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We argue that  the cosmological density parameter R0 miglit be meaningless in a spatially 
infinite universe. I;Qllo~ving Ellis and Sclireiber's iclea of a topologically nontrivial, lumpy 
small universe, we construct a11 illustrative moclel that would account for discreparicies in 
estimates of Q0 as the result of strong inhornogeneity, in tlie same s c a l e  as the  universe's size. 
A contribution of peculiar gravity to tlie redshift of distant images, in the line of Sachs-Wolfe 
effect but without the linear approximation, is derived.

I. Iiztroduction 

The  Big Bang model of the universe, based on 

~riedmann-~eindtre-~obertso~i-~4~allrer (FLRW) rela- 

tivistic cosmologies, is a t  present wiclely accepted as to 

its grand design features; hut  there is much uncerta.iri- 

ty with respect t o  i ts  parameters. To begiii witl-i, does 

one discard t8he cosmological constant A? While the 

correspondente principie makes h negligihle[l], there 

are FLRW models where its contribution to  Einstein 

equations is of the same order a.s the present mass clen- 

sity po - se&", for exarnple. Let us assume 11 = O 

hereafter. Hubble's parameter is H. = 100h lrm s-l 

Mpc-l ,  with h undetermined witliin the range 0.3-1.0. 

Is po smaller or larger than,  or equal to,  tlie critical 

density poit? Guth's inffationary s c e ~ i a r i o ~ ~ ]  requires 

Q0 s po/pcrit = 1 if A = O .  Astropl-iysical estimates 

seem to  depeiicl o11 the stuclied region: foi exarnple, 

wliile tlie dynamics of a large gas cloucl in tlie N C X  2300 

group of galaxies points to  R0 = I["], tlie calculations o€ 

Wliite et al.["], basecl on estima.tes of tl-ie Coma cluster's 

total inass, favor R = 0.16h-~/"l(1 + 0.19h"~) N 0.2. 

An operational definition of average density is no  

trivial matter  - see[" annd referentes therein. Also, if 

the universe (or our inflationary bubble) is mucli bigger 

than i ts  presently observable part ,  then the FLRW as- 

sumption of a presently uniform p is unverifiable. I t  has 

heen tacitly assumed tha t  the high degree of smooth- 

ness of tShe cosmic bacliground racliation (CBR) implies 

present liomogeneity a t  some "reasonable" scale. But  

tliere is no proof of tl-iis, for the cletails of "initial" co11- 

ditioas at recoinbination t ime ancl of evolution since 

tlien are very inucli uncertain. For a11 me lrnow, the 

present average density coultl vary so wilclly over cos- 

mie distances tha t  the  pa,rameter Q O ,  cleterminecl froix 

a number of accessible patclies of spacetime, mould be 

unrepresentative of our universe. 

An alternative to  this undesirable scenario is pro- 

videcl by Ellis a.nc1 Schreiber's lurnpy srnnll uni verse^[^]. 

I-Iere we study such a inoclel, witl-i Einstein-de Sit- 

ter (E&) rnetric, whose spatial section S ( t )  has the  

topology of a. 3-torus T3; ,S(%) is c01istructed from a 

cube of side L = 120h-I Mpc, which is ahout Ellis 

(!L Schreiber's minimal value for a sma.11 universe; this 

cube, or basic cell, has opposite faces identifiecl in orcler 

to  represent T ~ .  S h e  lumpiness refers t o  perturbations 

of tlie metric leading to strong density fluctuations on 

a sca.le of tlie same orcler as L. Since tlie basic cell is 

repeated in the form of multiple images of the  sources 

in S( t ) ,  up to  the observations' horizon, the moclel pre- 

dicts a n  apparent homogeneity on the scale of a few 

cells' volume while leaving room for large inhomogene- 

ity on the x a l e  of galaxy superclusters. 

This worli does not a.im a t  detailed realism. Its 
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aim is rather to  point out a possibility that has heen 

widely ignored, namely that the average density may 

vary strongly in the scale of hundreds of megaparsecs. 

The problem is attaclted in an simplified way, through 

numerical integration of a perturbed Einstein-de Sitter 

model. 

