

Como ”{ﬁl).e !3 comutam, entio 'H.'.S e H‘PH) tambén comutam.
Neste cuso, podemos diagonallzur este Hamlltonlano SUSI na mesma
base dos estados esplnorials de Wigner. Denotando os eslados

assoclados aos quanta pares e -impar'es_. por- ld’"} e | -\k_) '

. " respectlvamente, obtemos :

HSS|¢A>=2M|¢5‘> ' qulf\l',_>:2(mﬂ)hk_>. (5)

0 espectro deste sistema SUS! € .dege'nel'ndo para mzl. O vAcuo & um

estado singleto de cnergla zero, logo a SUSL & nfio quebrada. '

I1. ESTADOS SUPER-COERENTES CANONICOS

Os ESCC sdo os autoestados de um operador de aniquilagbo SUS!
do OR 3D. A partir da Algebra WH obtemos irés tlipos desse operador,
0S8 quala s8o escritos em termos do operador de anliquilagio da
"particula de Wigner. O primeiro, ¢ dlagonliiziavel na base dos
eslados super-coerentes fermidnicos puros {7],

Ale4r)= %( 4 +z=){ YLD }?' . (6)

Este operador de anlqullagdo, possuem as seguintes propriedades:

AODILS 2 fmimeee )R S M@0 o

Entdo, ecxpandindo os ESCC na base dos autoestados ortonormals,
pertencentes ao autoespago assoclado aos quanta pares, de dimensfo

um, deduzimos a segulnte forma esplnorlal:

lf_,,.,!> = (“g>')= \¢,05 (é) . (8)

omde os kels |E,0% s8o os estudos coerentus do OR 3D da ref. I5). .
Estes ESCC s8o os andlogos radluls dos estudos super-coerenles
fermidnicos puros do osciliador SUSI 1D da ref. [4].
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0 operadorr de anlquilagdo do OR SUSI 3D que, atua sobre os

auloestados perlencentes nos quantn impares,

Afen: $0-5) Loter )} o

é diagonalizado pelos ESCC bostnlcos pinos,

\ns.e>=(m'° ) e, (4): an

onde os kels "\.,E>¢ , s8io os ECC ndo~normaltzudos do OR 3D com

momento angular adicionado de uma unidade , (&+1), a saber:

dfy, ™

f“nbl’!&lz' raf
O operador de anlqullagiio SUSI que alua sobre os auloestados
assoclados aos cquanta pares ou impares (estados fermlénicos ou

bosdnlcos) e, conscquentemente diagonalizavel pelos ESCC SUSI,

Afers)= | Oers) }2 : (13)

ten as seguintes propricdades:
AONNES = 2wt >, ow
Aol D> = 2wl 32)§ Y 4> - (15)

Expandindo os ESCC SUSI na base '||(P._,>;|¢m\)';h}‘..>} , obtemos:

185,05 = b, |0g.0> +4,19, .25 = (dv-'F»D- ) (161

boin, 0>,

unde

.A3\951.0>'= 9|93‘0> ’ Az|9_po> =N |'15:¢> ? A._'g_‘,f)-'}'z,f). (17)
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Estes estados Super-Coérentes Candnicos (ESCC) possuem também as
duas propriedades Imporl..ant.es ‘dos estados coerentes usuals:
ndo-ortogonalidade e completeza. Estas propriedades serfdo mostradas
por n6s num Lrubalho mals detalhady sobre os estados coerentestdo
oscllador radial SUSY1 3D, o qual estA sendo preparado para

subzelé-lo a publicagBo numa revista clentifica internnclonal.

