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Fermion-Chern-Simons Theory of the 
Half-Filled Landau Level* 

Rcceived -4iigust 8: 1903 

Recent experiment,~ lmve sliovn t,lia.t a. qua.iltized Hall plat,eau can occur in douhle layer 
systen-is wlieii t!lie t,otal Landau Icvel Eilling f x t o r  is i/ = 1/2, tliough there is no plateau a t  
i/ = 112 or v = 114 i11 a normal single hger  system. For the siilgle layer syst,em, considerable 
insiglit lias been provided 113. a t,lieory Imsecl o11 tlie fermion Chern-Siinons picture, where 
tlie electrons are t.ra.nsforiued into fern-iions t.hat carry two flux quanta of a Cliern-Simons 
gauge field. A similar pict,ure can he usecl to cliaracterize ground states which have been 
proposed for t,lie tu70 layer syst,em. 

During tlie course of tlie p x t  few yea.rs! as exper- 

iinents Iiave continued t,o rcvea,l the structure of elec- 

tronic statcs iii a. partia.lly filled 1,anda.u level, a variety 

of theoretical a.pproaches lmve been developed t.o uncler- 

stand tliesc: systems. Oiie of tlie most useful of t,lit:se 

approaches eniploys a singular gauge transformation t,o 

convert t , h ~  e1ect.roi-i~ t o  a syst,ein of pa.rt,icles int.era.ct- 

ing witl-i a Chern-Siinons ga.uge f i e ~ d [ ~ - ' ~ I .  In t,his de- - 
scription, a flux tube coiita,ining an integer number of 

quanta of tlie Chern-Sin-ions magnetic field is attached 

to each p r t i c l e .  If 6 is a.n even int,eger ["-"I: t,hen t,lie 

transforinetl particles obey Fermi statistics. The inoti- 

vation for employing this singular gauge transforination 

is that  for va.rious rationa.1 va.lues of the La.ndau-leve1 

filling factor v ,  witli ali appropria.te clioice of ó! if one 

treats t,he transforn-ied system in a simple FIait,ree a.11- 

proximatioii, t,he result,ing groiiiicl st.at,e is noiidegeiier- 

&e, and therefore lias a. reasoiiable cliaiice of being a. 

good first approximation to  tlie true grouiid state of 

the system. A/Ioreover, oiie ma,y Iiope to calculate cor- 

rections t o  t>he ground state and st,ucly t>he dynaiuic 

response of tlie systei-íi bg using standard t,ecliniclues 

of diagram:ilatic perturba.tion theory, beginning with 

tbe Ha.rtret: ground state As an  iinport,a.nt 

exainple, if 11 = p / ( 2 p  + I ) ,  where p is a positive or 
- 

nega.tive integer, a.nd if we choose 4 = 2, then the  

ineaii-field ground state of the transforn~ed system is 

a collectioii of ferniions in an t,ffective magnetic field 

wliosc strength is such tliat exactly Ipl Landau levels 

are filled hy ferinions. The  ground state is, therefore, 

stabilized by an  energy gap separating it from the  ex- 

cit,ed st,ates. This provides a natural explanation for 

the inost prominent fractional quantized Hall states, 

wliich are observed a t  these filling fractions. At the 

mea.11-field level, the fermion Chern-Simons description 

is essent,ially equivalent t,o .Jain's composite fermion de- 

script,ion of t.liese quantized Hall states ("1. 

112 a recent paper (HLR), P.A. Lee, N. Read, and 

tlie present author employed the fermion Chern-Simons 

inetliod to  a.nalyze the properties of a single layer 

syst,eri-i, a t  v = 112 ancl at  various other even frac- 

tioiis, wliere the quantized Hall effect has not been ob- 

servccl Elo]. At v = 112, if oiie cliooses 6 = 2, the aver- 

a.ge Cliern-Simons field just cancels the externa1 mag- 

netic fielcl, so tha t  the  Hartree ground s ta te  is just a 

filled Ferini sea of particles, in zero magnetic field, with 

Fermi wavevector kF = ( 4 ~ n , ) ' / ~ .  (Here n, is the real 

densit,y of the  electroiis. We assume tliat tlie electron 

spins a.re fully aligned by t,he Zeernan field.) Although 

tliere is no energy ga.p in this case, the density of states 

for low energy pa.rticle-hole ex~i ta t~ions  is small, so tha t  
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t,liere is reason t,o Iiope t liat t.he mcari-ficltl groiiiitl st,ate 

niay be s ta l~le  with respcct to t.lic particlc-pnrt.iclc intcr- 

actions? similar t o  tlie case of ali orcliiinry Ftvn~i I j<pid.  

