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\\'e introduce ali analogous self avoiding raiidoin surfacc rcprcseiitation for a X44  - Closcd 
String Field Tlieory at critical dimciisioii by followiiig Syinaiizik's sclf avoiding coiitour 
rcprcseiitation for a - Point Like Field Tlicory. 

Onc of Lhe most interesting problcnis iii String 
Ficld Tlicorics is rclated to tlie implcrilentatioii of iioii- 
~)crtiirbntivc: analysis. \\'c addrcss iii tliis papcr tlie 
problcm of impleincnting a iioii-pcrturbative self avoid- 
ing raiiclom siirface reprcscntation for a Xd4 - closcd 
string ficld tlicory l>y tlie same proccdurc usetl years 
ago l ~ y  Symanzik ir1 Iiis iion-perturbative sclf avoitling 
conlour rcp wenlatioii for llie (Point Like) Ficld 
T1ieory1. 

Lct us st  wt our analyo;is by considcring tlie gencrat- 
ing fuiictioniil of tlic following inatliematical Xd4 Closcd 
String Ficld Patli Integral. 011 Ilie critica1 dimension 
D = 26 (see Appendk A for tlic gcncral covariant dis- 
cussion) . 

Tlie notation is as follows: i) tlie string field is 
givcn by a fu~ictional @(C) deíiried over the space of a11 
closcd string configurations C = (Sp (a ) ,  -ir 5 u 5 n, 
X,, (-r) = X P ( p ) ) ;  ii) The sum over a11 closed string 
coiiíiguratioixi is defined by the patli integral 

iii) Tlie critical D = 26 string frce kiilctic terrn is asso- 

ciatcd to tlic striiig D'Alciiil>crtian2 

iv) Tlie string functional incasurc in cqiiatioii (1) is 
givcn by tlie usual Fcyiiman prodtict mcasurc 

and iv) Tlie intcraction action in equation (1) is givcn 
by tlic following vcrtcs willi D-diineiisional delta func- 
tions supportcd o11 tlie striiig corifiguratioiis and involv- 
iiig a positive X 2  coupling constant i11 tlic cstrinsic space 

r2 C d D ) ( c 0  - c,) .  (5) 

Tlic proposcd iiiteraction vertes :vas defincd in such 
way tliat allows tlic rcplaceincnt of tlie four string íield 
intcrnction ir1 equation (5) by an iiidepcndeiit iiltcrac- 
tion of cacli string tvitli a cxtrinsic Gaussiaii stochastic 
ficld W(z) followecl by ai1 avcrage over tlie fluctuating 
ficld TV(z). It is instructive to point out tliat similar 
procedure is wcll known in many-body patli integral 
quantum ficlcl tlieory3. So, we can writc cquation (1) 
as 

esp -C @(C)(& 4 iXW(C))@(C) { { C }  

IIere, W(C) mcaiis tliat tlie esteriial stochastic field 
IV(x) is projccted OJI tlie string coníiguration C 
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and satisfies tlie wliite noise stocliastic corrclat~ioii fuiic- 
tion witli z + R0 

111 tlie frce case, X = O, tlic Striiig Patli Integral 
Ficld Tlieory eqiiation (1) is esactly soluble witli tlie 
f~llowing qiiaiitiim string fieltl gcncrating fuilctiorial 

\ I 

IIcre Â-l(C,C) dcnotes tlic Crcen's Function for tlie 
string Laplacian and is given esplicitly by tlic Random 
Surface PaLli Integral 

111 ordcr to rcformulate Ilic closcd string field tlieory 
equation (1) as a dynamics of self-Avoiding Random 
Surfaccs4, we evaluate fornlally tlie Gaussian Ficld Putli 
Iiitcgral in eqiiation (6) 

Lct us define tlie string functional deternlinant in 
equation (12) by tlie proper-tiinc teclinique 

