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A review of our own experimental and tlieorctical work oii liigli-powr ferromagnetic reso- 
nance plienomena is given. h u r  topics are esniiiiiicd, namely, (1) tlie oiiset of spin-wave 
instabilities, (2) tlie oiiset of spiii-wave auto-oscillatioiis, (3) liiglicr-ordcr bifurcatioris as 
transitions t o  cliaos aiid (1) tlie coiitrol of spin-wave cliaos. 

Univcrszlity lias greatly increased tlie interest in 
dissipative (lynamical systems diiring tlie 1 s t  decade. 
Iii particular, spin waves driven by strong microwave 
(1 - 10 Glf.:) fields in magiietic materiais Iiave provei1 
very attract ve. 

Tlie birtli of liigli-power fcrroinagnctic resonance 
imy be traced back to tlie pioneering experiincnts of 
Bloeiiibergert, Damon and Wang iii tlie early 50s '. 
Tliey liave ol)served a premature saturation of tlie inaiii 
rcsonaiicc a1)sorption and tlie appearance of a sub- 
sidiary absorption wlien tlie microwavc power exceeded 
ccrtain tlires iold levels. A tlieory by Sii1i12, introduced 
a fcw years later, is slill tlie basis for cxplainiiig tlie 
p!icnoiilena. Sulil's tlieory rclicd upon tlie parainctric 
excitation of spin-wave pairs via two- aiiJ one-pliotoii 
decay processes. Soon aftcr, it was dcnioi is t rat~d~ tliat 
spiii wavcs could also be paramctrically pumpc_d 1 ) ~  a 
niicrowrive field parallel to  tlie dc magiietic field, Ir//lIo. 
Tl~is  was cullvd tlie parallel piiiupiiig proccss to distiii- 
&li &om tJ- standard magnctic rcsonancc coiifigiira- 
tioii, h I lio IIere, tlicse tliree processes are generi- 
cally said to o :cur wlien tlie microwave field is iiicreased 
Lcjond tiic Siilil instability (SI) tliresliold, h,. 

Sulil ~vas : lso tlie first t o  rcalize tliat tlie plienoin- 
cria borc rcsei iblaiice to fluid dynainics. Spin-wave cs- 
pcriinciits were tlien observed to exliibit a remarkable 
eíi'ect still in tlie eariy GOs. At a subscqucnt tliresliold 

> h,, a low- freclueiicy (10 k H  z - 1 Mllzj oscillatioii 
was observed ss a iiiodulation iii tlie power absorbed 
by Llic sainplc4. This oscillatory iiistability, or auto- 
oscillatioii, wa; firstly attributed to tlie excitation of 
staiidiiig spín ivaves iii tlie saiqle5,  but tliis modcl was 
iicvcr completely understood6. 0 n  tlie otlier liand, scv- 
era1 Sovict authors7 liad sliowii tliat tlie auto-oscillatioii 
could rcsult frcm tlie noiilinear dyiiamics of spiii wavcs 
iii ai1 iiifinite inediuin bul tlie quantitative rcsults of 
tlicir modcl wc -e also unsatisfactory. 

Spiii-wave experimeiits liave enjoyed a revival of in- 
tercst i11 tlie 80.: since it was predicted%nd experinieii- 

tally observedgJO tliat ferrornagnets exliibit tlie period- 
doubliiig route to cliaos at higlier power levels (h  > h',). 
A large nuiiiber of tlieorelical and expcriiiieiital results 
followed tliosc fiiidings aiid defiiiitely placed tlie spin- 
wave among tlic most intercsting nonliiicar dissipative 
dynaiiiical systcms to be iiivestigatcd1l. 