Tlie rlcta.ilec1 analysis of HI,Ti givcs rise to pretlict ions 

for various properties of' t.lie v = 112 systeiii: whicli 

secrn t.o be in cxcellent quaIii,at,ivc agiceinnnt witli ex- 

perimentas and with exact. ca.lciiliitioiis of fi1iit.c systeii~s. 

The iilost st,rilíiiig of' tlicsc prcxlict,ioiis is an explana. 

tioii for the surface acoustic nVave niioiridies olwrvecl 

11y Il'illett aiid co~wrl;ers [1:3.14. i1 siiiiinmry of i.lie niost. 

iinport,ant results of 111(i ferniiori Clicrii-Siiiioiis tlieory 

i11 the single layer systcm will be given i11 Scctioii I1 

1,clolV. 

As is now ~rc l l  knowii, a qua.iitizct1 Ilall pl;\.t>eaii a.t 

total filling i/ = 112 has rccciitly I~ccii ol~sc~rvtxl i11 cer- 

taiii double layer syst.enis 113' groiil)s a t  I>riiicet.on a.nd 

Bell Laboratories ['"l"]. A platcau at. filliiig fractioil 

i/ = 5 / 2  mas observed ea.rlicr i i i  singlc laycr syslciiis by 

M'illett e t  nl. [I7]. illtliough varioiis exp1ana.tions foi 

t,hese states have been atlvaiiced. t.lierc reinains ;I con- 

sidcrable amount of debat,e about. t.lie prccise form of 

the ground s ta te  in various cases. I a.111 iiot able to set- 

t,le tliese quest,ions, but  I will t,ry t,o oiilliiic in Sect,ioil TI1 

I~elow liow the va.rious post.iilat,ccl quant,ized IIa.11 st.ates 

may be a.t least forinulat,ed ir1 t,t:rrns of t,he ferrnion 

Chern-Simons picture as st.a.t,es witli various forins of 

BCS pairing among tlie particles near tlie Ferini siir- 

face. This suggests a siinple phasc t1ia.gra.m foi liom tlie 

various st,ates may IIC connect.cd. 

11. Tlie S ing le  L a y e r  Systc?m 

\Te sumina.rize licre some of tslie I<ey resu1t.s of thc 

analysis of HLR []')I for a. fiilly polarizetl siiigle-layer 

systcm at i/ = 1/2. 

The  Ll-iern-Simons theory hegiiis wit.li ali exact. uni- 

tary transformation. \Ire clefine a transformed wnve- 

function 

where Q, is the electron wavefiinct,ion: zj = xj + ig j  

is the elect,ron posit,iori in coniplex ilot,a.tion, and 6 is 
- 

ali iiiteger. If d is cveii, tlie t,ransformation preserves 

t.ltc Scirini st.at,istics: thc t.raiisforiiied wavefunction must 
- 

cliange sigii wlien two pa,rt,icles a.re interchanged. (If 6 

is cliosen to be odd, then fermions are converted to  

hosons, aiid uice c é ~ s a . )  \I:e shall choose (J = 2 .  

C'nder tlie uiiitary transforination ( 2 . 1 ) :  the electron 

I1a1nilt~onia.n is t,railsformcid to the form 

-+ 

where u is the C(0~11onih interaction, A is the external 

vector potential, nntl I?(?) is a Chern-Simons vector po- 

tciitial, giveil by 

The i m a n  fielcl npprosimation for the  ground s ta te  of 

tlic I-Ia~n~iltonian (2 .2 )  is then ohtained hy ignoring the 

Coulomb interaction, and by replacing the true Chern- 
+ 

Simons magnatic field h(?') G Vxa'(73 by it,s nwan value, 

( I > )  = 2 ~ 4 n , .  

'I'lie c1ensit.y a.nd current response functions have 

been ohtained using tlie Randorn Phase Approxima- 

t.ion (RPA) or time-tlependent Hartree approximation. 

I-Iere t,he transformed fermioiis are treated as free parti- 

cles wliicli responcl to the  self-coi~sistent Chern-Simons 

electric a,rid niagiietic fields (e'(?, t ) )  and (I>(?, i ) ) ) ,  as well 

as to tlie external elect.ronia.gnet,ic field and the self- 

consistent Coulomb potential of the particles [ 9 1 1 0 8 1 2 1 .  