11. A Perturhed small universe 

This model is similar to a previous one[" (hence- 

forth referred to as FIO in many aspects. The per- 

turbed EdS metric has the form 

with the periodicities a(t, x + L) = a( t ,  x), b(t + L, x) = 
b(t, x),  which are interpreted in tlie sense of a compact 

universe of topology T3. Our calculationa1 units are 

c = G = to  = 1, where G = Newton's constant and 

to  = 2/3Ho is the present age of the universe in EdS 

model; L = 0.06 in these units. There is yet no reliable 

evidence for such a model, but recently ~iesiadat" pro- 

posed an interpretation of the distribution of gamma- 

ray bursts in terms of a toroidal universe with L = 300 

Mpc. On the other hand, COBE's result on the CBR 

seems to imply much bigger lower bounds on 1, - see, 

for e ~ a m ~ l e [ ~ ~ ] .  But present day cosrnology is so full 

of tentative results, that we need not abandori tlie idea 

of small universes on its first corifrontation with ob- 

servational analyses. Besides, some properties of small 

universes are linked to their compact topology rather 

than to their smallne~s[~],  and this paper's sclieme may 

probably he reformulated in terms of this compactness, 

so as to be reconciled with those lower bounds. 

For simplicity we restrict the spatial dependence of 

a and b to  the x variable. We assume a velocity field 

v = (v, O ,  O), discarding O(v2) terms. Einst,ein's con- 

straint equations (cf. [ l l ] )  are then 

where a dot means d/&, a prime d ldx .  The dynamical 

equations produce tlie system 

= f 
B = g  

ag2 f q  bi2 6" alb' 
f = - - -+-  + -+ -  

2b2 b 2ab2 ab a2b 
92 8'2 

g = -- +- 
2b 2a2b ' 

which was integrated numerically, as in FK, except that 

the evolution proceeded from t = 0.1 to 1.0, and tçvo- 

term expansions were used, with S t  = 5 x 10-~ .  The 

initial conclitions are 

a(O.1, z) = 0 . 1 ~ / ~ ( 1  + 0 sin qx), 

b ( 0 . 1 , ~ )  = 0 . 1 " ~  

&(O.l,x) = (213) x 0.1-I'3 , 

b(0.1, x) = (2/3) x ~ . l - ~ ' ~ ( l  -t /3 sin qx) , 

where cr = 10-4, ,B = 4 x 10-5, and q = 2njL. 

These conditions were chosen to serve the model's illus- 

trative purpose; they are not strictly realistic, except 

for their EdS limit if cr and ,B vanish. On the other 

hand, they might well be compatible with analyses of 

COBE's rnap[12] of the CBR, which would have cr and 

j3 E 1 0 - ~  at the epoch of recombination. We did not 

talte t,,, E 10-5 as initial time because it would require 

much refinement of the integration process, beyond the 

scope of this work. Note that our treatment is not per- 

turbative: the nonlinear equations are solved directly 

from perturbed initial conditions. 

The numerical results in the range t = 0.5 - 1 .O were 

fitted to the following approximations: 
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where A(t) = 1 + 0 . 0 1 4 t ~ . ~ ~ ,  Bl( t )  = 0 . 2 6 1 t ~ . ~ ~ ,  ancl 

A2(t) = -0.022t2.12. Note that p),,l(t, x) has a max- 

imum of 1.297 and a minimum of 0.775 a t  t = 1.0, 

separated by x = L/2 = 60h-I Mpc. In principie we 

could have started with, say, an Slo = 0.6 universe (but 

not so small; cf.[l3] and disturb i t  to  obtain a fluctua- 

tion Spo/pCrit = 50.4.  Qualitatively this would mimic 

the results of Mulchaey e t  al.L4] mentioned above. 

Figure 1. Tlie relative density w o ( z / L ) ,  L = 120h-I R4pc. 

Figure 1 is a plot of p,,,(l, x),  wl-iicli me may cal1 

wo(x) as a variable counterpart of Ro .  These results iin- 

ply a reformulation of the relation between distance ancl 

Hubble's flow velocity, whicli will not be discussed here. 

(After this work was completed a preprint appeared[l", 

proposing that the "local universe" is a bubble of 

smaller density than the larger scale universe, with con- 

sequences to  Hubble's law. In our terminology, they are 

saying that the wo(0) is substantially lower than the av- 

erage RO.) 

