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Microscopic calculations of the astropliysically interesting reaction d + d i 3 H e  + n and 
d + d -, 3~ + p are performed using nuclear reaction theory and Born-Oppenheimer type 
molecular calculation of the d + d initial stage. The sensitivity of the fusion rate to the 
behaviour of the d $ d wave function at close to  zero separation is assessed. Relevance of 
the results to  the cold fusion problem is discussed. 

I - Introduction 

Recently, interest has arisen in very low energy fu- 
sion reactions of the type 

Although the so-called cold fusion has not been fully 
~erified[l-~],  it is still of importance to study these re- 
actions for their relevance to  fusion energy application 
and for nuclear processes in the early solar system and 
early ~niverse[~] .  

The fusion rate of two hydrogen nuclei in a diatomic 
molecule is invariably written as 

where rpdd  is the normalized wave function describing 
the relative molecular motion of the two nuclei; A is 
related to  the low-energy behaviour of the fusion cross 

O 
s e c t i ~ n [ ~ ]  and is tabulated in ref.[8]. Finally R d d  is the 

molecular distance fixed for the purpose of evaluating 
A, usually taken to be 10 fm. The vaIues of A given in 
ref.[7] are extrapolations from low-energy fusion mea- 
surements to lower energies. In the evaluation of ( 1 )  

. . 
o 

( p d d ( ~ d d =  10)12 is calculated from a molecular model 
for the two approaching hydrogen nuclei and A is taken 
from ref.181. 

The purpose of the present paper is to  calculate A 
and accordingly A from a fully microscopic model that 
utilizes known low-energy behaviour of the observables 
of these few body systerns. The aim here is not so much 
the absolute value of the fusion rate but rather to  have 
at hand a model through which the sensitivity of A to 
the short distance (SD) behaviour of the radial d + d 
wave function. In the context of cold fusion, the effect of 
the enviroment in which the d + d system is implanted, 
is simulated here by a change in the SD behaviour of 

r p d d ( 4 .  

The paper is organized as follows. In section II a 
three-body model is proposed t o  treat the d + d inter- 
action. In section I11 the results of the calculation is 
presented and in section IV we present our conclusions 
and discussion. 
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11. The Model 

We consider the process d + d - 3 H e  + n as being 



T. fiedericc et al. 

that of the t,reak-up of one of the deuterons and subse- 
quent interaction (or fusion) of the participant proton 
with the other deuteron nucleus. 

The corresponding amplitude can be written down 
as[9~101 

where @(+I describes the three-body n - p - d system, 
,Cn is the oiitgoing momentum of the spectator neu- 
tron and V,, and Vnd are the n - p and n - d inter- 
action potentials respectively. Note that the amplitude 
for the proc1:ss d + d - 3He + p can be written as 
<3 H ,  KplVnp + vpdl@(+) > . We write the three-body 
Schrodinger equation as 

where I< is t he kinetic energy operator. Then one can 
define the three Faddeev wave function Qnp1 Qnd, Qpd, 
where @ = + Qnd $ qpd, are given by 

since qnp + qnd = G ~ ) ( V , ~  + we can write 
for the ampl !tude 

where the approximation < IQnd ><< IQnp > is made 
(+I since @np is the most dominant of the three Faddeev 

components as it contains the incident d - d 
channel. Further we have used the identity 
c3 He,  k, IG'(+)-' =<3 He,  L, [ ( E  - I<, - I;P - Kd) = 
c3 He,  6,I:E - I<,, - I<p - Kd - Vpd) $ Tjpd =<3 

He, kn IVpd. 
A DWBBL treatment of @i:) is no, in order such 

that 
@i$) l ~ y ? ~ $ d  > I  (6) 

where (bd is the intrinsic wave function of the active 
deuteron and is the rnolecular+nuclear distorted 
wave functio.1 that describes the relative motion of the 
two deuterons. We remove the short-range nuclear d i s  
tortion from and apply it to the outgoing neu- 
tron plane wave < k,I which then becomes an appro- 
priate distoried wave < piif 1. We thus write finally 

where GzHe is the vertex function of 3He, 

The reaction (fusion) rate, A' in units of fm3 s-l is 
then calculated according to the expression 

where a is the angle integrated cross-section, v is the 
relative incident velocity and Pn-3He is the reduced 
T L - ~ H ~  mass. The value of k, = 0.3438 fm-I is fixed by 
that of the Q-value for the reaction d + d - n +3 He. 

