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Kinetic Theory for a Dense Gas of Rigid Disks
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Eight-field and a four-field kinetic theories are developed for a dense gas of rigid disks based
cn Enskog’s dense gas theory and on Grad’s metliod of moments. The constitutive relations
for the pressure tensor and for the heat flux are obtained from the transition of the eiglit-field
theory to the four-field theory through an iteration method akin to the so called Maxwellian

procedure.

|. Introduction

In 1922 Tnskog!!! proposed a kinetic theory for a
dense gas d hard spherical particles based on a gen-
eralization of tlie Boltzmann equation. In this theory
we consider only two-body collisions but take into ac-
count the difference in position of the colliding parti-
cles. In adcition, the influence of triple and higher-
order collisicnsis approximatted by scaling the Boltz-
mann collision integral with the local equilibrium ra-
dial distribution function at contact. Comparison of
the transport coefficients obtained by the Chapman-
Enskog solution!>3! with those from experimental data
shows a reasonable agreement at moderate densities.]

The aim of tliis paper is the determination of the
laws of Navier-Stokes and Fourier for a moderately
dense gas of hard disks using the method of moments of
Grad.[>% In this method the macroscopic state of the
gas is charac-erized by thefields of mass density, veloc-
ity, pressure tensor and heat flux. The corresponding
balance equationsfor tlie basic fields are obtained from

o7, of

6t 6a:,~

a transfer equation derived from tlie Enskog equation.
The moments of tlie distribution function and the pro-
duction terms are calculated by using the distribution
function of Grad for atwo-dimensional space. Thetran-
sitionfrom the eight-field theory to thefour-field theory
(massdensity, velocity and temperature) is obtained by
means of an iterative scheme akin to the Maxwellian
iteration method.[] As a consequence the constitutive
relations for the pressure tensor and heat flux are de-
rived and expressions for tlie transport coefficients of
shear viscosity, volume viscosity and thermal conduc-
tivity are obtained.

Cartesian notation for tensors is used and two in-
dices between angular parentheses denote the symmet-
ric and traceless part of a tensor.

I1. The equation of transfer

The theory of Enskog for a moderately dense gas
of rigid disks is based on the two-dimensional Enskog
equation

/ [ x(x+2X,)f (x,¢,1) £ (x+ ak, ¢, )

- x(x—%k,t)f(x,c,t)f(x—ak,cl,t) a(g-k)dkdey , (1)

which is & generalization of the Boltzmann equation
for the single-particle distribution function f (X,¢c,1).
In the above: equation (c,e;) and (c, ¢}) are the ve-

locities of two particles before and after the collision,
g = c¢; — Cis the relative linear velocity, a is tlie di-
ameter of the particle and k is the unit vector in the
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direction of the line which joinsthe two particles centers
at collision, pointing from the particle labeled 1 to the
other. Furthermore, external body forces are neglected.

The collision term on the right-hand side of the En-
skog Eq. (1) has the two modifications introduced by
Enskog in the Boltzmann equation, namely:

(i) the two distribution functions should be evalu-
ated at different points, since the centers of the two
particles are separated by a distance +ak at collision
(the plus and minus sign refer to collisions that take
(c,e1) or (¢, ¢}) asinitial velocities);

(ii) the product of the two distribution functions
should be multiplied by a factor x, since the probabil-
ity of a collision increases for a dense gas. The factor
x may be afunction of the density, i.e. of position and
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time, and should be evaluated at the point of contact
of the two disks at collision x + 5 k.

Assuming that the conditions in the gas are suffi-
ciently smooth we expand the functions x ( X = % k,t),
f (x T ak,cf,t) and f (x — ak, e;,t) in a Taylor series
near X and neglect the third- and higher-order terms.
Then, Enskog's equation may be written as

%;i + zaj =Io(FN+I N+, @
where
Jo(ff) = x / (fif - fif)a(g K dkde; ,  (3)

Ti () = /{x [f /oh +f8—f1—] vy X +f1f)}k a(g k) dkde; | (4)

dz;

2 82 f!
g = % / {x |7 5ei -

1

+4aa

In Egs. (3)-(5) we have introduced the abbrevia-
tions f = f(x,c,t), fi = f(x,¢1,t), [’ = f(x,¢,1),
fi = f(x,ei,t) and x = x(x,t). Jo(ff) withy =1
is the usual collision term of the Boltzmann equation
for a rarefied gas. Jy (ff) includes only the gradients
of first order while Jy; (ff) contains the gradients of
second order and the products of gradients.

