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A representation for the causal propagator of arelativistic scalar particle by means of a path
integral over velocitiesis presented. In this representation we are integrating over velocities
v with arbitrary initial and final conditions, and the matrices which have to be inverted in
course of doing Gaussian integrals do not contain any derivatives in time. The integration
measure contains a 6-function of [ vdr, which nevertheless, can be easily incorporated in
the usual Gaussian structure. One can define Gaussian and quasi-Gaussian integrals over
velocities and rules of handling them. Using such a technique, an explicit expression for the
propagator is found in a constant homogeneous electromagnetic field and its combination

with a plane wavefield.

I. Introduction

Propagatorsof relativistic particlesin external fields
(electromagnetic, non-Abelian or gravitational) con-
tain important information about quantum behavior
of these particles. Moreover, if such propagators are
known in arbitrary external field, one can find ex-
act one-particle Green's functions in the correspond-
ing quantum field theory, taking functional integrals
over the external field. It is known that the prop-
agators can be presented by means of path integrals
over classical trajectories. Such representations were
already discussed in the literature for a long time in
different contexts!!=16l. Over recent years this activ-
ity got some additional motivation to learn on these
simple examples how to quantize by means of path in-
tegral~more complicated theories, such as string the-
ory, gravity and so on. Path integral representations
can be effectively used for calculations of propagators,
for example, for calculations of propagators in exter-
nal electromagnetic or gravitational fields. However, in
contrast with the field theory, where path integration
rules are enough well defined (at least in the frame of
perturbation theory[1%:18l) in relativistic and nonrel-
ativistic quantum mechanics there are problenis with

uniqueness of definition of path integrals, with bound-
ary conditions, and so onf*:19-23],

In this paper we present spinless relativistic parti-
cle propagator by a path integral over velocities. In
the representation the integration is going over veloci-
ties with arbitrary initial and final conditions, and the
matrices which have to be inverted in course of doing
Gaussian integrals do not contain any derivatives in
time. The integration measure contains a 6-function of
J vdr, which nevertheless, can be easily incorporatedin
the usual Gaussian structure. One can define universal
Gaussian and quasi-Gaussian integrals over velocities
and rules of handling them. This approach is similar
the to one used in the field theory (in the frame of
perturbation theory!17:18]). Weillustrate the approach
on calculation of the propagator in a constant homoge-
neous electromagnetic field and its combination with a
plane wave field. For these cases we get closed expres-
sion for the propagator. One ought to say that path
integral methods were often applied for such kind of
calculations. For example, in the works Refs. 2 and 4
the causal propagatorsfor scalar and spinning particles
in external electromagnetic field of a plane wave were
found by means of path integrations. The same prob-
lem was solved in Ref. 5 for the crossed electric and
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magnetic fields. More complicated combination of elec-
tromagnetic field, consisting of parallel magnetic and
electric field together with a plane wave, propagating
along, was considered in Refs. 3 and 12.

Il. Representation of scalar particle propagator
by means of path integral over velocities

As known, the propagator of a scalar particle in
an external electromagnetic field A,(z) is the causa
Green's function D(x, y) of the Klein-Gordon equation
in thisfield,

|

DC

where P, = —p, — gA, (X), and the integration goes
over trajectories z# (1), p, (r), A(r), = (r), parame-
terized by some parameter r € [0, 1]. Boundary condi-
tions hold only for z(7) and A(r),

2 (0) = zin, A(0)=X.  (2.3)

z(1) = Zout,

In (2.2) and in what followswe use the notation

1
/dr:/ dr.
4]

845

[(ia — gAY —m? + ie] De(z,y) = -6*(z—y), (2.1)

where x (z*), Minkowski tensor 7.
diag(l —1— 1- 1), andinfinitesimal term i¢ selects the
causal solution.

