
Brazilian Journal of Physics, vol. 23, no. 1, March, 1993 

Gravitational Aharonov-Bohm Effect for a Spinor 
Part icle 

Ivonete B. dos Santos and Valdir B. Bezerra 
Departamento de Fisica, Centro de Ciências Exatas e da Natureza 

Universidade Federal da Paraiba, 58059 João Pessoa, Pb, Brasil 

Received December 21, 1991 

We consider a spinor particle in the background spacetime generated by a cosmic string. 
Some physical effects associated with the non-trivial conical topology of this spacetime are 
investigated. 

Topological defects of spacetime can be charac- 
terized by a spacetime metric with nu11 Riemann- 
Christoffel curvature tensor everywhere except on the 
defects, that is, by conic type of curvature singularities. 
Recent attempts to  marry the grand unified theories of 
particle physics with general relativistic models of the 
early evolution of the universe have predicted the exis- 
tente of such topological defects. One example of these 
topological defects are the cosmic stringsI1] which ap- 
pear naturally in gauge theories with spontaneous sym- 
metry breaking. 

Cosmic strings are expected to be created during the 
phase transitions. Some may still exist and may even 
be observable; others may have collapsed long ago, and 
have served as the seeds of the galaxies[112]. Straight 
cosmic strings are long and exceedingly fine objects. 
Their thickness is comparable to the Compton wave- 
length h/m (in units c = 1) of typical particles when 
the string was formed and their tension were enormous, 
numerically equal to  their linear mass density times the 
square of the speed of light. The tension, for example, 
for grand unified strings with mass per unit length on 
the order of 1 0 ~ ~ ~ / c m  would be 1 0 ~ ~  dynes. 

The line element of the spacetime described by an 
infinite, straight and static cylindrically symmetric cos- 
mic string12], lying along the z -a i s ,  is given by['] 

in a cylindrical coordinate system ( t ,  p, cp, z )  with p 2 O 
and O 5 cp < 2a,  the hypersurface cp = O and cp = 27r 
being identified. The parameter a is related to the lin- 
ear mass density p of the string by a = 1 - 4p. This 
metric describes the spacetime which is locally flat (for 
p # 0) but has conelike singularity at p = O with the 
angle deficit 81rp. Then, the spacetime around an in- 
finite straight and static cosmic string is locally flat 
but of course not globally flat; it does not differ from 
Minkowski spacetime locally, it does differ globally. The 

local flatness of the spacetime surrounding a straight 
cosrnic string means that there is no local gravity due 
to the string. There is no Newtonian gravitational po- 
tencial around the string and consequently a particle 
placed at rest in the spacetime of a cosmic string will 
not be attracted to it ,  even though the string may 
have a linear mass density on the order of 1022g/cm. 
There is no Newtonian gravitational potential around 
the string, however we have some very interesting grav- 
itational effects associated with the non-trivial topol- 
ogy of the space-like sections around the cosrnic string. 
Among these effects, a cosrnic string can act as a grav- 
itational l e n ~ [ ~ ]  and can induce a repulsive force on an 
electric charge at restc4]. Others effects include pair 
production by a high energy photon when it is placed 
in the spacetime around a cosmic stringL5] and a grav- 
itational ana log~e[~]  of the electromagnetic Aharonov- 
Bohm effectF7]. Clearly a11 those gravitational effects of 
a cosmic string are due to global (topological) features 
of this spacetime. 

In this paper we study some effects of the global 
features of the spacetime of a straight cosmic string on 
a spinor particle. To do this we use the Dirac equation 
in covariant form. 

Let us consider a spinor quantum particle imbed- 
ded in a classical background gravitational field. Its 
behavior is described by the covariant Dirac equation 

where yp(x) are the generalized Dirac matrices and are 
given in terrns of the standard flat spacetime gammas 
y(') by the relation 

where e( (x) are vierbeins defined by the relations 
a) 
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= g"". ( 4 )  

The product yhr,  that appears in the Dirac equa- 
tion can be mitten 

1 
A(,) = - 2  (e" (a) , ,  + era)%) (6) 

and 
1 

fi(4 = p m ( c ) ( d )  
e(b)Pe(~)ve(d)  

V,,' (7) 

where ~(,)(~,(,)!d) is the completely antisymmetric 
fourth-order unit tensor and the comma denotes d/dx,. 