111. CONCLUSOES

Canstrulmos os ESCC do Uit E‘;USI 0. Mostramos que eles sdo.dg
trés tlpos: (1) estados i:ar:wnlcos. andlogos dos estados
super-t_:oe;rent.es fermidnicos puros do osclilador SUSI 1D [3], (!11)
ESCC bosdnicos puros e (lil? ESCC SUS1. Todos esses estados
super-coerentes sdo super-cdmplefos e n3o-ortogonals. Assim como. fol

possivel esta extens@o dos estados coerentes candnlcos, podemos

. encontrar os estados cocrentes generalizados assSoclados & ‘algebra .,
OSP(1/2) da SUSI em mecAnica quAntica. Um trabalho nesta 1inha esta’

sendo desenvolvido por nos.
Este trabalho fo! financlado parclalmente pelo CNPq.
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ESTADOS COERENTES DO OSCILADOR IIARHGHICD ISD'I'RO'I’ICO 3D DE SPIN 1/2

R. L. Rodrigues (Departamento de Clénclas Exatas e da
Natureza-UFPB, Cajazelras-PB, $8.900)

A. N. Validya (instiiluto de Fisica-UFRJ, Rlo de Janelro-RJ, 21.945) :

J. .Jayuaraman (Departamento de Fislca-UFPB, .lofio Pessoa-I'B, S58000)

Resumo. 0Os estados coerentes esféricos s8o0 construldos via a,

Lécnica algébrica de Wigner-lleisenberg de trés gruus de ]liberdade,
Eles sfioc o8 auloestados do operador de anliqullagdo esférico de
um oscllador harmdnico isotréplico 3D de spin 172,

1. INTRODUGAO

Faremos um desenvolvimento anAlogo ao da nossa construcfio dos
Estados Coerentes Candnlcos (ECC) para um oscilador gencrallzado ,
o qual emergiu do setor bosénico de um Hamlltoniano de Wigner [1].
Usaremos o sistema de unidades em que h=1=m=w.

A super:-reallzaqﬁn da Algebra de Wigner-Helsenberg (WH)
proposta por Jayaraman e Rodrigues (JR) possibilitou uma simples
resolugio espectral do osclilador harmdnico lIsotrépico 3D nio
relativistico e de spin 1/2 [2]). Este slstema é descrito pela
seguinte equagio de Schrddinger independenie do tempo:

.!:(- +)
Hie-L)V. =5{_ Zl %av R e 5"}{--5111 . ()

cujo Hamlltoniano aparece embutldo no sector bosdnico do
Hamiltonlano de Wigner 3D. Na eq.(1), usamos as identidades [2,3]
envolvendo as maltrizes de spin 172 de Paull, a'|(|=l.2.3).

(z.a_-)lg-a-u)=ﬂ|_", g.P=%k + Lo(gktl) g€l (5
d EdE +4 na'_]".'.'o , T.°P =a:e.+—£-¢’_;(2'-£+1) . (3)
A super-reallzacBo JR dos operadores escada, mutuamcnte adjuntos,

n’(z-e-u)=v-1_£_{:(§,+ Hed(era)s - of3,={Oenn) }’-’ @
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nos proporciona uma Algebra Wi em A3D:

Hige ) = £ [At2ers), Qe ], (5)
[Het 1), aeer) ]= 2 Qe+ 1) (6

A relacdo de comulagfio generallzada derlvada desta algehra é:

Latees), atzeta) 1= 4 + 2(2e +OX L

As coordenadas fermlonlcos 2'(|=1.2.3} sfio as matrizes de Paull
Lambém, mas nfo descrevem o spin e. por sua vez, comutam com as
matrizes de spin 1/2, a'l.'

As autofungdes do operador matriclal (g.L+1) s@o os bem

conhecldos harmdnlicos esféricos de spin,

[+#>=1€4.4=044 ,m > I->=te+)L ) j=(er9)4omg>-

Pode-se mostrar que (o.lL+1) comuta com todos os elcmentos da
adlgebra WH 3D Ent8o, seus autovalores vdo rotular as
representagdes irredutivels que varrem os autoespagos de H(g. l_.oﬂ.
para um valor fixo do momento angular total, j=+1/2a(8+1)-1/2.

Os autovetores da particula de Wigner no autoespago de (o.L+1)
5 (&+1), formam um conjunto completo assoclado aos quanta pares ou

impares, satisfazendo a segulnte cquaclo de autovalor:

Hie. “)Wf ,...> E‘:“»‘J)N",_,= v . ban= GZem . (@)

De {5)-(7), nesse autocspago, obtemos as segulntes reallzagdes para

o operador de aniquliaglo dos quunta da purticula de Wigner:

tam)

' . (10)
43 'l"'g>

Qe )l > HICNET i)} 1Y,

af"‘)]"*" ’__.‘> =Y | h",-”>. (1)

id“i’

223



t z
-A projecBo do comutador [_ng:" H) ’ fO('q.'-LH)} .1_ » ho autoespago
assoclado aos quanta pares, nos dA oS operador'es escada esféricos
do oscilador isotropico 3D de spin 1/2, 3"}@-.“3).

