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The Effect of a Position Dependent Effective 
Mass on the Transmission of Electrons 

Through a Double Graded Barrier 

\\é prcsent a rnoclcl for t.lic cffect,ivc iiiass ancl barrier poteiitial, t o  describe tlie motion 
of ail elect,roii across a iioiial~rrtpt. clouble l~arrier  of CTa.ils/Al,.C+a.l-,:As/GaAs. Witli an 
int.erfxe I I I O C I P I ~  TV(: C R I C L I I ~ ~ ~  ~ , I I c  tra~isniission coetficieiit and hindiiig energy of elect~rons 
oii a iioili~briipt. clouhle I>iirrier iisiiig tlie miiltistep potent,ial approximatioii rnethod. The  
rcsult,s obtaiiiecl show a signiiicaiit chaiige on t,lie resoimilt tuiliieling a.ncl eilergy levels, when 
conipa.recl wit li t.liosc: of ari al~riipt 1)a.ri.ier. Niimerical rcsult,s are oht.aiiicd for clifferent values 
of t,lic int,crfac.iiil \viclt.li alie1 eonq~osit.io~inl variatioti of tlie alriiniiliu~ii. 

t-ivc aiass, nrc continiioiic; a t  t,lie interfaces. The MIJA 

iiictlioci lias beeii ~isecl to calculat,e tlie t,ransmission 

prohability t,liroiigh pot,ential ba.rr ie~s[~] a.nd eige~lstat~es 

in a. quaiitum I I ~ ' ~ ] .  

In most. prol~lenis involving heterojunctions it, is as- 

suinecl t,lixt t.he iiiterhce is aliriipt["~12]. I-lowever, ex- 

pcriiilciit.al resu1t.s 1ia.w sliown the absence of atoniica.lly 

sinoot,li seiiiicoiiductor lietc:roii~terfaces['~~~~]. Particu- 

larly for t.he case of GaAs/A1,C~al-,As, the t,ransition 

rcgioii of tlie iiit,erface ca.n occiir froni one to two unit. 

ce~ls["']. I t  lias been observecl tliat tlie interfacial widtli 

anel compositioria.1 variatioii changes considera.bly tlie 

Iiet,crostjriic:t.ure l>ropcrties[lF]. Usiilg a noiiabrupt po- 

t,ciit,ia.I profile tzo describc one lieterojunction. tlieoret- 

ical ca.lciilnf.ioiis 1im.e heen carried out to  analyze tlie 

tfransiiiissioii coefficiciit for electroiis and l ~ o l e s [ ' ~ ~ ' ~ ] .  

111 t,liis papci,  n7e stucly lhe effects of interfacial 

widt,Ii aiitl coinpositioiial va.ria.í.ioii oii tlic transmission 

cocfíicicilt a.ncl biiicling eiiergy of elect.roiis i11 a douhle 

bairicr n~it.1-i interfaccs of Ga.As/A1,Gai-,As. I11 Sec- 

tio11 I1 wc prcsei~t. a. n-ioclel to clescrihe tlie effectiue m a s ,  

geneialized líinetic cnergy operator and barrier poten- 

t,iri.l. \I:itli t.liis moclel, we calculate tlie transmission 

coeíEcicnt and the hiiicling energy using tIie MPA ap- 

proxl i .  Iii Sect,ioil 111 we coii~pare the results obtained 

as a. fiiiict~ioii of ai] iiit~eifacial wiclt.li a;id compositioiial 



variatioli c i t he aluminiuni. 

Tlic systcin to  be st,uclietl is a. tlorible I~a.rrier of 

Ga.tis/XI, :ai-,As witli iioiial>rupt interfaccs. Under 

t ,he cffect,iw iiiasç approximabioii, t>lic envelopci func- 

t,ioii of t,lie elect,roii is givcxi by one-dimerisioiia.1 t.iinc- 

iiiclcpciitleiiL Scl-irodinger cqiiatioii. \5é  assiiinc t81iat 

the alumiiiium molar fract,ioii z clianges 1iiic;i.rly at. t.lie 

t,ra.nsit,ioii i.egions, Figure 1.  aiid it cai1 11e n.rit.ten as 

witli cr + 7 + !9 = -1: P as the inomentum opera- 

t,or, antl m as t,lie effect,ive mass. The  effectivc iiiass 

iii tlio AI,Gai-,,As is propoitional to tlic aluminiuni 

co~lceritrat,ioii[~"I. Considering that  this is also true at, 

tlie transition regions, we assume tliat the e f f e c t k  mass 

clianges coiit,iiiuously according t,o 

where p l !  p2 are paramct,ers obtaiiied e ~ ~ e r i m e n t a l l ~ [ ~ ~ ] ,  

and mo is tlie free elect,roii iuass. 