Consider the Hamiltonian form of the path integral
representation for D¢ (x,y). For certainty we will use
notations and a definition of the integral by means of
discretization procedure presented in Ref. 13

00 Lout
D¢ (zout, Tin) = z/ d/\o/ D/\/Dﬂ’/ Dm/Dp
Q Ao Tin

xeXp{i/dr[,\(PZ—mz)+pa'c+7r,'\]},

(2.2)

Our aimisto transform the integral (2.2) to aform
convenient, from our point of view, for calculations.
First we shift the momenta,

&
+_Ii+gAl~‘($) )

~Pu 2

— Dy

make the replacement e = 24 and fulfil the integration
over 7 and A,

D¢ = 1/ deo/ ™ Dm/Dp (2.4)
2 Jo Zin
: P SO, -
x exp{i /dr[—%«g"‘ 2 (p* — m?) — gzA(z) } .
Then, after the replacement
\/5;0—*17’ t—%ﬂqx’ Az = Tout — Tin ,
taking into account the definition of the integral (2.2) by means of discretization, we get the expression
depg—exp[ (eom + —&a——)]/ D:t:/Dp (2.5)

xexp{ /dT[ %

+ 5 — g(Veod + Az)A(VEoT + Tin + TAx)] }
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where the trajectories z# (r )obey already zero bound-

ary conditions,
J=Detb(r—r1")

2(0)==z(1)=0. (2.6)
and regularized, for example, in the frame of discretiza-

Now we replace the integration over thetrajectories  tion procedure. Note that because of (2.6), the trajec-

z#(r) by one over velocities v#(r), tories v (r )must obey the conditions
T

o) = [or—rperir = [Corar, [v@ar=o. 28)

u(r) = (7). (2.7) . N _
Wecan takeit into account, inserting the corresponding
The corresponding Jacobian can be written as four-dimensional §-function in the path integral. Thus,

|
e 1 [®de, i ,  Az?

D¢ = 5,/0 -e—g—exp [-—5 (eom + —*60 >j’ (29)

/DvJ /Dp64 </vdr>exp{i/dr[—%2—+£;
—g (\/zgv +Az) A (\/%/OT v(r)dr' + zin + TAa:)jl}

One can formally find the Jacobian J, switching dff the potential A,(z) in (2.9) and using the expression for the

free causal Green function D§ ,

1 * de 1 Az?
DS = D(c)(a?out;xin) = '2—(57;-)—2'/ —QgeXp {—5 (60m2 + ————)] .

€0 €q

J= i—(217r)2— [/ Dv/Dp ti* <fvdr) exp {z’/dr (—3; + %) }] o (2.10)

Gathering these results, we may write

So, we get

D* = 5(—2%-)—2—/:0 %%qexp [—-;— <eom2 + %)} Aleo), (2.11)
Aleg) = /Dv &4 (J vdr) exp{i J dr [—323 - g(Veov T Az)
x A (\/EE/OT o(r)dr’ + Tin + TA(IZ)}} , (2.12)

where the new measureV v has the form

Dv = Dv U Dv §* (/vdr) exp {i/dr <—§) H—l : (2.13)

It isclear that A(eg) =1lat A=0. not subjected to any boundary conditions and no time
derivatives appear in integrand, so, e.g. the matrices

Thus, we got a representation for the propagator of

a scalar particle by means of a special kind path integral which have to be inverted in course of doing Gaussian

over velocities, in which theintegration over velocitiesis
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integrals do not contain any time derivatives. One can
formulate universal rules of handling such integrals in
the frame of perturbation theory, what will be done in
the next section.

III. Gaussian and quasi-Gaussian path integrals
over velocities

In the previous sections we demonstrated that the
propagator of spinless particle can be presented by
means of bosonic path integral over velocities of space-
time coordinates. This integral have the following

./Dv §* (/vdr) F V], (3.1)

structure

where

Dv = Dv [‘/Dv 5t (/vdr) exp{i A/d'r ('%)}] ,

(32)

847

with some functional F'[v].