111 a11 tlirce parametric processes, the SI tliresliold 
h ,  is dctermined by tlie rate at wliich ciiergy inust be 
piimped into tlie spin-wave mode to overconie tlie powcr 
dissipatcd to tlie laltice. Siiice both the coupling to tlie 
inicrowave fie- and tlie relasation rate depeiid on tlie 
wave vector k, tliere is a ccrtain mode for wliicli h,  
is a miiiiniiiin. Increasiiig tlie microwave field beyoiid 
tliis valiie results iii tlic cscitation of many otlicr modcs 
aiid complesity increases accordiiigly. As far as thcory 
is conccriied, we sidcstep tliis problein by considering 
tlie dynaiiiics of oiily two niodes. 

Iii tlie first part of tliis paper we review tlie ex- 
perimciitiil situation of nonlinear plienomeila associ- 
ated willi spin-wave iiistabilities, iiicludiiig tlie in- 
trigiiing step-likc bcliavior oE trnnsients prior to auto- 
oscillati~ri'~ aiid tlie control of spin-wave chaos13 re- 
ceiitly observed. Tlie oiigoing discussion regarding the 
naturc of tlie cxcited modes is considered in tlie second 
part, wliere wc poiiit out tlie successes aiid failures of 
tlic two-mode inodel. 

Tlie results preseiited liere were obtained with 
yttriuiii-iroii-gariiet (YIG) sphcres and films at room 
temperature, using tlie experimental set-up shomn 
sclicii~atically in Fig.1. Tlie sample is lield at tlie ccn- 
ter of a critically coupled TEio2 microwave cavity witli 
Q e 2000, placed betwcen the poks of an electromag- 
iict tliat provides tlie static field Ho. Tlie cavitycan be 
oriciited so that tlie rnicrowave magnetic field h is ei- 
tlier parallcl or perpendicular (subsidiary resonance) to 
do. Tlic microwave radiation is generated by a X-band 
backward-wave oscillator (BWO) and amplified to 2.0 
llTalt by a traveling-wave. tube (TWT). The BWO fre- 
qiiciicy is stabilized by ai1 externa1 crystal oscillator and 



iiialiually adjustcd to tlic cciitcr of tlie cavity rcsoiiance. 
Tlie radiation porvcr is tlxii coiltrolled witli a variablc 
prccisioii atteiiuator aiid dircctcd by a circulator to tiic 
rcsoiiaiit cavity, wliere i1 drivcs spiii \\.aves iii tlic saiil- 
plc. Tlie reíiectcd rnicrownve sigrial is detectcd witli a 
sciisitive Scliottky-barricr tliodc at tlic outpiit port o i  
tlic circulator aiid rccordctl iii n digital storage oscillo- 
scopc or observcd willi a spcctruiii aiialyzcr. Iri ordcr to 
avoid sarilple Iicatirig tlic riiicroívave racliatioii is pulscd 
(duratioii 100 psec at 100 pcdses/scc) \vitli a P l N  iiiod- 
iilator placcd bciore t,lic S\\íS amplificr. SIiis causes 
no dificulty for rccordiiig tlic stcady-statc rcgiiiic of tlie 
saiiiple rcsponse bccausc tlic traiisicrit tiiiic is iioriiially 

d 1011. iiiucli sliortcr tlirtii tlic pulsc dur. 1' 

Figure 1: Sclicinatic di;~graiii of tlie ~nicro\~avc S ~ S L C I I I  
uscd to cscitc spiii-wavc iiistabililics. 