The transfer equation followsthrough the multipli-
cation of Eq. (2) by an arbitrary function % (x,c,t)
and integration over all values of c. This equation of
transfer can be written in asimplified form as

& fi af1 Q_f_l]
f ax,aw,] t o Oy [f ox; f Ox;

Lf - flf)} kikj a (g - ) diede; . (5)

OV | 0 (4044 +4!T)

54‘5; = Po + Pr+ Py;. (6)

In the above equation ¥ is the density of an arbitrary
additive quantity; ¢¢, ¢! and ¢f! are flux densities
which correspond to contributions due to the flow of
the particles (the kinetic part ¢¢) and the collisional
transfer (the potential parts qS{ and ¢!1); and Po, Py
and Py are the production terms. The quantities that
appear in the transfer Eq.(6) are defined by

/ b fde, (7)

40 = / e fde, (8)
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#=1 / X = 9)ff1 ke, ©)

1= [x|w-oge ()« 20 1 bty ar (10)
?é}/xwquhmhan (i)

Po= [| S5 +agt | rac+ [xw - wihar, (12)
=2 [x|@ - (0 L)+ 252 ppar, (13)

_ a2 (' —+) 0
Prr= 4 /X[ T oz Bm] (ln

fN, 1880 -9
Heitie

)]ff1 kik; AT

+& [ -9 | Ay

In order to get the transfer Eq. (6) we have trans-

i dz;0z;
_._/ W - ¥) 5 8f af’ - kik; 4T (14)
+f aig;j ] kik; dT.
I
4 = %/mCQC,-fdc, A

formed all giadients of x into gradients of integrals and
the latter wrre defined as gradients of fluxes as indi-
cated by equations (9) and (10). Theintroduction of ¢
followsfrom standard transformationsof the unprimed
into primed velocities. Moreover, we have introduced
the abbreviation dT' = a(g. k) dkde; dc.

III. The eight-field theory

The macroscopic state of a dense gas of rigid disks
can be characterized by the eight scalar fields of den-
Sity g, velocisy v;, Kinetic pressure tensor p;; and kinetic
heat flux ¢; defined by

o= [mrac, (14)

1
v; = E/mcifdc, (15)
Dij = /mC;ijdc, (16)

(iii) Balance of kinetic pressure tensor:

wliere m is the molecular mass and C; = ¢; — vi is the
peculiar velocity.

In tliis section we are interested in a linearized the-
ory witli first order gradients. Accordingly we disregard
theterms¢!! and Py in the transfer Eq. (6) in order to
get the balance equations for the basic fields (14)-(17).
These balance equations are obtained by choosing ¥ in
Eq.(6) equal to m, me;, mC;C; and mC?C; /2:

(i) Balance of mass:

39 Oovi _
T (18)

(ii) Balance of linear momentum:

691},’ 0
_37 + % (QUin + pi; + P{j) =0, (19)

Ov;

Opi; ) Ov; i _ ..
—éf— + gdrp (pijve + piji +p;’1jk) + (pjr + P][k) Fr (pir. + i) éijy = p” + pL, (20)
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(iv) Balance of kinetic heat flux:

g
6t 6:13]'
Pij

» For (pix +pj;) —

0
+ o (v + i+ ) + (4 + ) 5= + (pige + P)
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Ov;

9vi
di; Oz

.9
o B2y (pix +pii) = Qi + Q. (21)

In the derivation of Eq. (21) we have used Eq. (19). Moreover, we have introduced in the above balance equations:

vy=3 [xm(cl-c)snkar, (22)

Piji = /mCiCjCkfdc, (23)

Pl = g /xm (CICL — CiCy) ff1 ky dT, (24)

gij = % / mC2C;Cj fde, (25)

i =5 [xm(crci-c2c) friar, (26)

qg=§/xm(c'2—cz)fflkkdr, (27)

P = /xm(c;c; — CiC;) f T, O (28)

Q=5 [xm(crci-c"a) rha, (29)

Pz-g- = % /xm (CiCi - CiCy ) f a—i; (ln %) ki dT, (30)

Q=2 /xm(C"QC; -CC) Th 9 <ln f-) ky dT. (31)
4 Ozy, S

The quantities pi;x and pf;, are the kinetic and poten-
tial part of the flux of the pressure tensor, respectively,
while ¢;; and q{j are the corresponding parts of the heat
flux. The potential parts of the pressure tensor and of
the heat flux are, respectively, p{i and q{, while F;;,
PL, Q: and Q] are production terms.

If a relationsliip can be established between the
guantities (22)-(31) (henceforth caled constitutive
quantities) and the basic fields (14)-(17), the system of
balance equations (18) through (21) becomes a system
of field equationsfor g, v;, p;; and ¢;. The objective of
the next section is the determination of such relations.