87&51): Ales1 .1)4‘[_(-55 11)]=) B?e'-eu)}': .

. : - i . ' '
:%.)‘(E{ ..%_)1_27;)3'__ fr'l-_ !E."')f._ﬂl-s} , (1)

onde

Alstee+al=£]2 (3 + )3 leer)-r} . (1a)

A partlr de (10)-(14), vemos que os operadores quadraticos,

mutuamente adjuntos satisfazem as segulntes proprledades:

. o N/ .
Bl )|m 4, >z 2m{m )} [pm-npL,jog> - 019)

4
Bt{!-’:l: l"l.)l A ?;—f >1™ >= 2{(-41—1)(»1 Fjr 4)“(2"“"’)%;}")) (16)

Propriedades scmelhantes se verificam também no auloespago
pertencentes aos quanta impares e, por sua vez, os operadores de
criacgio e de aniqullagdo , deduzlidos por nés, lndependem do nimero
de qguamta.

I1. ESTADOS COERENTES CANONICOS ESFERICOS
Os autoeslados esférlicos do operador de anlquilagdo, E , estéo

assoclados ao aulovalor complexo, - . Eles s@o exatamenle os ECC do

oscllador hamdnlco Isotréplco 3D de spin 1/2. Em plena analogia com a

ref.l1], oblemos os ECC normalizados como uma expansiio na base

ortonormal, {lmﬂl ) j“"'j>5 , ou seja:

IMji>2=4{& Ln’l)]l ¢ ) ('%,)M o PE YA
j {( ) u)> ...Zw i

onde I'( |'I’|) s80 as fungbes de Bessel modificadas, a suber,
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@ 2w+ :
.11.UT”= 2 (h’%') (18)

o el (e d+d)

A propriedade de ndo-ortogonalldade & evidenclada abalxo pelo

produto escalar entre dois ECC assoclados a aulovalores distintos,

('r!‘l ,'X-M > {(l'ﬂ |1|) I"',I (llu LT"K') . (189)
rés "’ =0 M'f'(mljl-l)

Estes estados coerentes condnlcos esférlcos satisfazem 2 uma

propriedade de completeza e, portanto, sfo super-completos. Esta

propriedade sera demonstrada por noés num trabalho que esta sendo

preparado para ser submetido a publlcagdo lnternaclonal.

I11. CONCLUSOES

A partir da super-realizagéo JR dan algebra Wil 3D, obtemos o
operador de anlqulliagdo de um osciiador harménico lsolrépico 3D de
spin 1/2, cujos autoestados sfio exatamente os eslados coerentes
candnlcos esféricos deste oscllador. Eles possuem as proprledades
de ndo-ortogonalldade e completeza. 0Os operadores cscada oblldos
aqul nfio dependem do nGmero de quanta, Esta construgio nos permite
varlas apllcacdes em fisica quantica. Além das possivels extensbes
daquelas apllcagBes usadas no Ltratamento unidimensional (5],
podemos analisar a fase de Berry [6] sobre uma base constltulda
desles estados courentes 3D.

Este trabalho foi financiado parclialmente pelo CHPq.
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CALCULO ALGEBRICO DE PROPAGADORES EM PA(;OS CURVOS

S..J.RABELIN & A.N.VAIDYA
Unlversidade Federal do Itlo de Janelro

Insiitulo de Fislca ,Cx.P. 68.528, 21944 Rlo de Janelro .Brasil.

Resumo .Utllizando a reprosentagio de Schwinger, férmulas BCH ,
e a Algebra de Lle do grupo S0(2,1) obtlvemos as fungdes de Green

do campo escalar em alguns modelos cosmoléglicos.