11.1 Tl ic  oiisct of spiii-wrivc iiistabililics aiicl 
auto-oscillatioiis 

At low-powcr Icvcls tlie piilsc rcflcctcd iroiii tlie cav- 
ity lias cssciitially tlic sanlc sliapc as tlie iiicoinitig iiii- 
crowavc pulsc (Fig.2(a)). 11s t l ~  powcr is iricrcascd, ali 
nbrupt cliangc occurs at tlic cnd oi tlie rcílcctcd piilse, 
corrcspoiidiiig to tlic biiid-up of a spiii-wavc iiioclc af- 
tcr a dclay lime r. hclunlly, tlic build-iip t i i i i~ is iri- 
fiiiite a1 11 = h ,  aiid dccrcascs rapiclly w;t1i iiicrcas- 
irig ficld, accordiiig to a scriliiig law r - ( l i / h ,  - 1)-7. 
I.'ig.2(b) sliows tliis stagc of paraiiictric escitatioii iii a 
I nwit diaiiictcr 1'IG splicrc \vitli subsidiary-rcsoiiaiice 
piimping for h / h ,  1.05. h t  largcr cscitrilioii, an- 
otlicr spiii-wave inodc builds up, as slio\~ii i11 Fig.2(c) 
for h/h ,  E 1.12. As h iiicrcascs fiirtlicr, no otlicr mode 
appcars bcfore tlie oiiset of auto-oscillntioil, sliown in 
Fig.2(d) for h é / h ,  cx 1.7. Oiily recciitlyl' ~ v c  Iiave 
obscrvcd tlic stcp-likc Iclinvior slioirn iii Fig.2, wliicli 
slieds liglit on tlie uiisolvcd prol,lciii rcgartliiig tlic num- 
bcr o i  modcs cscitcd abovc tlic SI tlircsliold, as wc will 
discuss latcr. IIowcvcr, ~vc slrcss tliat tlie ovcrall sit- 
ualion is ratlicr coniplcs. Iii s o m  cascs oiily oile stcp 
appcars bcforc tlic onscl of auto-oscillatioii aiitl iii otlicr 
situatioiis up to tlircc stcps Iiavc bccii obscrvcd. 

Tlie gross fcaturcs of tlic spiii-wavc iiistabiliks 
drivcii iii subsidiary rcsoiiaiice arc siinilur to tliosc i11 
parullcl pumpiiig. Fig.3(1>) slio\\.s tlic pliase bouiidarics 
for spiii wave escitatioii aud auto-oscillatioii ii~casurcd 

iri lhe sarne 1 ~ n m  YIG splierc of Fig.3(a) rvitli fio aloiig 
tlie [110] asis aiid inicrowave frcqiiciicy 8.87 G I I z .  Iii- 
stead of a slioip iiiiiiiiiiuin, tlic "l~utlcríiy curve" for 
subsidiary resoilailcc lias a broad iiiiiiiiiiuiii aiid tllrce 
cliaracterislic rcgioiis iii ficltl ]Io. For ]Io < II, cx 
1580 Oe tlic ~iiodcs \villi lo\vcst tlircsliolcl are plane 
wavcs witli X: > O propagntiiig at ali atiglc Ok = x/4 -. 
witli H0 (or Ok E 35' dcpeiiding oii tlic clfcct of tIie 
rclasation ratc). For II, < IIo < IIC = 2190 Oe 
the rilodcs rvitli riiiiiiiiiuin tlircsliold x c  inagrietostatic 
waws witli k x O. For IIo > IIC tlic tlircsliold riscs 
sliarply witli IIo as Ok -+ O. Siiicc iii tlic various ficld 
regioiis tlic inoclcs escitcd liave dilí'crci~t iioiiliiicnr cou- 
pliiig paraiilctcrs, n vnriety of ljifurcations icadiiig to 
sclf-oscillatioiis cai1 bc obscrvctl at  diflcrclit íicld val- 
ues, as iiidicatcd by tlic bouiidary li~ics i ~ i  Fig.3(b). Iii 
tlie parallcl-pumpiiig case, iiiodcs ~vitli Ok = ir/2 aiid 
wave iiuiiibcr X: = [ ( I I ,  - II~)/D]'/' arc cscitctl s t  tlie 
iniiiiiiiiim SI tlircsliold li, = 2wpyk /~o . \ r .  IIcrc, D is tlie 
excliaiige stifliicss (D = 5.4 x lo-' Oc.c.cl11' for YIC), 
wp = 27r jp is tlic pumpiiig frcquci~cy, 7 = g p o / h  is tlie 
gyromagiictic rritio, w,\r = y4nAI, 111 is llic saluralio~i 
magnetizalioii (4irAI = 1750 Oe for YIG at 300 I\;) 
a i ~ d  yk is tlic r)lienoiiiciiologicol relasatioii ratc. Notice 
tliat tliis is valid for IIo < H, (Fig.J(a)) aiid in tliis 
ficld range tlic parallcl pumpiiig proccss c~iables one to 
measure -yn: as a fuiiclioil of b. 