Waysof doing path integrals of general form are un-
known at present time, only Gaussian path integrals,
treated in certain sense, can be taken directly. That is
asovalid with regardstotheintegralsin question (3.1).
However, if we restrict ourselves with a limited class of
functionals F'[v}, which are called quasi-Gaussian and
are defined below, then one can formul ate some univer-
sal rules of their calculation and handling them. Similar
idea has been realized in thefield theory*"*8l. There-
striction with quasi-Gaussian functionals corresponds,
in fact, to a perturbation theory, with Gaussian path
integral as a zero order approximation.

Introduce Gaussian functional Fg[v,I],

Fglv, I] = exp {——;—/d%dr'v“(r)L#,,(g,r, W (1) - i/drl,,(r)v”('r)} , | (3.3)

where v#(r) are the velocities and I,(r) are corresponding sources to them. We call a functional Fyg[v, I1 quasi-

Gaussian if

Fyglv, Il = FlvlFg[v,I] | (3.4)

where F'[v] is afunctional, which can be expanded in the functional series of v,

Flv] = Z/dn el Fyy g, (11 o) 0H (1) L 0E () (3.5)

In (3.3) the matrix L,, (g, r,r") supposes to have thefollowingform

L;w(']s T, 7") = 77;11/5(7- - TI) + yMl“/ (T7 TI) C (3‘6)

Define the path integral over velocities v of the Gaussian functional as

/Dv 5% (/ vdr) Fglv, I

~ [Det L(g) det I(g)

(3.7)

~ | Det Z(0) det 1(0)]_1/2exp{ %/ drdr’I(T)K(r, r')I(r')} ’

where

K(r,r') = L7Hg,7,7) - QTN 9)R(r)
I(g) = /drd‘r'L'l(g,r, ), Q(r) = /dT,L_l(g,T'/,T). (3.8)
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The formula (3.7) can be considered as an infinite di-
mensional generalization of the straightforward calcu-
lations result in the frame of the discretization proce-
dure, connected with the original definition of path in-
tegrals for propagators discussed in the previous sec-
tions. In course of doing of finite dimensional integrals
it is implied a supplementary definition of arisen im-
proper Gaussian integrals by means of the analytical
continuation in the matrix elements of the nonsingular

d—cj]Det L(g) = Det L(g) Tr L™Y(g)

which can be solved in the form

Det L(0)

matrix L.

Toavoid problemswith calculations of determinants
of matrices with continuous indices we can USe some
convenient representation. Let us differentiate the well

known formula
Det L(g) = exp [Tr In L(g)]

with respect to g. So we get the equation

4L(g)

== =Det L{g) Tr L™ ()M,

dg

(3.9)

Takinginto account that det /(0) = —1, we can rewrite the path integral of the Gaussian functional in the following

form

/’Dv & </ vdr) Felv, I]

(3.10)

= [~ det i(g)] " ?exp {%/deTlI(T)I{(T, ™I - %.Ag dg'Tr L‘l(g')M} .

The path integral of the quasi-Gaussian functional we define through one of the Gaussian functional

/Dv 64 (/ vdr) Fuglv,I]=F (:%) /Dv 64 (/ vd‘r) Fgv, I

(3.11)

= [-det ()] /*F (i :&—_) exp{%/deTlI(T).K(T, ™I(r') - %.Ag dg'Tr L_l(g')M} .
61

One can formulate rules of handling integrals from quasi-Gaussian functionals, using the formula (3.11). For

example, such integrals are invariant under shifts of integration variables,

(3.12)

/Dv &* (/(v + u)d'r) Fuglv+u, I} = /’Dv & (/vdT) Fyglv, 1] .