0 estudo do comportamento de campos quanticos na presenga de
campos gravitaclonals exlernos & de vital importancia no
entendimento de fendmenos como a evaporagdo de buracos negros , o
universo primordial,etc (Birrel & Davies 1982 [1]). Neste estudo &
necessario obter as fungdes de Green da teorla, através das quais
podemos obler as dlversas quantldades de interesse como as agdes
efetlvas ¢ taxas de produgdo de pares.

0 que vamos fazer neste trabalho & obter as fungdes de Green do
campo escalar com acoplamento conforme em alguns modelos

cosmoléglicos , que satisfazem [1]:

( Am + o+ %R JG(x,x") = - 2 54 (x-x") (1)

v-8

Onde g = det.g""'. R é a curvatura escalar e Aw ¢ o operador de
Laplace-Beltrami,

172 o y1e2

8 .= (-g) Bulg {(-g B”l (2)
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Ne representacio de' Schwinger: temos:[11: . T s T

-]
‘G{x,x’ }=Lim l[ds expl-.llld:-;+ &R"fnz-lc)é'](-éit'z & x-x")
€ 0, :

() SN

0O que vamos fazer € obter a atuagdo da exponencial acima
‘sobre a fungfio delta de Dirac , para tal vamos considerar
. Casos em que O 'aq-guyne‘nto da_ exponent':_lal pode ser escrito como uma .

combinagio 1inear de geradores da Algebra de Lle S0(2,1):

TT 0 ==t T, IT,Tl=-1T, [T .T1=-1T, (4

Utilizando as relacdes de comutagfo acima e férmulas BCH
{Baker-Campbell-Hausdorf{) poderemos encontrar G(x,x'} ,como fol
.!‘elt.o para o problema de Kepler relativistico por Mil'shtein e
Strakhovenko 1982 [2) e para .dlversos p(;tencials da mecanlca
quantica por Boschl e Valdya 1880 [3].

MODELOS ANISOTROPICOS DE BIANCHI DO TIPO I

Estes modelos sBo descrltos pela métrica [1]:

g"V=dlag(l,- t3,-t%,-1%2) |, oO0st<aw (S) ..

Onde Pe P, sdo parmetros constantes que assumem os valores 0 e

1. Para p‘=pa=l temos um unlverso lsclrépico, !espaclalln_lente.chat.o.

de Robertson-Walker com expansfo linear, enquanto que para outros
- valores dos p 's Lemos universos anisolréplcos.



Como alnda temos simelria por translagfio podemos escrever:

>

3 _ 9,
Glx,x') = —1— Id"u XX g 1,00 (6)
' (27)
A equ. (1) assume a forma
2 1o yle2,1 w20 22 a0
[a‘ #(hp'-vpz} t 8._ + tzk" + Lz"xk" + tz’zk' +me 2 G.(I..t ).

= tTPRIE(t-t) ()

onde y ¢ uma constante determinada por P, e P, ¢

1., p1=p2=1;
re= 173 , p1=1 v P2=0: (8,
o , p1=p2=0 .

podemos identificar na equaglio (7) o gerador 'l‘I

2 1 1 2 2 2
8.  +li+p#p,) £ 8, 4 :2“‘: +plkv+p2k=+1!

quando entfo (9)

| il a __l_
Tz— i t&t li(zip"’pz) B T & L

ULl l1zando o wétodo algébrico ([2]),[3)) pode-si:: mostrar que:
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.2
— +
45 (t t'9

™
. -Ip *», V /2 Q itt’
G."..t ) = (H. ) ) Ids ,E_ . l"(-E.)x
0

2 2 )
exp-islm“+(1 p'lkv *(1 pa)kz_icl

1 2 2 2 2 172
onde v= 5l(p +p )" -4(k_ 'P,ky*Pakz'T)l (10)

Na expressfio acima I"(z) ¢ a funcio de Bessel modificada
(Gradshteln e Ryzhlk 1965 [4]).
Integrando em s na equ. (10) temos [4]:

-(p op 172 IZI

Gk(t.t'l -3 Z(tt") (ut) J (ut ), t>t" (11)

onde H‘z’

(z) ¢ a funglo de Hankel de segunda espécle e Ju[z) ¢ a
fungéo de Bessel cllindrica [4].
Os resultados acima conferem com os encontrados por Charach 1982