TIie eclua.tions for (6) aiid (C) are 

wliere ( P )  aiicl (7) are the  particle density and cur- 

rent, respectively, and $J = 2 .  The  system is found 

t,o be "compressible" at  long wavelengths, which means 

more precisely tha.t t he  sta.t,ic densit>y response function 

X r r ( ' l )  is cleteriminecl hy the diverging Coulomb inter- 
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action for ( I  - 0: 

Tlie freclut:iicg-depeiide~it, dcnsit,y rcspoiise f~inct.ion 

xpP(q.  W )  lias: in addit,ioii t>o tlie polc at thc cyclot,roii 

frequency i.l-int. exliaust ,~ t.he f-siiril riile for q - O: a 

diffusive pole a.t a low freyuency w = -ir, ~ l i i c l i  wc 

writc i11 tlie form 

where u,,,(r/) is t,lie ~ravevector-depeildeiit longitiidiiial 

concluctivity (we assume (111 2 ) .  Accorcliiig to tlie RPA: 

for a systern ~vitliout impurities, ~ ,~: , : (q)  is gi\.cin hy ["'I 

More gt:nera.lly, if impurit,y scat,t,ering is t,aken i11t.o 

accoiiiit, wci expect that. (2,s) applies for q > L - ' ,  n:liore 

C is tlie trsiisport meail-Free pat,li at. I /  = 112. Foi 

Q - O !  thtt conductivily goes t,o n fi1iit.e \.alue wliicli 

may be obfained by replacing q on tllie riglit 1ia.ncl sicle 

of (2.8) bg ( 2 P - I ) .  The  va.lue of P is expected t,o be rnucli 

smaller than tlie tra.nsport mean free pat,li in zcro 1iia.g- 

netic field. This is because t,lie domina.iit iiiec1iailisn-i 

for scattering of carriers a t  v = 1/2 comes froni static 

fluctuation:; of the  Chern-Simons ina.gnet.ic fielcl cluc to 

i~iIiomoge~i~:ities iii the electrron densit,y incluced Ily ran- 

dom variations in tlie clensity of cliarged impurities i11 

the doping layer, a mechanism wliicli does notf occur for 

electrons iii zero ma.gnetic field [''I. A crude esliiiia.t~e 

of e, a t  11 -= 112, was obtained by assuming that  the 

charged iinpurities are uricorrela~ted ~vit,liin t21ie clopjng 

layer, ancl 3re eyual in number t,o t,lie electrons iii Ilie 

conducting layer. If scattering is t,reat,ed in tlie Born ap- 

proxiination, one finds a value of L mliicli is just cqua.1 

to tlie setlack distance d, of the tlopiiig 1ayer in t,his 

rnoclel ['''I. Experimerit,~ suggest tliat oiir crude est,i- 

mate for e is about. a factor of t.liree smaller tliaii t,he 

act,ual values in t,he highest. mobility sainples [l"lq. 

Ali i m ~ , o r t a n t  effect arising from dynamic fiuct,u- 

a.tions of tlie Cherii-Simons vect,or poteiitial is a. large 

renoririalization of tlie effective mass of tlie transformed 

fermions. If t,he bare riiass is small, so t,hat the  cyclotron 

eiicrgy is la.rge coinparecl to the scale of the electron- 

elcctron interact,ions, t,lien t,he effective mass beconies 

iiidepciideiit. of Lhe bare niass! ancl is deterinined by the 

electroii-elcct.ron iiiteract.ioil. Using a self-consistent 

aiialysis hased on t,lie leading cliagrams in pertiirba- 

tioii theory, IILR propose t1ia.t t.here is a l~ga r i t~hmic  

divergente of t,he effect,ive mass a t  the  Ferini energy for 

Coiilomb int,eractions, and a. stronger power-law diver- 

gcncc for short range int,eractions, but  that  the most 

cssential feat,ures of Fermi liquid theory are preserved 

i11 eitlier case. Note that  expressioiis (2.6)-(2.8) for the 

deilsit,y response funct,ion and tlie conductivity are inde- 

pendent o i  trlie electron mass, and we believe that  they 

arc not affected Ly tlie divergent mass renormalization. 

(Tlie resiilt,~ for tlie niea~i-free path in the presence of 

iinpui.it.ies are also independent of the electron mass.) 