111 t.lie MPA metl-iod we split tlie potential ha.rrier 

up ii11,o seg111eiit.s. Jn eacli one, t~he potential energy 

cn.11 he  regarded a.s a const,ant. In tlie limit., a.s tlie 

divisioii becomes fiiier, a continuous varirttion will he 

recovercd[". 

In our problein nre assume t,liat, a t  tlie int,ervals 

31 < z < 2,: tlie potential is divicled in N barriers 

of wiclt,li /L. At tjhe it'" region, tlie exact solution of 

t.lic: Sclirodinger ecliiat,ion for ali elcctron with energy E 

iuoviiig t.lirough tlie barrier is giveii hy 

Using geileralizecl boundary c o n d i t i o n ~ [ ~ ~ ] ,  the de- 

termiiia.t,ion o€ coefficieiit,s .4.y and BN is reduccd to 

111a.trix equa.tjions give1-i by 



Brazilian Jourilal of Physics, vol. 24, no. 1: March, 1994 

GaAs 

I 

Figiirc I: Alurniiiiiiiii molar fractioii(l(-)), poteiitial barrier V ( z )  antl effectivc mass rn(-.). as a function of tlie position. 

witli 

Since in our system tlie eflective iiiass a.nd potential 

a.re t,he same iii tlie regioiis s < 1.1 and z > 2 8 ,  and 

usiiig tlie saine procedirre of Y. Ando ;t.iicl T. 1toli[", 

Lhe traiisinission coefficient. can bc ~rrit,t,en as 

'To obtain eigeiiva.lucs of ali elcct.ron on a cloul~le bar- 

ricr we first consider tlie lii-riit Izi \ :  zo - w. Using t.liis 

fact: tlie ~vavefunct~ion, Ecl. (5), i11 t,lie regioiis z < zz 
aiid z > 2,- decay exponent.ially mel as a coilseqiience 

Bx = Ao = O! in Eq.(7). \Vil11 t,liis: eigcnvaliies a.re 
3 obtained by t,aliiiig tlle mat,rix eleineiit .V,,. Eq. (1 I ) ,  

as  equa.1 to  zero. 
r 1 10 compare a11 results rve assume for t,lie Iiinetic op- 

erator, Ecl. ( 3 ) :  ct. = y = O and !3 = -1. Usiiig tliis, 

bouiidary condit,ions have t . 1 ~  for111 t1ia.t tlie envelope 

fiinct,ion of t,he elect,ron, a.nd its derivative divided by 

effective mass, a.re continuous a t  the interfa.ces. 

111. R e s u l t s  and discussion 

In order to  obta.iii numerical results, we use the  ex- 

periment,al parameters given in Ref. 19 and consider a 

conduction band offset of 60%. 

To analyse the effects of transition regioris we ini- 

tially consider changes 011 the externa1 side of the  dou- 

ble ba.rrier. 111 Figure 2 we show the  transmission coeffi- 

cient of electrons, witli energies higher than the  poten- 

tia1 barrier, on a.11 ahrupt and nonabrupt double barrier 

with d = IOOA, 2õ = ~ o o A ,  aIuminium molar concen- 

tratioii z = 0.45 and a syininetric transition region of 

widtlis 2c = 2.OLP and 2u = 2.0,4.0,6.OLP, wl-iere 

LP is the lattice parameter of GaAs. When the alu- 

minium concentration decreases, the  difference on effec- 

tive mass is less significa.nt,. Consequently, we observe 

tthat t,lie difference between results obtained for abrupt 

nnd nonabrupt barriers becomes smaller. In Figure 3, 
we show tlie effects on the transmission coefficient of 

electrons due to  changes on interna.1 transition regions. 



Again, me lote considerable cli~iiige ou tlie t.ransmissioii 

coefficient. As observed for ri. single 11arriei.[~~], t,railsi- 

tioii regiors on ciouble barrit:r prod~iccl a. significative 

effect oii tlie pcak-t,o-valley re.tio. 

Considcring elect.rons wit-li eiiergics lonw t,lia.n 11a.r- 

riers: in Figure 4a. we plot t,lie t.raiisii~issio11 coefEcieiil 

oii a iionai,riipt doiible barrier witli d = 1 0 ~ ,  26 = 
200A. alui i i n i u ~ x  molar concent.r;~tioii .r = 0.45 aiid 

a. syiilinctric transition rcgioii of widtlis 2u = 2.0LP 

antl int,ernd tra.iisition regions of 2c = 2.0, 4.0, 6.01,P. 