[S] e Duru e Unal 1986 [6] ,que utllizaram integrals de camlnho.
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CEOMETRIA DOS AUTOESTADOS DE SPIN

J.R. zENI! - Inst. de Fisica, UNICAMP, Campinas, SP

Depto de Mat. Aplicada, UNICAMP, Campinas, SP. =~ °

el

ABSTRACT: usando o fato bem conhecido da' geowetria spinorial de que a Um'

spinor podemos associar um vetor (por sua vez Interpretado como o elxo da'

rotagiic assoclada ao splnor) através do produto direto do spinor pelo scu

conjugado hermitiano, mostramos que os operadores de projecac de spin da

teoria quiantica tem por autoestndos os spinores mssoclados, através do produto
direto, & dlregdo espacial deflnida pelo operador.

INTRODUCXO -~ Na mecénlca quintica os sistemas fisicos sdo descritos por
vetores de estado, enquanto que os observavels fislcos sho relaclonadas a
operadores lineares que atuam sobre os estados transformando um estado en
outro. {Landau e Lifchitz, pg 18] O principal problema em Mecinica Quantica e
obter os autoestados e autovalores dos operadores representando os observavels
fisicos relevantes no problema om questdo.

Na teorla Quantica (ndc relativista) de particulas com spln 1/2, os
estados das particulas no que se refere a varfavel de spin sdo descritos por
esplnores [Rodrlgues e Zenl; Landau e Lifchitz, pg 232; Santalée, pg 29-33).
que s3o clementos de um ospago vetorlal complexo bldimenslonal, sendo
representados por maltrizes colunas 2X1. Por outro lado, os operadores de
projecdo de spin 1/2 (ou simplesmente operadores de spln) sao representados
por matrizes hermltianas 2X2 complexas, que podem ser escritas em termos das
matrizes de Paull {Landau e Lifchitz, pg 232; Sakural, pg 163-65].

Assim, um operador de spin 2 & deflinldo por

3 = n2i . (n
onde i é a constante de Planck e N é o operador de spln 1/2 adimensional
definido como sendo um vetor (real) expandldo nas matrizes de Paull:

n n - 1in '
33 7o 1 2
N = R = no, +no ¢no, = [": “n, -n ] (2)
A expressio acima & conveniente pols assoclamos a cada diregaéo do espago,

lendareqo permanante: Dept. Cionc. Nat., FUNREI, Sav Joao Del Rei, MG.
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. definida pelo . velor i:. um operador de proje¢do de spin uo longo desta diregio.

AVTOESTALOS E PRODUTO DIRET0 - os aulocstodos do operador du spin ] , Serao
indicados pelo  splnor ?n. Conslderundo apcnas  vetores  unilarios
: llnglz = n? + n: + n: =2 1), - os aulovalores do vuperador de spin il usLiio )
restritos nos valores ti.

" Passamos eXpur  nOSLO ” mélodo para obter o autouslade de spin up,
_llécordmnos Iulc!ullm.;nl.e que o produlo direlo de uma malrlz coluna 2X1, digo o
splnor ¢, pur uma mul_.rlz. 1inha 1X2, como o spinor conjugade hermillane ¢t.
resulla numa matriz quadrada 2X2 quae_l linhas {colunas} sto caraclerlzadas por

¥ w;-'), de ucordo com & scgulnte deflnigdo: |Wigner, pg 17; Santalo, pg.99]

] »
09, ¥9

wo! = | VL (a)
w2¢l ¢2¢2

-
T omde ¢ ¢ o cunjugado complexo de ¢ Cumo qualquer saliriz 242 complexa, a

malrriz vesuilanle do produto direlo W pode scr escrila como conblinagao

Lincarr das matrizes {10, o‘}. onde § € a matriz ldenllidade 2X2.
Agora, considerando o produto direto de um splnor pelo seu conjugado
hermitiane, 1l.e., M*. notamos dols fatos Importantes que podem ser

verificados dirctamente da eq. (3) [Rodrigues e Zenl]:

(1) as compunentes do produto direlo Utxf na base {3,3} sdo reals (a matrlz &
-hermitiana). A componente da identldade é igual a 172 ¢'y;