In the calculation below we consider a11 relative mc- 
tions to  be in the S-waves states. With this assumption 
it is then possible to write T as 

where 

and &,d and &, are the p - d and n - p relative coor- 
dinates, respectively and cos 0 = ap . i ?pd /&p~pd .  

The vertex for the 3 ~ e  nucleus is approximated by 
that of 3H  iri order t o  avoid dealing with Coulomb prob- 
lerns. Using separable two-body potentials with Yam- 
aguchi form factors it can be shown[ll] that the vertex 
function that represents 3H  is given by 

where ,Opd = 0.9086 fm-l, p = 0.4485 fm-l and C; = 
1.82 is the asymptotic normalization of 3He [I2]. 

The deuteron bound-state wave function $d(%p) is 
also constructed with a separable Yamaguchi potential 
and is given by[l3] 

where Cd = 1.3 is the asymptotic normalization of the 
deuteron, pd = 0.2316fm-I and Pd = 1.45fm-l. The 
distorted wave function of the outgoing neutron (dis- 
torted by the field of 3 ~ e ) ,  with the same Yamaguchi 
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recipe, is given by[l3] 

sin kn R, So - 1 
~ k ) ( ~ n )  = +- h R, 2ikn 

with So = 90 = 0.5 14, So = -55" l4 and ,& = 
1 fm-'  15. In (13) R, is the relative distance of the 
outgoing neutron with respect to the center of mass of 
3 H e .  

111. Resul t s  

The molecular wave function pg of Eq. (5) should, 
in principle, be found by solving the four- and three- 
body Coulombic problem for D2 and D;, respec- 
tively. However, as usually done, we adopt the Born- 
Oppenheimer approximation. The d - d effective po- 
tential is reasonably well accounted for by the following 
expression7 

where C E 51.8 eV for D2 and 20.4 eV for D:. Tlien 
the WKB approximation gives for the radial the 
following expression 

in the classically forbidden region (Note that pdd of Eq. 
(i) is -&$&/r). The parameter a = (M~/rn,)/w/fi  

[fm2] where MN is the nucleon mass, m, is the elec- 
tron inass and hw is the vibrational frequency of tlie 
molecule. Finally r 0  is the classical turning point. The 
integral in Eq. (15) can be obtained in closed form if 
Eq. (14) is used, and is given by 

where a = 0.53 A is the Bohr radius. Notice that 
the factor r multiplying the exponential above arise 
from the inclusion of the term h2/4r2 in the effec- 
tive potential[16]. This repulsive term represents what 
might be called the semiclassical zero point centrifugal 
energy. Since r 0  0.58A for D2 and 0.9A for 0 2 ,  in 
the r - few fm's region, we may expand the exponent 

and find 

exp [- JF (k)3'2] . 

Notice that (pE(r) given by Eq.(15) is normalized and 
Som ( ( p g ( ~ ) ( ~ d r  = 1. The above discussion about the 
small distance behaviour of V&(T) is fully justified from 
a recent extensive numerical solution of tlie D$ problem 
using the hyperspherical method[l71. 

Before proceeding, we give the values of a for D2 
and D$ respectively, a (Dz )  = 1.0 x 1 0 - ~  f m P 2  and 
a ( ~ z f )  = 0 . 5 5 ~  10-"m-2. These values were obtained 
from the relation a = (MNm,)w/h with fiw(D2) = 0.38 
eV and fiw(D2) = 0.23 e ~ [ l " ] .  