Onc place wliere the effect,ive mass enters directly 

( v )  is in t,he expression of HLR for the energy gaps Eg 

for tlit: principal yua.nt,ized Hall states a t  v = yl(2p + 
1). For ali interaction that  beliaves like e 2 / t r  a t  large 

distarices, HLR preclict the following asymptotic form 

for t,lie energy ga,p a t  large p: 

4 e' E:"' - - - 1 
K ti" D(111 D + C) (2.9) 

wlierc í) = 12p + 11 is t,he denominator of the fraction 

a.nd C is a coiistant which depends on the short dis- 

ta.nce l~elinvior of tlie poteiitial. (This formula is based 

o11 a. sclf-consistcnt analysis of the leading correction 

to  t,he quasiparticle self energy arising from interac- 

trioris wit,l.i finct,ua.t,ions in the t,ransverse gauge field; it 

is possi1,le t1ia.t it. inay be modified by other singular 

coiit~ri11ut.ions.) A good fit to numerical estimat,es ["I 

of t,h? energy ga.ps a t  v = 113: 215, and 317, for a 

pure Coulomb intera.ct.ion, may be ohtained by choos- 

ing C N 2.5 in tha t  case. The  effects of finite layer 

tliickiiess and iriter-Lailclau-leve1 mixing, which occur 

in a.ny real sa.mple, would t,end to  increase the value of 

C still f~irther.  An energy gap of the form (2.9), with 

a rela.t,ively large value of C'! also gives a good fit t o  
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the data  of DLI et  al. L2 ' ] ,  provided t,lint oiic accept,s tlie 

proposal of tl-iose a.ut,liors t.1-ia.t the effccl,s of iiupurit,y 

scattering nxLy be ta.lten into a.ccount by subtract.ing a 

constai~t  r: independent of I/: froin t,lie t,lieoret.ical en- 

ergy gap.  

The linear ~vavevectsor clepeiideiice of q,,,,(y), pre- 

dictecl by (2.8) for v = 1/2, is just wlia.t, is iieeclecl to 

explain the anomalous surfnce a.coustic mavc propaga- 

t,ion, seen a t  sliort ma.veleiigtslis by Jl'illett 61 (11. [L"]. 

The  absolute values of a,,,,(q) extract,ecl 113' M'illett € 1  

al .  froin their da.t,a. are la.rgc:r t l i m  the t,licoretical val- 

ues obtaincd from (2.8). Iioivewr! Iy a. factor of N 2. 

The  t,l~eory of HLR also predict ,~ t,liat trile widtli of the 

anomaly should depencl linearly on (I as t,lie niagrictic 

field is va.ried away froni tlic fieltl corresporidiag t,o 

11 = 1/2.  Tliis is i11 good agieemr:nt wit,li tlic esper- 

i1nenta.l observations. 

Quasipart,icle states for tlie transforil-iecl feririions 

ivhicli lie close to  t,he Fermi energy should not liave 

a. significa.nt overlap with tjlie n~avefuiiction of a. single 

elecl,ron addcd to  the grouncl stii.1.c of a 11 = 1/2 syst,cm. 

A recent analysis by He, P1a.tziiia.n and IIalperiii [22],  

building o11 the resultas of IILR,, s~iggest~s t,lia.t t,lle spec- 

tral density A ( w )  for the electron Green's f~inction va.11- 

ishes as e-Wuf I " I !  for lu1 - 0: wliere wo is a. const,ai~t.. 

Following this analysis, t-liey preclict a. pscuc1oga.p i11 

A(w), which is in reasonrt.ble a.greement ivit,li reccnt, tiin- 

nelinp experiments P3] .  

Tlie general met,hods of. HLR ca.n be appliecl t,o 1la.r- 

ious other elren-denoniiila.t,or fract,ioiis, iricluding I/ = 

114, 314, 312: 3/8, etc. C1ildovsl<ii and Lee liave shown~ 

liowever, t,liat a more sopliist,icat.ed analysis is necessary 

t1o understa.nc1 the value of tlie cIectrica.1 coiicluctivity 

a,, a t  the  higher order even fracl~ions: becausc tlie Uorn 

approximation for scat,tmiiig becoines quite poor in tliis 

situation [241. 