For the nietric corresponding to a cosmic string we 
shall use the following vierbeins: 

which yields the proper flat spacetime lirnit ( a  = 1) .  
Using Eqs. (5), (6), (7) and the above set of vierbeins 
we get 

and 
1 r2 = -(I - a)y(1)y(2), 
2 (9) 

and consequently, the following Dirac equation 

where -y(p) = C O S ~  y(l) + s inp  y(2) and y ( ~ )  = 
-s in  py(l) + cosp y(2). 

To exploit the symmetry of the string under z trans- 
lation, we use the following representation of the Dirac 
matrices: 

Since there is no z term in Dirac equation, it separates 
into two independent equations for two-component 
spinors . 

The spacetime corresponding to a cosmic string is 
time independent, so the time dependence of the wave 
function that solves Eq.(2) may be separated as e-iEt 
and one is led to a stationary problem at fixed energy 
E. Moreover, rotational invariance of the metric allow 
us to separate the p dependence. In view of these we 
choose the solutions of Eq.(2) in the form 

Tbe equations of motion become 

( E  - m) i [(a, + &) + (e+ t)] 
i [- (a,+&) + &  (e++)] - (E + m) (13)  

The gene::al solutions of the above equations are 
given by 

where i = 1 ,2 ,  X 2  = E2 - m2 and v = 3 - a 2 ,  
( 2 )  C!,:) and C,,, are constant two-component spinors and 

Jlv+(i-l)I (Xp) m d  1)1 ( (Xp)  are Bessel functions 
of the first and second kind, respectively. 

The equations of this section are similar to the ob- 
tained in the analysis of the ( 2  + 1)- dimensional 

Let us brirfly study the dependence of on a. This 

dependence can be see also from the expression for the 
rnean energy density (< H >= J d3rJ$tHS,)  of a par- 
ticle in a state with wave function S,. In the expres- 
sion for < H >, J  is the Jacobian and is given by 
J = ,/- = ap and 

is the Harniltonian. 
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F'rom the expressions for H and < H > it is easy 
to  see that the energy levels will depend strongly on a 
and thus they will be different from the Minkowski case 
by tl-iis parameter. 

Now, let us compute the current, which is defined. 
as 

If S) is a massive field, jp can be written as  

which represents the Gordon decomposition of the 
Dirac probability current j f i .  

In the spacetime of a cosmic string, we have 

Then, using Eq. (16) and the results in (17a-d), we obtain, 

j0  = V . P + P convective, 

with 

and 

where the convective parts are derived from 
++ i AgpX?3; d x  S) .  The polarization densities are given = G&(~>r<p)h (194  

by 
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The vector M has the meaning of a magnetization 
current density if we consider to  an externa1 electru 
magnetic field. 

Note the dependence of j p ,  thought the component 
j(,), on the parameter a. Then, the current differs from 
the Minkowski spacetime case by a term containing a 
dependence cm a. So, the fact that the spacetime corre- 
sponding to ;L cosmic string is locally flat but not glob- 
ally is also cc ded into the probability current. There is 
a physical efl'ect on the current relative to  Minkowski 
spacetime wliich comes out from the topological fea- 
tures of the spacetime surrounding cosmic string. 

A quantuin spinor particle in the background space- 
time around cosmic string is affected by the fact that 
this spacetime is locally flat but not globally. This can 
be seen from the dependence of the wave function and 
the energy or the parameter a ,  as well as on the influ- 
ente of the puameter a on the Dirac probability cur- 
rent. AI1 thes? interesting effects, codified into the wave 
function, ene.gy and current, are due t o  a non-trivial 
conical topolcgy of the spacetime generated by a cosrnic 
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