{11) o splpor ¢ @ um nuloeslado da walrlz resullante do produto direlLo
wxl.b". com autovalor w‘lw. Simbollcamente este fulo ¢ expresso como:

e = ey = (o ® s oM (4)

0 falto (1) mos dlz quo genpre podemos exprussar um operador de spln i
atraves do produlo direlo de um particular spinor ¢ seu conjugado hermlliano
cowo mosliado abalxo:

= 22 = awnm: 'S".. X - (5)

O falorr 2 fol introduzido na eq.(5) pols deste modo o velor i

é unilario se e somenle se o spinor ¢ taumbém o for. As formulas relaciopando
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as componenles do operader de spin N no splhwr ¢ poden ser deduzidas  da-
eq. (2) parn W e da Formula expilicita para o Gllimo m'.-lmlu'o du eq. (4).
Ressaltamos que quandu expressamos um operador de upln ulraves do produto
direto de um splnor pelo seu conjupade hiermlblano, o sipluor auslm obllde €.
dofinldo a muenus de uma fase global, isto é, Su Lrocurms wn_ por uww“. onde .e
é& um nimero reaf, ontlo o mesmo operador B & oblidv alravés da eq. (5) -
*[Rodrlpues e Zenl]. Esla |lberdade na escolha da fose global ¢ Ltawbénm inerente
u descrigio da mecinicen quintica {Landau e Lifshitz, pg 8: Garut, qppa14), de

modo que a eq. (5) atribue um Unlco esludo fislco para o sluluma.

Porr oulro ladu, o f{alo (11), eq.({4), nus pavanle que o uplnor y’tl'l ¢ um
wutvesLiulo do gperador i‘]. eq. (), curresporndente av auiovator +1.

LDlscuLlmos agora uma 4nterpreLacio geomélrica para a eq. (5), que se
mostrard  slgnlficativa na analise fisica da varlavel de spin. [niclalmente,
observamos que podemos relaclonar um spinor a uma rolagio atraves do segulnte
raclocinlo [Rodrigues ¢ Zenl; Santale, pg 35; Penrose ¢ Rindler, . pg.10-14): o
elxo dv rotagliio estd na dlregin do vetor definide pelo spluor alravés da
eq.(5); o angulo dec rotagio ¢ dado pela fase do spinor em relagio a  um
particular spinor, que represenla a rolagaw por 2n radianos ao redor do elxo
em quest3do.

A relagdo acima entre um splnor e uma rotagdo leva a segulnte
Interprelagdc para a Mecinlca Quintica de particulas com spin 1/2: o
aulocstado de spin up de um dado operador (de projecio) de spin é dado pelo
spinor assoclado a uma rotagdo ao redor do elxo definldu pelo operador de spin
em questio.

Para cowplutar a discussiio dos auloesitados de spin, ressaltamos que o
uul.oug;l..uc.lo de spin correspondente a0 autovator -1, denominado spin "down'.,
pode ser obtido do auloestado de spin up através da  Inversio tewmporal
{Sukural, pg 277-8).

CUIICLUS'LO: Os mélodos usuals de se obter.'. 05 auloeslados de I's_p'ln (sejJa
resvivendu 0 problems ulgébrico de autuvalores (Kessler, pg.9-10), seJa usundo
0 recmso de que o operador de gpln il ao’ lougu dc¢ uma dll'e:.:ﬁo qualqguer pode
surr obtido do operador o, bor um ml.m;io e portanto us:autoestados de il .estdo
relacionados aos uutoestadus do LA pelo sesma rol.m;ﬁu_ [Sakural, pg 167-8]) n:"i? '

forneden Uma Interprelagio geoméli-lca nem ocresventwm oulra’ relagio além da
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definigio enlre o operador de spln ¢ og splnores que 5o ceus nutoestados.

Por outro lado, neste artigo nus servimos de uma relagio bem conheclda da
teorlu do grupos e geomelria spinorial [Rodrigues e Zenl; Santald, pg.d5;
Penrose o Rindler; pg.32-7] entre upinores o rolagdes, que resulla wo
seguinte: o vuloeslivio de spin up pars um dado operiadorr de splo € o spluor
ussocindo suma rotagio av redor do elxo espauclul deflnldo pelo operador de
spla.