With Eq.(16) for pE( r ) ,  the integrals in Eq. (9) 
for the T-matrix are then easily evaluated. The cal- 
culation of A from Eq. (2) is then performed and we 

o 
find Rdd= 10 fm after multiplying Eq. (8) by the factor 
4 to account for the p and n channel and the bosonic 
nature of the two deuterons, A = 66.7 x 1 0 - ~ ~ c r n ~ s - ~ .  
This value is about 1.5 orders of magnitude larger than 
the extracted value7 1.5 x 1 0 - ~ ~ c r n ~ s - ~ .  Note that the 
neutron- and proton-cliannel cross sections are different 
by as much as un/up - 1.2 but we have ignored this 
difference here. 

The reason behind the rather large value of A ob- 
tained in our model calculation may be the neglect of 
òther processes besides the ones considered here namely 
d+d - p+n+d - p+3He and d+d - p+n+d - 
n +3 H e ,  which might interfere destructively. Further 
work is needed to clarify the situation. We should re- 
mind the reader that the value 1.5 x 10-'ti crn3 s-I 
was extracted from nuclear reaction studies in the KeV 
region. 

The fusion rate A for D2 was found to be 5.3 x 
1oG2 S-l, larger than the value obtained by Koonin and 
~ a u e n b e r g ~  (3 x 10-64 S-I). Similar calculation was 
performed for D: and we found A = 4 x 10-~' s-I . 

Of course our calculation was performed assuming 
free space. However the recent intensive interest in cold 
fusion, which now has considerably subsided, prompts 
us to investigate within our model the possible influence 
of a ,  e.g. crystal environment on A and A. We decided 
to look into effects which may change the short distance 
behaviour of pg (r).  We therefore arbitrarily assumed 
that &(r) behaves like r" where n is a certain number 
decided upon by the type of enviroment in which the 
D2 or D: molecule is found. 

Fig. 1 shows our results for A as a function of n 
o 

for two different values of Rdd, 10 fm and 15 fm. It is 
clear that there is a strong dependence both on n and 
o 
Rdd . We should of course stress that whatever n is, 
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c p z ( r )  must be properly normalized. If the enviroment 
is represented by an effective degree of freedom (besides 
r )  which makes p g ( r )  behaves as rn with n > 0 ,  the 
fusion rate is lowered. 

Figure 1: Calrulated nuclear fusion rate constant, A (mul- 
tiplied by 1.5) vs. n (Here n specifies the form of ydd = 
(Rdd + O )  (:V Rdd)). The solid curve was obtained for 
R;, = 10 fm and the dashed curve corresponds to Rdd = 
15f& See text for details. The full curve can be represented 
by 100.4 and the dashed curve by 100.4 

For n < (i, A is increased, following the exponential 
dependence s;hown in the figure (linear on a log scale). 
In fact the dependence on n was found to be 63.2 e-2.17n 

o o 
at 10 frn and 63.2 at Rdà= 15 fm. For 

u 
n = -0.5, = 213.7 x 10-I em3 s- l  for R d d =  10 

o 
fm and 320.8 x 10-l6 c m 3  s-' for R d d =  15 fm. For 
n = -1.0 w? obtain A = 922.2 x 10-l6 c m 3  s-' for 
o o 
Rdd= 10 fm and 2075.8 x 10-l6 c m 3  s-' for R d d =  15 
fm. 

Finally a comment about the nuclear S-factor. At 
zero energy it is given by8 

which gives i,he value 4.45 MeV-I barns, compared to 
the "experirr ental" value 1.1 x 10-I Mel/- '  barns. The 
"experiment.il" value is of course an extrapolated one 
from the me isured value in the KeV's energy region. 

IV. Conclusions 

In conclusion, we have performed here a microscopic 
calculation o€  the d+d fusion rate, A, in free space using 

a three-body model for the nuclear process. The nuclear 
rate constant A 11% also been calculated in free space. 
The effect of the enviroment on A has been assessed in 
a simple way by modifying the short distance behaviour 
of the cl+ d initial wave function. It was found that if 
&(r) behaves like rn  with n > O the nuclear rate is 
reduced while for n < O an appreciable increase in the 
rate was found. In a future work we shall apply our 
three-body model to discuss the data on d+ cl fusion at 
KeV energies, recently reported in the literatureL6]. For 
this purpose higher partia1 waves have to  be considered. 
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