TIME 

Figure 2: Storage oscilloscope rccordings of tlie rc- 
flected niicrowavc pulse obtaiiicd witli subsiciiary rcso- 
nance in a liizin YIG splicre, witli IIo = 2.0 I;Oe along 
[I111 aiid jp = 8.2 G I I z .  Tlie various traces corrcspoiid 
to microwavc ficlds (a) R = h/ l ic  c 0.05, (b) 1.05, (c) 
1.12 aild (d) 1.7. 
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Figurc 3: TI rcsliold ii~icrowavc fields h, (*) arid h: (0 ) 
vcrsus dc íicld IIo iii a 17)2711. YIG spliere for (a) parallcl 
puiilpiiig at f, = 12.0 GIIz, so aloiig [I111 and (b) 
subsidinry rcsonance a t  fp = s.S'iCAz, iIo aloiig [110]. 

Tlic auto-oscillations tliat appcar at h > h: liave 
sliape and f,mpcncy wliicli dcpciid on tlic puinping 
lcvcl, dc field value, crystal asis oriciitation witli rcspect -. 
to  lio and a so on sample diiilciisioiis, sur íke  polisli- 
ing and teinperature. Fig.4(a) sliows tlie oscilloscope 
traccs of tlie self-oscillations ivitli incrcasing piinipiiig 
iii Llie parallel pumping coiifigiirution at Elo  = 1570 Oe, 
jp = 9.5 G l I z .  Tiie oscilla~ioils appear at a ficlJ 
h: just abovc Lhe SI tlircsliold witli a finitc frcquciicy 
fo 220 k11 r and vanisliing amplitude A. As li. in- 
crcascs iJie arnpIitudc iiicrcascs smootli!y wliilc llie frc- 
quency stays constant. Tlie dctailcd data rcvcal tliat 
A varies witl tlie reduced driviiig ficld r = h/h', - I 
in tlie critica region as A 1.0, wliere /3 = 0.5. Tliis 
is typical of ;L IIopf bifurcation and is analogous to a 
second-order 3liase transitioii1"l7. 

Quite diíT:rerit bchavior is sliowii iti Fig.4(b) by 
tlie oscilloscoye traces obtaincd iii subsidiary resoiiaiice 

pimping with H 0  aloiig tlie [I101 axis of tlie YIG 
spl~cre, a s  in Fig.S(b), with H. = 1950 Oe, f p  = 
8.S7 CIIz.  Iii this case the auto-oscillation sets i11 willi 
fiiiite amplitude aiid vaiiisliing freqiiency, in analogy 
witii a first-order pliase transition and iii markcd con- 
trast witli tlie scenario of Fig.4(a). This lias bceii idcn- 
tiíicd as a liomocliiiic bifurcatioii [16,17]. 

Figtire 4: Oscilloscope traccs slio\viiig tlie Lcliuvior of 
tlie auto-oscillatioii willi iiicrcasirig microwavc ficld. (a) 
Ilopf bifurcation obscrved witli parallcl pumpiiig in a 
YlG spliere, IIo = 1570 Oe along [lll], f, = 9.5 GIIz, 
aiid I2 = 1.224, 1.255, 1.293, 1.321 aiid 1.342 froin top 
to  bottoin. (L) IIoinocliiiic biiurcation obscrvcd in sub- 
s i d i a r~  rcsonance witli tlic saine splrcre, IIo = 1950 Oe 
along [I101 and R = 1.862, 1.872, 1.883, 1.894, 1.905 
aiid 1.916 from top to bottoi1-i [Ref.17]. 