Além dlsso, uwossa melodulogla nos permite conclulr que se um slistema
ffslco & descrito por um dado spinor, enliio o spin do sistemn (ou a projegho
do spin) esla no longo da dlregio do velur definldu pela eq. (5).

Por* [lwm, ressaltumws gque o8 resullados agui  discutldos foram
orlginalmente elaborados usando a algebira de Clifford gerada pelos velores
cuclidianos [Zenl e Roudrigues, 1990 e 1991] e o teorla de splnores algebrricos

[Figueiredo, Ollvelra e Rodrigues; Hodripgues e Zentl.
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QUANTUM CORRECTIONS TO CLASSICAL SOLUTIONS

Vera Liicia Vieira Baltar
Departamento de Fisica, Pontificia Universidade Catdlica do Rio de Janeiro
C.P. 38071, 22452 Rio de Janciro RJ, Brasil

Jorge Llambias and Luis Masperi
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8400 San Carlo de Bariloche, Argentina

Abstract - In a real scalar field model in 1 + 1 dimensions with quartic and sixtic
selfcoupling there uppears a classically unstable nontopological soliton which, in a
certain parameter range of the model, is stabilized by quantum corrections.

1. INTRODUCTION

The real scalar field theory in 1 4+ 1 dimensions with quartic and sixtic self
interactions corresponding to a deepest central well and two lateral ones has a
static classical solution which takes values in one of these for all the space except for
a finite region where it approaches the absolute minimumm'. In a Jattice quantum
version of the model it has been shown? that the condensation of these bubble type
states, together with the kinks, determines the phase diagram, which exhibits a
tricritical point that may be related to the He — Hc# mixture®.

The bubble type solution is unstable. Equivalent static classical unstable
bubbles appear in the non linear Schroedinger equation?, but, due to the non
relativistic nature of the theory, they may achieve stability when they move
exceeding a critica) velocity with respect to the medium,

The purpose of this work is to indicate that in the relativistic theory bubbles
may be stabilized by quantum corrections. The problem has two aspects. One
is that the bubble is classically unstable against small perturbations. The other
is that the classical bubble lives mostly in a false vacuuin which may tunnel into
the true one. Regarding the former problem, it will be scen in section 2 that if
higher order terms arcund the classical contributions are considered, by means of
# quadratic approximation, all the energies of the excitations turn out to be real,
und therefore no decay is passible. Regarding the later problem, in will be seen
in section 3 that quantum comections at ane and two loops give rise to dynamical
syminetry breaking, turning the false vacuum into a stable one.

It must be stressed that these indications for the quantum stability of the
bubble are different from those corresponding to other non topological solitons

which are always related to a Noether charge.,



2. BUBBLE STABILIZATION
Given a Lagranginn in 1 4 1 dimensions for a real field é

where

V(d ...{‘2‘2_ 2042 o
V(g) = 5 (8 - p)(¢* - 4p) (2)

the change of variables ¢ = 7"-, é. z, = pT, allows us to write

£iz,) = 3[3(08) - Vi8] (3)
where K? .
V(¢)= Tw’ -1(¢*-A) and A= p (4)

If A < 0 there is spontaneous symmetry breaking and topological solitons of
kink type appear. If 0 < A < 1 the central minimum is the absolute one, the true
vacuum corresponds to ¢ = 0 and there is a static solution of the bubble type

¢2 = A{1- (1 - Apgh?IKVI— A(z - z0))} (5)

which satisfies 3(¢')? = V(¢).
The bubble Eq.(5) is classically unstable since a small perturbation (r) e™!
satisfies
- % + V"|¢c(3‘)]] ¥(7) = w? P(z) (G)
and being the zero mode ¢\{z) a one node function, the ground state of Eq.(6)
corresponds to imaginary w.
Let us see how Eq.(6) is modified when corrections higher than the quadratic

ones are included
¢(r,1) = gelx) + $lx,1) (7)
whith

E'LI'.‘) = z V%I"H'I."‘I' et 4 "'I.v_:.(;) ‘_a-..n'l (8)

where [ay,,al] = 8, and {¢ulx)} is 8 complete set of fanections.
Keeping only the second order terms in ¢(r, 1), the Humiltonian tmrus out to
b