V. Evaluation of the constitutive quantities

The dependence of the constitutive quantities upon
tlie basic fields is attained if we know the distribution
function f as afunction of g, vi, p;; and ¢;. We assume
that tlie distribution function may be expressed in tlie
following form

(1 —a 8 aij 82 a,-jk 33

' dei + o Be;dc; 3! deidejder + ) for
' (32)

0 m mC?
_e _me” 3
fo= (%kﬂ) exp( 2k3T> (33)

is the two-dimensioiial Maxwell distribution function,

f=

where

T is the absolute temperature and &5 isthe Boltzmann
constant. In the kinetic theory the specific internal en-
ergy of the gas E is defined directly in terms of the
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peculiar velocities by the relation

o€ = —;— /mC’zfdc. (34)

According to the principle of equipartion of energy, the
specific internal energy ¢ of a monatomic gas consisted
of rigid disks in a two-dimensional space is equal to
kT /m, so that the absolute temperatureis defined by

/mC’Zfdc

which depend on

2gk3 (35)

The coeflicients ai, a;;, aijk, ..
X and t but not on c, are first, second and higher or-
der symmetric tensor functions. The determination of
these coefficiznts followsfrom the use of the definitions
of the basic fields (14)-(17). By neglecting tlie contri-
bution of the traceless part of a;;; and all higher terms
of the expansion, we obtain after some calculationsthat
ai=0a, =0,ap; =pujy/eandd, = 2¢;/0, where
p(ij) = Pij — (prr/2) 85 is tlie pressure deviator, i.e., the
traceless part, of tlie pressure tensor. Insertion of these
coefficients irito Eq. (32) leads to the expression

2
Pljy [ m )
(=) 6o

“ () (5 -1)e] o

Insertion >f the distribution function (36) into Eq.
(23) and Eqg. (25) leads after integration over all values
of cto

fo= fll+

1994 689

i I I
The evaluation of the fluxes p;;, ¢;, P{fk and Qin and
of the production terms P;;, Q;, P4 and Q! is more
involved. By neglecting all nonlinear terms we get

pij = ebx (Q%‘T‘sij + %P(ij)) , (39)
¢ = ngXQi, (40)
Phix = %be (qz'éjk + g6k + %Qk%’ ) ) (41)
dh =200 (022164 Do ), (@)
Py = —2ay £ (2E2T) l/zp(w (43)

m m
Q- -5 (W]:T)W g (49
Pé—gbx(giT% %%) (45)
Qi =3 e'x (LTS> dz;’ (46)

where b = (wa%/2m). The quantity b is called the
co-area of the particles.

V. Thelinearized field equations

We insert the calculated values of the constitutive
guantities (37)-(46) into tlie balance Egs. (18)-(21) to
get a system of field equationsfor the basic fields (14)-

(17) or, equivalently, for o, v;, T, p;y and ¢;. Dis-

Pik = %(Qiéjk + g;6i ax6ij) (37) regarding all nonlinear terms in vi, pijy, i, 9e/0%;,
f T . 9T /8z; and their derivativesit follows a system of lin-
g5 =20 ( 51 ) 6i; +3 B—Tp(z]) (38) earized field equations which reads
|
6_0 81),-

ot T =0 (47)

av,- ks k’ T 2 0@

98—t+9;;(1 + )-—Jr——<1+2gbx+ab)ca )6@

ap(z;
1 b =0
+ < + ¢ x) oz , (48)
kg 0T 3 dq; Ov;

Q£—87+(1+ Zbe) Bz, +g———T(l+gb )_v_: 0, (49)
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(i)

Eq. (49) and Eq. (50) represent tlie trace and the
traceless part of Eq. {20), respectively.

V1. The four-field theory

We characterize now a macroscopic state of a dense
gas of rigid disks by the four scalar fields of density g,
velocity v; and temperature T. For this purpose, the
kinetic pressure tensor p;; and the kinetic heat flux g;
must be expressed in terms of the basic fields g, v; and
T. In alinearized theory the constitutive relations for
pi; and ¢; are given in terms of tlie basic fields g, vi,
T and of its gradients. Hence in the derivation of the
balance equations for g, vi and T we must consider the

(iii) Balance of energy:

0 (ks g'i) 3(
52<QmT+ +6:c,

In the above equations pj; and ¢ are tlie total pressure tensor and the total heat flux, respectively.

defined as
Py = pij + Pl + pij

where

=2 /xm(C ~G )ff1

2
q{’=f‘8—/xm(0’2—02)ff1

In tlie four-field theory the constitutive quantities

are tlie total pressure tensor p;; and the total heat flux
gf. If we know the dependence of them on the ba-