The validity of this assertion for the Gaussian integral can be verified by a direct calculation. Then the general
formula(3.12) followsfrom (3.11). Using the property (3.12), one can derive an useful generalization of the formula
(3.11),
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/ Dv 64 (/vdr - a) Fuev,1]
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= [ det o)™ /*F (z%) oxp{3 [ drar 1)K (r 7))

-%al'l(g)a —ial™(g) /Q(T)I(T)d‘r - -;—/Og dg'Tx L_I(HI)M} )

where a is a constant vector. The integral of the total
functional derivative over »#(7) is equal to zero,

/Dv 51;‘5(7) 54 (/vdr) Fuglv,I]=0. (3.14)

This property may be obtained as a consequence o the
functional integral invariance under the shift of vari-

%/’Dv 8 (/vdr) Fuglv,1,0] = /Dv §* (/vdr) %Fqc[v,l, a].

Finally, the formulafor the change of the variablesholds:

/ Dy 6 ( / vdr> Fuelv, Il = / Dy §* ( / ¢d'r> Fyc[¢,I] Det ‘;‘i’

where ¢, (v) isaset of analytical functionalsin v, pa-
rameterized by r . One can proveformulas (3.15, 3.16)
in the same manner as it was done in Ref. 18 for the
case of the fidd theory.

Thus, in relativistic quantum mechanics, in the
frame o perturbation theory, one can define quasi-
Gaussian path integrals over velocitiesand rulesof han-
dling them. This definition is close to one in fidd
theory[1%:18] and the analogy isstressed by the circum-
stance that, as in the field theory, the integrals over
velocities do not contain explicitly any boundary condi-
tionfor trajectories of theintegration. After therulesdf
integration areformulated, one can forget about the ori-
gin of theintegralsover velocities and fulfil integrations,
using the rulesonly. In the next section we demonstrate
this technique on some examples.

(3.13)

|

ables, aswdl as by direct calculations of integral (3.14).
Using the latter, one can derive formulas of integration
by parts, which we do not present here. If a quasi-
Gaussian functional depends on a parameter a , then
the derivative with respect to this parameter is commu-
tative with the integral sign,

(3.15)

-(v) |
ok (3.16)

IV. Calculation of propagator in external elec-
tromagneticfields

Here we are going to calculate the propagator of a
scalar particle in an external electromagnetic field, us-
ing representation (2.11) and the rules of integrations
presented in the previoussections. We consider a com-
bination of a constant homogeneous field and a plane
wave field. The potentials for this field may be taken
in the form

1
A @) ==5Fwe T fu(nx) , (4D
where F,, is the fidd strength tensor of the constant

homogeneousfidd with nonzero invariants

1 1
F= {RuF 0, G=—1ELF* 0,



850 Brazilian Journal of Physics, vol. 24, no. 4, December, 1994

(F;;V = %CuyaﬁFQﬂ, euep 1S totally antisymmetric are expressed
tensor), in terms of which its eigenvalues E and 31
|
Fyn® = <&n,, F,n" =Ea,, Fub =iHl, , F, 0" = —iHE, (4.2)

&= |(F* + 6%} —f] =[P+ F)E

The eigenvectors n, 7, £, £ are isotropic and obey the conditions

=l =P=0=0, ni=2,U=-2, nl=b=nl=al=0. (4.3)

The functions f,;, (nx) are arbitrary, except for the fact that they are subject to the conditions

fu(X)n# = fi, (nx)n* = 0. (4.4)

The total field strength tensor for the potential (4.1) is

Fu(z) = Fuy + 9, (ne), ¥, (nz) =n,f,(nz) — n, f,(nz) (4.5)

SincetheinvariantsF , G of thetensor F,,, arenonzero,
there exists a special reference frame where the electric
and magnetic fields, corresponding to this tensor, are
collinear with respect to one another and to the spatial
part n of the four-vector n. In this reference frarne, the
total field F,,(z) corresponds to a constant homoge-
neous and collinear electric and magneticfieldstogether
with a plane wave propagating along them; £ ,’H, be-
ing equal to the strengths of a constant homogeneous
electric and magnetic fields, respectively. In terms of