HU = B ¢ gwn (ﬂ,',u,, i %) ()]
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if Yn(z) satisfies Eq.(6). The existence of an imaginary frequency formally
produces the instahility, though the strict treatment of Eq.(8) requires w, to be
real. Inspired by ref. & we keep the cubic and quartic contribution and approximate
it as a quadratic expansion around its minimnum, which will be valid if 3 is small.
Now we have

45 (V") 1

H“’:Ec+jd=: ?W*‘E

#4587 4028450087 a0
with f(z) = § ¥y . ola) = V(e + 3 G
Separating from ¢ a time independent part

#(z,t) = x(z,1) + y{z) (11)

such that —5” 4+ gn + f = 0, we have for the operator terin of Eq.(10)

- 1., 1 1 1, 1
E(¢)=_/d=[§x’+§x"+§ gx’+§v’+§9nz+fn] (12)

The 1 dependent contribution to Eq. (12) adds a real constant to the energy
whereas the expansion of the operator y imto a complete set produces a
Schroedinger equation analogous to Eq.(6) but with V*(¢.) replaced by g(z).
To see whether this equation has a negative eigenvalue we use the semiquantum
method®, which provides a lower bound to the ground state.

-136

Figure 1.

As shown in Fig. 1, for 4 > 0.654 the cigenvalue lower hound is positive
indicating a stabilization of the bubble.
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3. DYNAMICAL SYMMETRY BREAKING
The effective potential correspondings to Eq.(4) has been calenlated, up to one

loop, in ref. 7

Verr =3 = V(g)+ VW){ =l [VW)]} V"(¢.) (5 ,:)+ﬂ| + ¢ +ergt (13)

where the contribution divergent for A — 00 has been separated and the infinite
part of ay, by and ¢; must be chosen so as Lo cancel it. The finite part of a) merely
adds a constant. Two of the other three parameters are independent and, replaced

by In g%, and In u3 allow us to write

Vess = V(¢)+ Vw){l ~in [V"(‘"]} 15 40 [m] (14)

This approximation is not defineu when V"(¢} is negative but it is valid close
to its minima. Therefore, we may obtain the shift € for the position of the lateral
minima from V" ;/(¢ = 1 + ¢) = 0. Mareover we may define a critical parameter
A equating the values of the two minimaat ¢ =0and ¢ =1+¢

A 1424 2A -A 41-4
= S ([} A o g g ) 9

in terms of dimensionless parameters U? = p?/K?. These may be chosen for fixed
A so that ¢ = 0 and A, is sufficiently small to ensure the validity of the loop
approximation®. Once this is done, A and K, the last two parameters of V, sy, are
determined e.g. by the renormalized mass and quartic coupling at the symmetry
breaking vacuum

"'i’ = V"d,fl‘:l 1 AR= Vc’j‘;la=| (16)

For the two loup correction we have?

oyt 2

Vitd) = g (b + 347)na? - mvig)) - B
Y A Vg Bt ttg 17
+ og(nA -V +tart T4+ 5 0 (17)

We will not establish the saine renormalization coditions at all orders, exce]t
the one thal € = 0 (the batera) mininonn orvurs always ot ¢ = 1), We way
establish e.g. that the difference between the two minima reduces a1 each oider
to a half of thul of the previous one as a tendeney towards symmetry hreaking,.

Onre the comnterterins are delermined in sgreement witly ihese conditions, th
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renormalized mass and quartic coupling will be obtained from Eq.(16). For an
indication of the convergence of the loop expansion it will be important that each
correction is smaller than the one for the previous order.

‘2.0 0 060 080 100 A a® 020 050 a0 080 wo A

Figure 2.

In fig.(2) the corresponding values for mass and quartic coupling are shown
indicating that for small enough values of A, and A not too close to 1, the expansion
seems Lo converge.

To compare, in the framework of the loop expansion, the previous renormal- '
ization with the renormalization done at the origin, we refer the reader to Ref. 8.
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