111. Double Layer S y s t e m s  

As a model to  describe a double layer syst,em, ive 

shall iiitroduce ali :'isospinx index r = f 1: whicli dis- 

t,inguislies between t,he tmo layers, in addition t o  the po- 

sit.io1-i T in the x-y plane. The  Coulomb interaction be- 

tnreen tivo electrons tlien lias different forms V++ (rt 7 )  

aiid V+/+_ ( 7-  7'): depei~cling on whetlier the two elec- 

trons a.re in tlie sarne or in different layers In tlie 

sii-nplest case wliere ench separate layer is considered to  

he of zero thickness, me may m i t e  

wl-iere d is tlie separation between the layers. In ad- 

dition. we introcluce a t e m  to  represent tunneling be- 

tmecn tl-ie layers, wliich we write as 

where t is t,lie tunneling matrix element, and I, is the x -. 
component of tlie t,ot,al isospin operator I. Mre assume 

t,liat the actual spins of tlie electrons are completely 

polarized in t,he tlirection of tlie magnetic field, and we 

coiisitler only the case where there is a mirror symmetry 

bet~veen tlie tmo layers. In our discussions we coiisider 

tha t  the  system employed in ['" , consisting of a single 

wide q ~ m i t u m  well in wliicli tlie self-consistent, Coulomh 

potential crea.tes a barrier in the niiddle of the well, 

wit.11 ma.xima in t,lie electron density a t  the two edges, 

is ccluiva.lent t,o a. douhle layer system with a relativeiy 

la.rge value of t,he tuniieling matrix element t .  

We shall limit our discussions here to  the  case where 

t.he to tal  fillirig factor i/ is equal to  112; i.e. there is a 

total of one electron per fiux quantum in the two layers 

coiiibined. Then,  if tlhe system is confined t o  the lowest 

Lanclau level, there a.re essentially two dimensionless 

para.meters in our mode1 2 = d / to ,  and E t / (e2/~ .&) .  

Let us first consider the case where (S = O ,  so tha t  

V++ = V+-. If f is also equal to  zero, then the  Hamil- 

tonian IIo possesses full S U ( 2 )  symnietry in the  isospin 

f In fact, H. is equivalent to  the Harniltonian for a 

single layer system with two spin states and no Zeeman 

t-erm to  split the degeneracy. The  simplest assurnption 

(though not universally believed [26] )  is tha t  the ground 
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state of t,he 3ingle layer syst,em would 13e complet,ely 110- 

larized a t  v = 1/2, even in t,he a.bsence of Zeeman iiiter- 

actions. If t,his is the ca.se, t,lieii for the t,wo layer syst,em 

witli (7 = O .  tlie effect of I&, for any posiilive value of 

f ,  is siinply t,o align the  isospin polarization in the x- 

direction. Specifically, this means tliat. evcry elect-roi1 

is rcsi,rict,ed to  the isospin sta.t,e 13: = 1/2,  i.e., t,lie l o w  

est subbanc , whicli is the  even coinbination of st,a.tes in 

tlie two l a y m .  Since the Hainilt,onian is equivaleni, t o  

that  of a f ~ ~ ! l y  polarized single layer syst,em, we expect, 

a.s discussetl in Section I1 above, t,liat t,he grouiicl sta.te 

cai1 be desc ribed by gauge txansforined fermions wit,li 

a single Femii surface, 1ia.ving kI;. = (4;í17.,)~/' = i;'! 

aiid no quantized Hall eífect. 

Let. us  nonr consider the case nrliere d is riolizero a.nd 

f is infinite. Every electron must liave I, = 1/2, aiid 

hence a11 electrons ha.ve trhe same interact,ion, T/(r) = 

i [ ~ + + ( r )  + V+-(r)]. If (7 is very 1a.rge. then V+/+_ 

O ,  and V ( r )  N 4 V++(r). Tliereforc. for large r?. tlie 

grouiid s ta te  is tlie sanie as for d = O .  and mc exl-iect 

t o  find a F x m i  surface rvith no quanti7cd IJall effect. 
- 

(The only change from d = O i:, tliat ihe energy scale is 

reducecl by a factor of 2.) 

According t o  the numerical ca.lculatioiis of Gre- 

iter, Wen and Wilczeli ["I for a two hyer  systeni 
- 

with t = a): tliere should exist an intermediate range 

< 2 <: &,,, wliere a. quant.ized I-Iall effect. does 

occur a t  I /  = 112. Their calculations suggest tliat tlie 

quantized Ilall s ta te  lias a very high overlap witli the 

so-ca.lled Pfaffan state,  originally clescribed I>y Moore 

a.nd Read [''I, and furtlier analyzecl by Greiter e t  nl. ['I. 