By substituing equations (13) aiicl (14) into cqiia- 
tion (12) arid inaking a power expansion in tlic cou- 
pling constant A, we obtain tlie Striiig Ficld Tlicory 
eqiiation (1) as a Tlicory of Raiidoin Cylindrical Snr- 
faccs (witlt bouridaries being closed string configura- 
tioiis) iiiteractiiig witli a externa1 Gaussian Stoclias- 
tic Ficld Jf7(x). TIie Gaussian avcragc < ... >rrr 

may bc straiglitformardly evaluated at cach order o i  
tIie A-powcr espansion and produccs self-avoiding iii- 
tcraction among tlie cglindrical randoiil surfaccs siini- 
lar to tlie usual self-avoidirig Syinanzik contour gas for 
tiie X44  Ficld ~ h e o r ~ ' .  For instante, by neglecting 
tlie functional clctcrminant en Eq. (12), wliicli pliys- 
ically mcans siipressing surfaccs creation - ailniliilalion 
(secoild-qiiaiitization) process, ~ v e  Iiuvc llie follou-iiig 
esprcssion for tlic tlicory's propagator 

Note tliat self-intcrsecting lines are iiivariant undcr 
rcparainctrizations of tlic full striiig world sheet. 

Tlie next string quantum íield corrcction for eq. (15) 
in our proposcd framework will be given by 

\Ire may write eq. (1G) in tlie form of a two- 
body random surface path integral witli self-avoiding 
ir~tcractions'~~. 
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da I' ~ U ' ~ ( ~ ) X ~ ) ( U ,  r )  - X~2,)(o', r') 
r -n 

exp ( - ~ f d T ~ d T ~ / :  

Let us p i n t  out tliat the perturbative renormaliz- 
ability of tl e interacting string propagator eq. (15), 
may be given by the renormalization group of tlie sclf- 
avoiding random surfaces theories4. An alternative reg- 
ularization rtudy for eq. (15) may be implemented in 
a pure geornetrical framework as proposed in ref.[5] 
for tlie loop space formulation of point particle field 
thcoriesl. Ir order to implement this study for randoin 
surface, we start by extracting the trivial self-intersect 
points X,,(o, r )  = X,,(al, r') with a = a', r = r' from 
tlie X2 interaction term of eq. (15). Thus, let us in- 
troduce a L)-dimensionar regularization parameter A 
on tlie self woiding D-dimensional interaction in or- 
dcr to extract the (geometrical) infinitics associated to 
tlie trivial se lf-intersect surface points 

" l A d r l A  dr' do[ da' I[X,,(U, r)] = - 
2 - ã 

U k k A  

do I< exp [ iKp  ( x,, (a, c)  - X,, (a', TI))]) . 

Tlie above equation may be written in the more suitable 
form after introducing the extrinsic X coupling constant 
as a scale of the X,,(a, r )  - field, i.e.: 

3-1 ( I X  0 - , ,  c ) )  2 (20) 

where C(D) is a constant depending only on tlie space 
time dimension and Jv(x) denotes the usual Bessel 
Function of order v. Let us remark now tliat the new 
regularization parameter A' is dimensionlcss. 

By power expanding the Bessel Function we reduce 
equation (17) to a sum of the form 

where the partia1 contributions in equation (18) are of 

tlie form 

To regularize the infinities in equation (22), we pro- 
pose to introduce the already used dimensionless pa- 
rameter A' in eq. (20) o11 tlie two dimensional string 
space-time {(a, r);-?r 5 a 5 ?r;O 2 T 2 A) by using 
tlie following unity decomposition into tlie integrand of 
equation (22) 

wliere the regularized two dimensional delta function is 
given explicitly by 

By Taylor expanding the integrand of eq. (22) 
around the point < = (vl,rl) ,  where < = (a,  r ) ,  

inserting the identity eq. (24) and eq. (25) into eq. 
(22) and making use of the result 
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ive are aLlc to slion- tli:tl Ilic most gciicral cstriiisic 

coiiiitcr tcrm arisiiig froiii tlic trivial sclf-iiitcrsccl IiiiiiL 
h -+ oo is ali cspoiiciitial of a foiir variablc qiiadratic 
polinomia1 witli a rciiorinnlizccl cstriiisic A R  coiij)liiig 
~011stallt, 

AI1 ollicr coiitributions oii tlic dcrivativc ordcr 
grcatcr tliaii tlic secoi id  ~ C I . I L ~ ~ ~ L ' C  011 t11c raiitloiii siir- 
face vcclor positioii vaiiisli iii tlic trivial sclf iiitcrscct 
limil of h' -+ oo. 