Iii Fig.5 wc csperi:i~eiitally cliaracterize the onset 
of auto-oscillation L>y n~casuring tlie rntio of tlie fun- 
damcntal Iiarinonic to Llie rclasation ratc, f o / y k ,  for 
YlG splicres (I;'ig.5(a)) aiid films (Fig.S(b)) witli dilfcr- 
cnt rlirncnsions. Tlic rcsults unequivocally slioiv tliat 
tlie sample dir-ilciisioii plrtys a role in determining tlie 
auto-oscillatioii frcqiicncy for tlie k values accessible in 
parallcl-pumping espcrirncnts. T l ~ c  liiglicr lhe dimcn- 
sion, tlic lowcr tlic ratio f ~ / y k .  
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Figure 5: Ratio of tlie auto-oscillation frequency fo  to  
tlic relaxation rate ~k at threshold, as a function of I;. for 
YIG spliercs (a) and films (11) with diEerent dimensions, 
obscrved in parallel pumping esperiments. Tlie solid 
lincs in (a) are linear fits and in (b) are giiide to  tlie 
eycs. 

The nonlinear signature of the spin-wave auto- 
oscillation is clearly demonstrated at liiglier power lev- 
els ( h  > h:). Universal beliavior sucli as relaxation 
oscillations, period multiplication, quasiperiodicity, in- 
terinittency, cham and chaotic transieiits lias been re- 
ported by many autliorsll, in a11 three paramctric pro- 
cesses described above. IIcrc we givc a fcw exainples of 
this rich dynamical beliavior of spin waves, observed in 
the perpendicular pumping of the subsidiary resonance 
i11 the YIG sphere for whicli tlie tlireshold fields h,(IIo) 
and h:(Ilo) are given in Fig.B(b). 

Figure G: Oscilloscope traces sliowing (a) period-1, 
(b) period-2, (c) period-3, (d) periocl-4, (e) period-5, 
(f) period-5, but with different pattern from (e), (g) 
pcriod-G and (li) quasiperiodic oscillations observed in 
subsidiary-resonance experiments in a YIG splicre for 
different con~biiiations of crystal orientation, IIo and R 
[Ref. 181. 

Let us define R 3 h/h,  as the control parameter. In 
general, the auto-oscillation amplitude anil frequcncy 
incrcase with R. For ccrtain values of iIo and crystal 
directions we may observe tlie appearance of evcn or 
odd subharmonics or uiilocked (quasipcriodic) oscilla- 
tory regimes, as depicted in Fig.6 [Ia]. Ordcred tran- 
sitions to  châos may also be observed either witli fiscd 
IIo and varying h or with fixed Ii. and varying lio. Thc 
period-doubling route to  chaos is nicely seen in Fig.7 for 
lio = 1950 Oe aiid 2.12 < R 5 2.54 19. Cliaotic beliav- 
ior in spin-wave experiments Iias been characterizetl as 
Iow-dimensional c h a ~ s ~ ~ ~ * ~ ~ ~ ,  indicating tliat few modes 
participate in tlie spin-wave nonlinear dynainics, evcn 
i11 tlie regime of hypercliaos'ge. 

Anotlier iiitercsting scenario is sliown in Fig.8 for 
h = 0.46 Oe and the sample oriented with tlie [I111 

4 

direction along Ho. In this case, an intermittent tran- 
sition t o  chaos is seen with decreasing Elo, with val- 
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ues 1900, 1868, 1860, 1850 and 1840 Oe, from bottom 
to top, rrspectively. This scenario has been investi- 
gated in the light of the tlieory of crisis in dissipative 
systeins20~21~22 and quantitative measurements of the 
distriluticm of the laminar periods duration and tlie 
dependente of the mean time on tlie control parameter 
are underway. 

,. .. 
!,.,L l...:..l.."".k.~l,,I.,~,.J i I I  i i u  

s ps tdv 205 htrr l iv  . 
Figure 7: Oscilloscope traces sliowing (a) period-1, (b) 
pcriod-2, (c) period-4 and (d) cliaotic oscillations aiid 
correspondi~g power spectra observed in subsidiary- 
resonance eirperiments in a YIG spliere a t  R = 2.12, 
2.17, 2.29 aiid 2.54, respectively [Ref.l9]. 