From tlie point of view of tlie ground st,ate syininetry, 

this state c;m also be understood iii ternis of tlie fermion 

Chern-Siiiioiis picture as a sta.te vvliere t,he ferniioiis 

near to the Fermi surface a,re paired in a BCS-lilce s M e ,  

with o rb i td  angular rnoment,um I, = -1: ancl isospiii 

I, = 1. (In t,erms of ~ n t ~ r a n s f o r n d  elect.rons: the sta.t,e 

may be crudely described as made up of pa.irs witJi an- 

gular inomenturn e, = 1, which are tlien "condensed" 

into a Lauglilin s ta te  of degrcc rn = 8.) Moore and 

Read have suggested that  the charged excitations of 

tlie Pfaffiaii s tate have a different kind of statistics froni 

what might be expected in a simple pairing state,  and 

pcrliaps there are otlier subtle differences as well. We 

sliall not clistinguish here, liowever, between the Pfaf- 

fia.11 st,ate a.nd t-he Cherii-Simons BCS state wit,h pairing 

e, = - i  I, = i .  

Let us next consider tlie case f = O ,  d # O. Now, I, 

is a. good quantuni nunlber of the system, and if there 

is equal population of the t,wo layers, tlie ground state 

inust Iiave I, = O. (For 2 # O ,  the Harniltonian does iiot 

cominut.e wit,li Il:. Tlie ground st,a.te has (I,) = 0, for 

t = O ,  b u t  is not generally an eigenstate of I,.) In tlie 

liiiiit c1 -+ CG, for f = O: the s y s t e n ~  beconies two uncou- 

pled layers, with v = 1/4 i11 eacli layer. Experiments 

on single layer systems show that  there should be no 

quantized Hall effeci, in this case [I4]. According to the 

theory of HLR, there shoulcl be a separate Fermi surface 

of transforiiied fermions in ea;ch layer (seeing separate 

Çherii-Simons fiel&> witli o = 4, in each layer): and a 

Fcriiii wavevect,or k F  = ( 2 ~ n , ) ~ / '  = (2!:)-'12. 

- 
Nuinerical ca.lculatioiis for systaems witli t = O again 

- 
indicate t.liat for an int.ermediat,e range d,&, < d < 
- 
d,:,,, , there should exist a. quantized Hall plateau a t  

v = 112 [2õ-301. The  ground state in this case has 

been found to  have a high degree of overlap with the 

so-called 331 sta.te, first proposed in 1983 as a possible 

gcneralization of Laughlin's wavefunctions to  an even 

denorninator fraction ["I. The 331 s ta te  has been char- 

act,erized by various authors as a system of two types 

of leriiiion witJh a 2 x 2 matrix of Chern-Simons interac- 

tions [""I However, the s ta te  may also be characterized 

iii tlie spirit of Greiter e t  al. l7] as a systeni of fermions 

coupled to  a single Chern-Simons field (with coupling 

strength Q = 2), whose ground state has BCS pairing 

~ i t ~ 1 1  i, = -1 and I2 = O. 

\Yhat happens for intermediate values of 2, when 

2 # O? A simple scheinatic phase diagram, compatible 

wit,li our previous discussion, is presented in Fig. 1. 
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dt l  
I 

C (QHE state) f í 7 l  - 6 T , - T t  , for ; - O ; ,  (3.5) 1 
00 1 of tlie tuiineling strength between the t,wo 1imit.s: 

Figure 1: Possible scliemat.ic pliase diagraiii for t,lic groiiiid 
st,at,e of a t,wo lager systeni ai  toi.al fillirig r/ = 1/2 .  Vari- 

A 

ables c! aiid i are respectively tlie separat,ioii bet,~vceii lay- 
ers. in iinit,s of t,lie magiiet,ic leiigtli &o:  aiict tlie t,iiiiiieling 

sc A lias streiigtli bct~reen lagers, iii iiiiit,~ of c2/r!a. Plia.. 
two cssciit,ially iiidepeiideiit layers of íilliiig fact,or 11 = 11.1: 