Tlic coiitril~iilioii of tlic iioii trivial sclf iiitcrsccl 
poiiits associatcd to tlic tciiii (1  - ~ , \ J ( ( u ,  r) - (o', r'))) 
a1 '1' -+ ca lcacls to  a kiiitl of surfacc sclf-avoitliiig topo- 
logiciil iiidcs4 

A" drdr '  doda'b(B)(,\~,, (a,  r )  - S,, (o', r ' ) )  (28) 

Tlic s l r d  iii tlic iiitcgralion syiiibols in cq. (25) 
mcaiis tlial tlic trivial sclf iiitcrscct poiiits a = a', r = 
r' arc cscludcd froni tlic iiitcgraiicl. 

Ii'e rciiiark tliat cq. (15), arter bciiig rciioriii,il- 
izcd as describcd abovc, clcscribcs a I\vo tliinciisioii:il 
siil~cr-rcilorilializablc íicld tlicory oii tlic striiig spacc- 
timc {(a, T),-T 5 u 5 T , O  5 r < A)  siiicc tlie couiitcr 
tcrm, cq. (27), gciicratcs n tcriii t o  11e atldcd to  tlie 
"fi cc kiiietic nctioii" witli tlic foriii N C(AR)[(D:S")' + 
(L$,Y~')'] wlicrc C(,!*) is a fiiiictioii of tlie cstriiisic 
rcnormalized sclf-siiprcssiiig coiipliiig coiistriiit. 

riiially we comineiit tliat oiir proposetl striiig qiiaii- 
tuin ficlcl tlieory is, iii priiiciplc, diffcrciit froin tliose 
alreatly proposetl by ollicr aiitliors6 siiice oiir iiitcrac- 
tioli vertes, cq. (5), is a coiiiLiiiatioii of D-diiiiciisioiial 
delta fiiilctioiis aiid iiot fuiictioiial delta fuiictioris as iii 
rcf. [ G ] .  

i\ complcte sliidy of tlie 2 0  ficld tlicory, c q  (15), 
will be prcsciitcd clsciilicre. 

h chiiow lcclgcincii t 

Sliis work ivas  supportcd by CRPq - Brasil. 

Appciicl ix A - A covnriiiiit vcrsioii  of tllc pro- 
posccl A i 4  s t r i i i g  Ficlt l  T l i c o r y  

Iii t,liis nppciitlis ~ v c  will iiiakc cominciits oii tlic co- 
variaiice of tlic tlicory iiiidcr tlie actioii of 11ic striiig 
diíI'cornor.pliisin groiip. 

Iii ortlcr to I i n ~ c  from tlic bcgiiiiiiiig n co~ari:iiiL 
string íicltl tlicorg \\.e iiiiist considcr oiir tlicory fur 
sul>-critical striiigs D 5 2 G  ( [ T I ) .  Tlic maiii cli:iiit;e 
iii oiir stiitly is tliat \ ~ c  linvc to  takc iiito accoiiiil 2 0  
iiitli~ccd p i r c  qiiniilum gravity iiliicli is iiccdctl I)>, Llic 
dyiiaiiiicnl statiis acqiiirccl Ijy tlie iiit.riiisic iiictric ficlcl 
gcrb(u, r ) .  l ' l~is  slcp iiiny bc casily iiiiplciiiciitctl oii tllc 
raiidoin siirfacc pntli iiitcgrals, cqs. (1.3)-(1s). For iii- 
staiicc, tlic tlicoiy's propngntor, cq. (15), i i i l l  ld ic  llic 
r c 1 ) o r o 1 ~ ~ c l i ~ i : í ~ l i o 1 ~  i11 rio111 J0r1)t7. 