111. Tlie perturbed redsliifts 

Now we calculate the influence of the above pertur- 

bations on tlie redshifts. For simplicity both the ob- 

server and the source are placed on the x axis, wit1-i the 

former a t  x = 0; the lattei is a t  x = x,, and (poten- 

tially) has repeated images a t  x = x, = x, + n L ,  where 

n is an integer ancl J x e J  < 0.62 E 10L (to inake l ~ o l t b a ~ l i  

time < 0.5). Let the source emit a pulse of wavelengtli 

A,,  during tl-ie time interval te  to  t e  + A,, througl-i such 

a patli as to make an image a t  x,. This image may he 

treated as if i t  weie a source a t  x,, with peculiar ve- 

locity v, = v(te,  le,), for the apparent light path results 

from "unwinding" the real path; so it moves from x, to 

x, + A,v, in the period A,. This pulse is observed by 

us in tlie interval 1 to 1 + A o ,  while Eartli moves from O 

to Aovo, v0 = v(1,O) = 0.00042. If t ( z )  is the liglit patli 

from (t,, x,) to  (1,0), we get 

Approximating the path by its EdS equation, t(x) = 

(1 - ~ / 3 ) ~  (thus possibly neglecting a significant correc- 

tion to  the redshift and Hubble's law; it will be the sub- SZ r Z - Z ~ a s  = (1 + Z E ~ S ) ( P  + V + Zo), (5) 

ject of further study), and substituting A o / X e  = 1 $2, where 
tezJ3 = 1 + ZEdS, A(x) = and Eqs. (1) 

x. 

and (4) in the above expression, we get P = -0.165 1 (1 - ~ 1 . 3 ) ~  "ssin yx dx , 
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V = (cr.v)(t,, x,) = 0 . 0 0 0 4 2 t ~ ~ . ~ ~  cos q2,(1 - 0 . 1 0 8 t i . ~ ~  sin p , )  , 

ancl Z o  = -v0 is a Doppler shift due to  tlie obser.ver's 

rnotion. One of ~ a r r i s o n ' s [ l ~ ]  formulas for composite 

redshifts would give 1 + z  = (1 + zR)( l  + zo + zc $ z,,.,, ). 
Since z ~  ZEdS, this expression agrees witli Ecb (5) 

if we identify z c  with our "streaming velocity" V, and 

tlie peculiar gravity shift zg,,, with P, as already done 

in FK.  P can be said to  generalize tlie Sachs-Wolfe 

effect[15] in our limitecl context, since tlie present treat- 

ment is not a linear approximation. 

Fig. 2 is a plot of V ,  P ,  and SZ as functions of 

x J L .  

Figure 2. Plots of V (daslied), P (dot,ted), ancl 6Z (fiill), 
for an image at position X in nnits of L = 120 1i-l Mpc. 

IV. Final remarks 

In our small universe the x a l e  of density inliomo- 

geneities is about as large as it can be, that is, of the 

same order as the universe's size. Tliis cell repeats it- 

self in the form of multiple images, tlius partly mim- 

icking the infinity of EdS model. But the pattern of 

matter distribution in observable space is cletermined 

by the evolution of the basic cell's pattern. Ro is now 

a. density a.verage over the real world of sources (i.e., 

over the basic cell). It remains useful in tlie present 

context, as we proceeded by perturbatioli of ali FLRTV 

universe, with one of its allowed topologies; cf.[16]. Ellis 

& ~ c h r e i b e r r ~ ]  pose the question of whether this is usii- 

ally the case for lumpy small universes. A conjecture 

hy ~ h u r s t o d ~ ~ ]  points to  an answer 11y reversing tlie 

question: given a closed space with an inhomogeneous 

metric, thc latter can be smootlied out into a piecewise 

homogeneous metric. (See also the one-but-last para- 

graph in['".) The strong density contrast gives rise 

to  a measurable contribution of peculiar gravity to  the 

redsliift. This shift is igiiorecl by ~ a r r i s o n [ ' ~ ]  as neg- 

ligible, and apparently so also in studies of large x a l e  

structures - see tlie last paragraph in[" - where it may 

liave been misiuterpretecl as part  o£ tlie velocity field. 

So it seems desirable to investigate i t  in more realjstic 

simulations. 
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