B 

wit.11 a separate Feriiii siirface in eacli layer, aiitl no qiiaii- 
tized IIall eífect. Pliases B and B' beliavc like a siiiglc layer 
at v = 112, willi elect,rons in tlie siibbaiid wliicli is aii even 
combiiiat.ion of st,atcs iii tlie t,~vo 1ayei.s. TIirse pliascs liave 
a single Fermi siirface for tlie gaiige t,raiisfoi.irie~l ferniions, 
and no qiiaiitized Hall effect. Phase C' is a qiiant,ized Ball 
st.at,c wliicli evolves coiitiiiuously as a. fiiiict,ion of i frorri a 
da te  witli tlie syrniiiet~r.~ of t,lie "331 st,at.eZ' ai. i = O.  1.0 a 
state witli the syrnmetrg of t.lie '.PfaEaii" stat,e at i = x. 

The pliasc labeled .A colisists of t.wo cssciit,ially iii- 

dependent layers witli 1) = 1/4 aiicl a separa.t,e Fermi 

surface for transformed ferinioiis i11 c;~cli la.yer. Phases 

R and B' lmve a large va.luc of (1,). aiid contaii~ a sin- 

glc Ferini surface for tra.nsformed feriiiions \rit,li isospin 

I, = 1/2, tlie even coml)ination of st,at,es in t-he two 

layers. 

The pliase labeled C', wliich occurs for int,ern~ediate 
* 

values of the parameter cl: is a yuantized [lall st,a.te. 

TVithin tlie fermion Chern-Simoiis pict,iire, we cliarac- 

t,erize tlie eiltire pha.se a.s a. st& wit,li a. BCS gap a.t, tlie 

Fermi surface due to  pairiiig iii a st.t~tc of isospiii 1 aiid 

I, = -1. Specifically, we oxpcct pairii-tg of tlie forni 

wliere ccT is t,he anniliil;t.t,ioii operat,or for a t,raiisforined 
+ 

ferinion wit,li ma.vevect,or I;: aiid isospin r ,  t,lie wa.vcvec- - -. 
tors k ancl k' are close tro the Fermi si irfxe ai. diarnet- 

rically opposite points, ancl Q(7)  is ai1 order pa.ramt,er 

whose pa.ir correla.tioii fiiiictioii (Qt(l;?Q(F1)) falls off 

a t  large ~epara t~ ions  as a polver of JT- T'l (i.e., t,he sys- 

tem lias "quasi-loiig-range order" i11 the grouiid statc). 

Tlie nmtrix f T T ~  is sy~nnietric in tht: isospin inclices, a.nd 

we liypotliesize tha t  it varies coiitiniiously a.s a function 

corrcsponding to pairs ~ v i t ~ h  Iz = O and I, = 1, re- 

spectively. M7e also expect tha t  the expectation value 

(I,) for tlie total isospin of the electron systenl should 
- 

increa.se contiiiuously from (I,) = O a t  t = O to  

(2,) = AV/2 (full polariza.tion) a t  t = m. 

Nuixerica.1 ca.lculatioiis by He e t  nl. [29~301 suggest 

tliat for tlie values of T? and 2 which correspond to  the 

I-'rincet,oii a.nd Rell Laboratories experiments, there is 

a liigli degree of overlap between the ground stat,e a t  

i/ = 1/2 and the 331 state,  which has Iz  = O. Thus,  

it appea.rs tliat there is only a. small amount of (I,) 

polarizat,ion, even for the Princeton experiment where 

is rehtively large. 

The  calculations of I-Ie e t  al. L3'1 support the  con- 

jecture t1ia.t a qua.iitized Ha.11 st~ate should exist for an 

interniediate range of sepa.ratioiis d, for any value of tlie 

parameter f. Tlie conject,ure tliat tlie 331 state can be 

cont,inuously connected n1it.h tlie quantized Hall state a.t 

f = x; is also compat,ible with the observation by Gre- 

it,cr e t  (11. L7] that. tlie Pfaffian st,ate is realized by t.aking 

tlie fully antisyminetric pa.rt of the spatial portion of 

thc  331 wa.vefunctiori. 