í10' d m d D ) ( X , i  (a ,  r )  - Si, (c',  r ')) 

(X.1) 

Uiifortutintcly, tlic tlicory of siib-critica1 strings ivas 
iiot csactly solvcd yct. IIo\vcvcr, a t  D = 26 \ic cai1 
slio\v tliat tlic g,b(a, r )  ficld dccoiiplcs from tlic full 
striiig propngntor, cq. (A-I) ,  a t  Icast for tlic wcak pcr- 
turbative coiipliiig pliasc for tlic A-coiistaiit (llic rcsult 
for X = O ivas provccl by PolyakovG). Sliis rcsull nf- 
forrl tis to clioose aiitl, tliiis, t o  fis tlic dccoiipliiig gsiige 
gClI>(u, r )  - bati iii our proposcd tlicory. 

I t  is wortli t o  poiiit oiit tliat iii a rigoroiis i~i:ttlicmnt- 
ical proccdiirc oiic slioiiltl coiisider, as iii usual gnugc 
tlicorics, first \ \ ' d  - ?';Lliiili;~~lii idciititics associutcd to 
tlic difiomorpliisiil (iioii-coiiforinal) groiip nt D 5 26. 
Tliiis, take tlic liinit D = 2G oii tlicse iclciilitics. iliiy- 
way, tlic l~liysical objccts iii striiig tlicorics are iiot tlic 
striiig propagntors bul  Ilie scattcriiig amplilucles wliicli 
are pligsical obscrval~lcs aiid inay be ca1cul:~led dircctly 
froiii tlic cq. (A-I)  aiid tcstecl t o  liave tlic iieccssary 
iiivciriniiccs as slioiiii I)y a pcrtiirbntive aiialysis in X 
coiipliiig coiistaiit. 

\\'c rcmark tliat dilliciilties iii coiisi(1criiig i ion  golige 
jircd tlicorics is sliarccl Ly otliers striiig ficlcl tlicorics 
coiisiclcrcd iii tlic lilcraturc as Llic I3.R.S.T aiid liglit 
conc striiig ficld tlicorics6. 

11s a fiiial c o ~ i ~ ~ ~ i c i i t  \VC noticc t11nt tlic iinportaiit 
problcm of iiivariciiiccs iii striiig ficld tiicory is lvniting 
tlic soliitioii of the tlicory of sub-critical slriiigs. 



ApP~nC1ix D - Our proposcd Striiig Ficltl 
Tlicory as ali iiifi~iitc ccmipoliciit ficld tlicory of 
s t r i i ig  cxcit ir t' 10x1s 

Lct us coiisidcr n liarinoiiic oscilator cspniisioii for 
tlic closccl striiig coiiíigiiratioti witli S , , (u)  = E,,; i.c.: 

Iii tliis base, tlic sccoiid qiiniilizccl stiiiig ficld will 
1)c dccoiiiposcd iii ali possible striiig escitatioiisG 

Tlic suin ovcr a11 closed slring coiifigiiratioiis are 
wciglitccl by (sce cq.(2)) 

Tlic Fcyimlaii product mcasurc, cq. ('I), is frictor- 
izccl iii tlie product of a11 Fqwmaii  mcasurcs associatcd 
to Lhe poiilt-l.ke field string cscilatioiis, cq. (B-2), aiid 
LLus 

I?i~i;illy oiir proposcd vcrtcs trikes tlic form 

After sul>slitutiiig tlic above ~vritcii cqiinlioiis iii 
oiir proposcd actioii, cq.(l), wc obtriili ai1 iiitcractiiig 
iiiíiiiitc-coi-i~poiieiit íicld tlicory associutcd to tlie striiig 
cscit. LI L' 1011s. 

For tuiiately, our raiiclom surface rcprcsciita Lioii is 
a compact aiicl coiiccptiinly siinple way to iii1:lcrstaiid 
aiicl sliitly lliis cuni1)crsoine iiiíiiiite compoileiit poiiit 
likc ficltl tlicory associritccl t o  tlie string íiclcl tlicory 
dcscriLc Ly cq. (1). 
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