[

the defined eigenvectors the tensor F,,, can be written

as
Fo= g(ﬁ”n,, — M) + %{- (6,6, —£,8,) , (4.6)

and the completeness relation holds
Maw = 5 Ry + ity = By = 0,8) . (47)

The latter alows one to express any four-vector u in
terms of the eigenvectors (4.2),

ub = nfuD 4 sy 4 pry3) 4 gy
1 1 1- 1
) = 25 () - 2 3 - _= 4~ _=
utl = g, u I, U 2£u , U 2Ku . (4.8)

In these concrete calculationsit is convenient for us to make ashift of variablesin the formula(2.12), to rewrite

it in thefollowing form

Aeo) = exp (2%)> _/Dv &* (l/vdr - %)

X exp {z / dr {_3’; ~ 9 /eovd (ﬁg /0 "o )dr + mn)]} . (4.9)
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The calculations will be made in two steps: first in a constant homogeneousfield only, and then in the total com-
bination (4.1), using some results of the first problem. Thus, on the first step the potentials of the electromagnetic

field are

A ()= =ZFux .

Substituting the external field (4.10) into (4.9), one can find

A(ep) = exp <z

2
Az )/Dv 54<
260

(4.10)
Az
vdT — T/%) (4.11)

X exp {—% \] drdr'v(r)L (g,r, ) v(r") i / Ve T F vdr} ,

where

Ly(g,mr)=nué(r—1") - %FMVG(T -7'). (4.12)

The path integral (4.11) is the Gaussian one (see
(3.13)). To get an answer, one needs to find the in-
verse matrix L=1(g, 7, 7'), which satisfies the equation

/L(g,r, LY (g, 7, AT = §(r —r').

Its solution has the form

L7Hg,r, ™) =8(r—r)t @exp {geo(r — 7')F} [e(r — 7') — tanh (g)] .

2

l

One can demonstrate that this equation is equivalent
to a differential one,

%L-—l(g’ r ’7-/) - geOF L_l(gy T, 7—/) = 51(7' - TI) ’
(4.13)

with initial condition

7,0,y 5 [ 17, e i = 6

(4.14)

Using (4.14), one can find all ingredients of the general formula (3.13), taking into account that a =

~Az/ /ey, 1(r) = gy/EwinF /2.
Thus,

K(r,7)  =6(r-r)t ge;F exp {geo(r — 7)F} [G(T =)~ coth (gegF” ’

J drdr'K(r,r')=0, J drQ(r)=1(g) , l(g) =

(4.15)

tanhgegF/2
geoF/2

g
M(r, ) = ——%)-FE(T— ), / dg'TrL ™ (¢" )M = trIn(cosh geo F/2) ,

where the symbol “tr” is being taken over four dimensional indices only. Then

A(eo) = [_ det (SM

gF/2

N

(4.16)

T A2
X exp {% [% t 9 ToutF'Tin — %Am gF coth (%) Ax}}

Substituting (4.16) into (2.11), we get afinal expression for the causal propagator of ascalar particle in a constant

homogeneous electromagnetic field
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1 o0 sinhgeo F/2\] /2
De )= ——— | de, |~ det (2100172 417
(%out, Tin) 2(271')2/0 e"[ det( 9F/2 (4.17)

X exp{ [gxoutfwm —egm? — -]é'Ax gF coth(geg-}«’-”“ B Ao ]}

This result wasfirst derived by Schwinger, using his proper time method[24].
Now we return to the total electromagnetic field (4.1). Let us substitute the potential (4.1) into (4.9),

A(eq) = exp G%f;) /’Dv & (/ vdr — -je—ﬁo) (4.18)

X exp {—% JdeT/”(T)L (g,r,7)v(r) —i J g\f"
i a0 (s | )}

with L(g, 7, 7') defined in (4.12). One can take theintegral (4.18) as quasi-Gaussian, in accordance with theformula
(3.13). So, one can write