\Ve do not adclress here t-he nature of the phase tra.n- 

sitions between the va.rious regions of Fig. 1. Of course, 

\ire caiinot exclude a t  this stage the possibility tliat the 

act,ual pha.se dia.grain is more complicated, with va.iious 

otl.ier interniediate phases occurring. Moreover, if our 
- - 

st,artiiig assuinptioii, t ha t  the  ground s ta te  for t = d = O 

lias complete spontaneous aligninent of the isospin vec- 
+ 

t,or I! is not correct,? then there must be a more com- 

plicakd phase structure than we ha.ve indicated near 

t,he lower left corner of Fig. 1. Amoiig the theoretical 
- - 

possibilit.ies for the ground d a t e  a t  t = d = O are the 

following: (1) there inight be an isospin singlet ground 

sta.te with soine t,ype of energy gap, which would thus 

tixliibit a cluantizecl Hall effect,; (2) there might be an  
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isospin singlet. ground s t a k  1vit.11 no energy gap,  tle- 

scribed wit.liiii tlie fermioii Cliern-Siinoils picturc as 
- 

Iiaving a 5ingle Cherii-Simons fielcl, witli @ = 2 ,  m c l  

a Ferili surface: wit,li kF = (2~7,,) '/ '! for each isospin 

st,at,c; or (3) t,lic 331 sta.t,c iiiiglit exist. as a. st,al~lc grouiicl 
- - 

state ai1 t,lie wa.y down t,o tlie poinl I = d = O .  Siiice 

t,lic 331 stat,e is not, ai1 eigenst.at,e of I': it cannot. be the 
- - 

t,rue groui1.l st,at,e for a. fiiiit,e syst,ciii at  t = d = O ;  how- 

ever, it COL ld be t,he ground s t a k  of ali infinite systein 

if Iliere is ti. spont,aileously brolteil isospiii syiilmetry. 

\I'e note tliat BCS pairiiig, in tlie fermioii Clierii- 
- 

Simons picture wit,li d = 2, has also I~eeii usctl to tlis- 

cuss tlie sp .li-singlet "liollom-core" grouiicl sta.t,e of I1a.l- 

da.iie a i ~ d  Ilcmyi 1%; origiiially proposed as ali expiar 

iiation for ,Iie quaiitizecl Ball state of a single lwer  a t  

I /  = 512. (Tliis is a. st,a.t,e wliere tlic lo~vest La.iic1au 

leve1 i?; conipletely full ancl tliere is a. one-half cleclron 

per flux cliiaiituin in tlie secoiid Lr1.1ida.u levcl.) 111 tliis 

case t,lie BCS pairiiig lias k,  = -2 for tlie traiisforinccl 

ferinions; correspoiidiiig to  pairs wit,li k ,  = O for Lhe 

origiiial ele,:trons [".'I. 

Very re1:ent nuinerical ca.lciilatioiis by R. Morf ["I 

suggest tlict the correct ground sta.tc for it = c1 = O 

is an isospin singlet ground stat,c with no energy ga.11, 

as in possil:ilit,y (2) meiit,ioned al>ove. If t,liis is correct., 

tlien thc lo~ ie r  left. coriier of Fig. 1 shoulcl coiitain a iiew - 
plinse having a single Clierii-Simons field witli = 2, 

ancl two fer,ni surfaces, witli ra.dii kF+ arid kF-, corre- 

sponding tc  fermions witli I, = 112 ancl I, = -112, re- 

spectively. i?; t i s  increased, t,he ra.tio / c F - / / c F +  sliould 

decrcase co:it,iiiuotisly iii phase D from tlie value uiiit,y, 

aí, = 0: uiitil the bouiidary witli plia.se B is encouii- 

tered, wlierc: k F -  = 0. The  sum k;- + h.$+ i~ ius t  l)e a 

coiista.nt, 4;:n,. 

Recent e~perinieii t~al  results reported by Y.Mr. Suen 

et  (11. 13" SL ggest t ha t  in actual clouble layer systeiix, 

contrary to the niodel calculat,ions of Ref. 27, tlie quan- 

tized Hall s h t e  may be absent. regardless of t>he va.lue 

of 2, wlieii i is sufficiently lasge. If tliis is correcl, t,lien 

tl-ie QI-IE s t  tte C should not. ext,end a11 t,lie w y  to  tlie 

riglit-liand bounclary of Fig. 1. Phases B and B' may 

tlien l x  unitcd into a single phase, connected in t,l-ie 

riglit-liantl portion of tlie figure. 

IV. Coi ic lus ion 

Alt,liougli ma.ny details remain to be understood, it, 

scenls clcar that  the tra.iisformatio11 t o  fermions with a 

Çherii-Siinoiis field is a powerful to01 for understanding 

t,lie beliavior of electrons a t  v =.1/2, in hoth single and 

cloul~lc layer systems. 
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