3 3(](, ks 1 (‘)v(,:
£y + <1+Zgbx) 8:1:)+2 o—T [ 14+ —oby

o (nkgT
= —2ax—
m m

O¢; ks
T 2e<m) (1+49b)

¢ [ 7kl 1/2
= —ax—|— ¢-

T  ksT Opi;
v — =5 (1+§9bx)-£(—1-)~
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2 81@-,

1/2
) Pl (50)

4 Oz;

(51)

{

terms ¢ff and P;; of the transfer Eq. (G), since ¢!
liolds a gradient of the distribution function.

The balance equations for the basic fields ¢, v: and
T are obtained by choosing % in tlie transfer Eq. (6)
equal to m, me; and mc?/2:
(i) Balance of mass:

do  Dov;
IR LA 2
Bt 8:6,' 0, (5 )
(ii) Balance of linear momentum:
dov; 0 o\
at + 67137 (szv_] +pz]) - 0’ (53)
2
=T+ ——2—) vi + ¢} +p2}vj] =0. (54)
They are
and ¢ =g+l +4f, (55)
f kjky dT
jkk ’ (56)
f1
— (ln —Jf-) kik; dT. (57)
Oz; )7

!

sic fields g, vi and T, the system of balance Eq. (52)
through Eq. (54) becomes a system of field equations
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for g, v; and T.

Let usfirst evaluatethe quantltleSp and g/ which
aredefined by Eq. (56) and Eq. (57). Since we are look-
ing for alirearized theory with gradients of first order
in g, »; and T, we substitute the Maxwellian distribu-
tion function (33) into Eqg. (56) to Eq. (57) to get after
integration:

1 a® (wksT 1/2 v Ovy;
__1 3 B L S
Pij = QQXm( m ) (8:1:,6”_{—8.%]‘))’

1, d® (ek3T\'? or
29X Bz

Since the constitutive quantities p{j and ¢! are

Ir __
q; m2 (59)

m
known functions of ¢, T, p;y and ¢; (see Eq. (39)
and Eq. (40)), we need only to evaluate p;;y and ¢; as
functions of g, v; and T. In order to achieve this objec-
tive, we use the Egs. (50) and (51) and a method akin
For the first
iteration step we insert the equilibrium values p(;;y = 0
and ¢; = 0 in the left-hand side of Eq. (50) and Eq.
(51) and get the first iterated values of p(;;y and ¢; on

with the Maxwellian iteration procedure.”

(58) the riglit-hand side, i.e.,
|
gt (L G M3\ T

Plij) = —2 ” <1+ ob >5 and qi = " <1+4gbx 5 (60)

where 2 "

3
fo = 2i (kaT) and  do =2 (’%—T> (61)
a ™ a mm

are, respectively, the coefficientsof shear viscosity and thermal conductivity for an ideal gas of hard disks. Hence
the insertion of Eq. (58), Eq. (59) and Eq. (60),2 into Eq. (55)1,2 yields

O,
pij = (P—7167> bij —2p

Eq. (62)1,2 are the mathematical expressions of the
lawsof Navier-Stokes and Fourier, respectively. In these
equations the pressure p and the coefficients of volume
viscosity n, shear viscosity p and tliermal conductivity
A are given by

p= 0 2T (1+gbx) (63)
= ——(ob
) = " £ (ebx)?, (64)

p=te it ot (345 @], o)

Ao

=2l Bt (e ) ] o0

Ovy; oT

and i=—A—. (62)

Oz;) Oz;

The above expressions for the pressure p and for the
coefficients of volume viscosity 7, shear viscosity p and
thermal conductivity A are the same as those obtained
by Gassl®! using tlie Chapman-Enskog procedure.

The variation of tlie various transport coefficients
with the co-area of the particles pb is shown graphi-
caly in Figs. 1, 2 and 3. Thisis achieved by using for
tlie factor x the following virial expansion(®]

x = 1+40.78200b+ 0.5322 (gb) + 0.3338 (gb)®
+ 0.1992(gb)* + 0.1141 (0b)° + ... . (67)

We note that tlie theory of Enskog predicts a uni-
form behavior of p/pe and A/Ag as a function of the
co-area of the particles gb. Moreover, the transport co-
efficientsfor a rarefied gas of hard disks are recovered,
if put in the above equations gb equal to zero.
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Figure 1. p/uo asa function o gb.
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Figure 2 n/po as a function d pb.
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Figure 3: A/Xo as a function d gb.
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