11.3 Contrdling spin-wave chaos 

Tlie feas bility of controlling cliaos by a small time- 
dependent perturbation of tlie biasing magnetic field 
applied t o  ,he sample was recciitly demonstrated13. 
Tlie method is based on the fact that a chaotic attrac- 
tor usually lias embeddetl witliin it an infinik number 
of unstable ,xriodic orbit,s. By applying a small time- 
dcpendent niodulation to a conveniently chosen param- 
cter one car stabilize some of these orbits to acliieve 

control of the chaotic da t e ,  as predicted by Ott ,  Gre- 
bogi aiid YorkeZ3. 

I 
TIME 

Figure 8: Intermittent transition to cliaos observed in 
siibsidiary-resonance esperiments in a YIG spliere witli 
h = 0.46 Oe and IIo along [ l l l ] .  IIo = 1900, 1868, 
1860 and 1810 Oe from bottom to top, rcspectively 
[Refs.20,21]. 

Tlie control of spin-wave cliaos waç acliieved in 
tlie subsidiary resonance configuration witli the 1 m+m 
YIG spliere witli tlie [I101 direction alignecl witli Ho. 
1% liave added inside the microwave cavity a loop of 
diameter 1.5 c772 made witli a 0.5 mm copper wire 
to allow the modulation of the static magnetic field, 
H = IIo+SII cos(2.nfmt), over a broad frequency range 
(O < fm < 10 M H z ) ,  typically witli b l f / I I ~  - I o - ~ .  
Tlie results presented here were observcd aiter tlie sys- 
Lem lias been driven to a fully cliaotic regime with 
h = 1.1 Oe and H. = 1750 Oe, represented by tlie 
point A in Fig.3(b). Fig.g(a) sliows tlie power spectrum 
of a chaotic auto-oscillation for SH = 0, displaying a 
cliaractcristic broadband fcature. By increasing bH, 
tlie spectrum becomcs progressively cleaner, with sliarp 
liiies characteristic of a periodic signal. Fig.S(b) shows 
tlie rcsult for SI1 = 0.435 OE and f,, = 1480 LIfz. 
Tlie spectrum in this case corresponds to  a quasiperi- 
odic signal with fundamental frequencies fo = 740 LHz 
aiid f i  = 1975 LHz, and a subharmonic component at 
f o / 2 .  In Fig.10 we show the variation of the critical am- 
plitude 6H* necessary to control cliaos witli tlie mod- 
ulation frequency f,,, measured at point A in Fig.S(b). 
Notice that SH* lias minima at values cominensurate 
with the fundamental frequency f o ,  ;.e., j o / f m  = p/q, 
whcre p and q are integers. In addition, for the fm 
range shown in Fig.10, the minima are strikingly or- 
dcred according to the devil's staircase, i.e., the min- 
imum detected between p/q and pt/qt is cliaracterized 
by the ratio (p + pt)/(q + q'). 
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Figure O: Power spcctra of auto-oscillations obscrved at 
point A of Fig.3b for differeiit valucs of tlie aniplitucle 
611 of tlie field modulation. (a) Cliaos for 611 = O. (b) 
Cliaos under control witli 611 = 0.435 Oe and f,, = 
1480 k1l.z. [Ref.13]. 

111. Tlicorctical inoclcl 

Tlie basic pliysical idcas developed by Suhl in tlie 
lute 50s regarding tlic thcory of liigli-power ferromag- 
nctic resonance rctain tlicir validity nowadays. IIow- 
ever, despite the recent progress in the understanding 
of spin-wave nonliiiear dynamics, a definitive corrcspon- 
dence between experiment aiid tlieory remains elusive, 
even in the pre-diaotic regiine12. In tliis section we give 
a brief review of the twvo-modc-model (ThIhZ) approacli 
and point out tlie liitlierto unexplained featurcs of the 
esperimeiits. A detailed dcscription of the TA.1 RI iniglit 
be found in refs. [ l l ]  and [17]. 