ZinF vdr

Aleo) (4.19)
= exp {g\/EO/d'rf (n:c,-n + iveg /OT na%l—)drj 5 B lr=0,
where
B(I) = exp (é::) / Dy & ( vdr — —\/:) (4.20)

X exp {—% / drdr'o(r)L (g, 7, ) o(r') — i / (" ‘fxinpf I(T)) 'U(T)d'r}

The integral can be found similar to (4.11). As a result we get
B(l) = exp{-;- / drdr'I(r)K (r,7") I(r) - iJ I(T)a(r)dr} A(eo)|w=0 , (4.21)
where A(ep)|w=0 iS the expression given by (4.16), K(r, ') is defined in (4.15), and

a(r) = (1 + coth (geo F'/2)) geo Fexp (—geoFT) .

To obtain the action of the operator mvoIved in (4.19) on the functional B (1), we decompose the sources I#(7)
in the eigenvectors (4.2), using (4.8)

IM(r)= (n“ al(r)+ a# nI(r) — ¢ 2I(1) - & 2I(7)) .

Then, it is possible to write
§ § )
=2 -
"5 - g T 51(T) = 5

+ fw()

Using this, we get

. s .\ 6
d (”*‘f/ ”61(#)6”) 51(7) |
) , T s\ 6 o 5 N\ 6
=4 (“"”'” +ive /0 6ﬁI(T’)dT) 521(7) +ef <”$”‘ +“/E°/O 6ﬁI(r’)dT> SI(r)
/deT'I(T)K (r, ™) I(r")

= /drdr’ [RI() nI(r)K (1,7, &) — 2I(7) LI(T)K (7,7, iH)] ,

/I(T)a(r)dr = %/ [I(r) na(r) + nI(r) fa(r) — £I(7) £a(r) — £I(7) La(7)] dT ,
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where
K (r,7,&) = 6(r= 1)+ g exp{geo(r — 7)€} [6(7 ~ )~ coth (ge;g)] ’
K70 = 6= )+ 25 ot 0 = )+t (252

Now the exponent of the functional B[] islinear in nI(7) , RI(r) , £I(r) ,£I(r). Thus, one can easyly get the
result

A(eg) = exp {%gzeo /drd'r’f (nza(7)) K(r,7')f (nza(r))
+ig\/50/d1'a(r)f (nmcz(r))} Aleo)|w=o0 , (4.22)

4 1-exp(geofr)

1 _exp (geog) Az, nea(0) = nvin nea(l) = naout

nz.(r) = neiy

where z(7) is the solution!!? of the Lorentz equation in the external electromagnetic fidd (4.1). Gathering (4.22)
and (4.16), we get

Aleg) = [' det sm};cff—;"é o exp { % [9% ous Fin

_% (Az+1(eo, 1)) gF coth(geoF/2) (AxT I(eo, 1)) T 28(eo)

+Az gFl(ep, 1) + %fi] } , (4.23)
where

B(eo) = eo [ af (nea(r)lof (n2a(r)) + gFlen, ) dr (4:24)

l(eg,7) = eO/OT exp {geo(r — YF) gf (nza(r')} dr’ .

Substituting (4.23) into (2.11), we arrive to the final expression for the causal propagator of ascalar particle in the
external electromagneticfidd (4.1):

. o 1 /°° sinh geg F/2 —i/2
D (mout, Q?;n) = '—'2 (27r)2 A deo [—' det <W (425)

X exp {-;- [9Zout Fzin — eom? T Ax gFl(eq, 1)

—% (AX+ 1(60, 1)) gF coth (geoF/Q) (AX + 1(60, 1)) + 2@(60)] } .

I
Thisexpression coincides with the one obtained in Ref. Acknowledgments
25, by means of the method of summation over exact
solutionsdof Klein-Gordon equation in the external field
(4.1). Adetailed description of quantum electrodynam-
ical processes in such afield can be found in Refs. 12
and 26.
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