1-1s cai1 be sem:  tra~lsit~ioil regioiis sliift, tlie pea.lts of 

resonaiit t,u iineliiig t,o liigher valiics of eiicrgy. ?'liis ef- 

fect is niorc: significant for p c a h  of 1on;er eiicrgy. Sliiii 

fact is also obscrved in Figure 411, wliere we compare 

traiismission coeficient on a. double ba.rrier mitli a.l>rupt 

ancl noiia111.iipt interfaces witli d = 50.a: 28 = 100A: 

aluiiiini~im molar concentrntion x = 0.45 and sym- 

met,ric transition regions of wicltlis 2u = 2.ULP a.nd 

2c = (j.OI,P. Again, tlie effcct of trhc t.ransitioii regi011 is 

more sigiiificative for lower pealí of resonant tuiineling. 

\4'e olmxvetl t,liat for energies lower lha11 t,lie barrier po- 

teiitia.1, tlie transitioii regioiis externa1 to tlouble Imrrier 

do not liave a significant effect. on resoiia.nt, tuiliieling. 

Figure 3 :  Transrnission coefficient as a function of inc+i- 
deiit clectron energy, on a double barrier with d = 1 0 0 A ,  
2b = 1 0 0 h ,  aluminium molar concentrat,ion z = 0.45 and 
syminetric t.ransit,ion regions of widths 2a = 2.OL P ,  consid- 
eriiig abrupt  barriers (-) and 2c = 2.OLP (a), 2c = 4 . 0 L P  
(11); 2c = 6.OLP (c). 
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Figure 2: Tiansmission coefficient as a function of iiici- 
dent e1ect;on energy, on a double barrier with S = 1 0 0 A ,  
2 b  = 100.4, aluminiiirn molar concentration N = 0.45 ancl 
symrnetric tr;.nsition regions of widtliç 2c = 2.OLP, coiisid- 
ering abrupt llarriers (- ) aiid 20. = 2.DLP (a): 20, = 4.OLP 
(b). 2n = G.01,P (c). 

Figure 4: 'Transrnission coefficieiit as a fnnction of inci- 
deiit electron ciiergy, oii a doiible barrier with aluminiiim 
molar concentration x = 0.45: considering: (a) nonabrupt 
barriers tyitli synimetric transition regions with d = 1 0 0 A ,  
2 b  = 200.4, 2n = 2 . 0 L P ,  2c = 2.OLP (--) 2c = 4 . 0 L P  (- - 
- ) and Lc = G.OLP (....): (b) abrupt (--) and nonabrupt 
barrier (- - - ) witli (1 = SOA, 2b = IOOA, 2a = 2 . 0 L P  and 
2c = G.OLP. 
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Figure 5: Matrix eleriient as a funct,ioii of elwtroii 
eiiergy for an aliirniiiiuin molar coiicciit~ratiori .r: = 0.43. 
riortabri~pt~ barríers rvitli symmeti.ic transitioii regio~is witli 
r1 = XMA,  2c = 2.OLP (.. .I.  2c = 4.OLP ( - - ) .  aiicl 
2~ = (j.ílL,P (- - - ). 

Since t.lie eigcnvalucs of 411 c l ~ ~ t i o i l  ir1 a tlouhle bar- 

rier are obt aiiied hy searcliiiig foi mias oE iii Fig. 

5 we plot it, as a funcbioi~ of elcciroii (?ii(:rgy coiisidei- 

ing d = 200.4, a.liiiiiiniuiri niolar coricr~iit,ratioii .r = 0.15 

and sylliniet,ric t,ri~nsit,ion regions of wicltlis 2c = 2.01 4.0 

and 6.OLP. The resonances coirespoiicl t.o c~igcnva.lues 

encrgies. Tliese resiiltss ar(. coiisist(:iit witli t,liose ob- 

tained in the resonant tiiriileliiig, since tlie t,r;i.nsition 

rcgions sliift t lir c~igenval~~es t o  liiglier rnwgirs. 

In  conclusion. tlie cffect of n I ransit,ion rcgion on 

tlie t,ra.nsnlission coefiicient. ancl rigeiivalucs cnergics of 

ali clrctron in a douhle l~arripi  lieterostrust u i r  is signif- 

icant. Since in these systeins \vc c.oiisider a.n effcctive 

iuass wl-iicli clia.i-iges cont.inuoiisly t,liroiigl-i t l i ( :  f ra.iisit,iori 

regions, we cxpect t.1ia.t our iiiodel represeiit.~ a iiiorc re- 

alistic pict,ure of nonahrupt douhle l~arrier  syst.eiiis. 

This work \Tas support.(ytl i11 part by CSPq a.nd 
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