The IIamiltonian for a spin-wave system driven by 
a rnicrowave field is given by 

is tlie IIainiltonian for a system of indepcndciit lisr- 
monic oscillators (magiions) witli frequcncy wb,  

represents tlie four-magnon iiiteraction and K'( t )  de- 
scribes tlie iiiteractioii witli tlie niicro~\-ave GcId. Tlie 

t espectation vulue of Lhe inagnoii operator < ck > is 
proportional to  tlie trailsverse-preccssiiig magnetiza- 
tion nit = m, $ i ~ 2 ~ .  Since i n t  givcs tlie trnns- 
verse (circularly polarized) niicrowave susceptibility of 
tlie sample, it is relutcd to tlie amplitude-inodul a L' ion 
signal in tlie subsidiary resonance esperiineiit. 111 tlic 
parallel-puinping coiifiguration, tlie sigiial is rclatcd to 
tlie z-con-iponciit of tlle magnetizatioii and tlius to tlie 

t magnon occupation number na =< c,ck >. 
T!ie nonlinear coupling of paramctric magnons is 

provided by tlle four-inagnoii iiiteraction, wliicli lias rcl- 
evant terms of tlic forin R] 

In general, exclinnge, dipolur and aiiisotropy intcr- 
actions contributc to 7d4). For sima11 values of 
L (- l ~ ~ c i n - ' ) ,  sucli as I'IG puniped by inicrowa~e 
fields, tlie contril~ution froin tlie escliange cnergy is 
r~egl igible~~.  

fmorfi) 

Figure 10: Critical modulation amplitude 6H* vs. 
inodulation frequency f,. The boundarics between tlie 
cliaotic and controlled regions iiave minima at values of 
f,,, comniensuratc witli tlie fundamental frequency fo 
at ratios indicated at tlie top [Ref.13]. 

JVe usualiy treat the interacting spin-wave system 
as if it were driven by a uniform microwave field in an 
infinite mcdium, so tlrat W ( t )  preserves momentum. 
IIowever, in a finite medium, X 1 ( t )  can be nonzero for 
pairs z, A? for whicli k and k' differ by ali amount of 
tlie order of tlie reciproca1 of tlie sample size L. In 
tliis case, it can be sIiown tliat tlie driving term of tlie 
IIamiltonian becomcs, eitlier in parallel or subsidiary- 
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rcsonance pumpings,17 

wlicrc pk expresses tlie couplilig betwecii tlie field 
] / ( L )  = he- " p t  and t!ie spin wavc. a a k  is a iactor wliicIi -. - , +  
dcpeiids on tlie wave-vector niisnlatcli Ab = k - k'. 
ror iiistaiim, for two neigbouring standing waves along 
z witli AL, = TIL,, aAk atlaiiis iLs maxiniuni value 
2 / w  2 0.64. In an irifinik medium, a ~ k  = 0. 

Tlic IIan~iltonian (1:i lcads to 2N couplcc! nonlinear 
cquations lescribing tlie N ncarly degciicrate inodes 
cscited by tlie pumping Iield. For only two ~iiodes, tlie 
cquations of inotion for tlie slowly varying spiil-wave 
variublcs b :coine17 

wlicre Awk = wk - w,/2, Sk Skk + 2Tkk, a a a k  

aiid ,O ,Ol2 is tlie pliase diffcreiicc bct\vccn modcs 1 
aiid 2 17. 

Yi 
Figure 11: Numerical results of tlie magnon p'opulatioii 
sum nl + n2 obtained frorn eqs.(5) and (6) witli SI = 
SI = -0.5, Siz = 2.0, TI2 = -1.0, A w ~  = -0.2, Aw, 
and (a ,  R) = (O, 1.07) (a), (0,1.09) (b), (0,1.11) (c) and 
(0.5, 1.20) (dl. mef.121. 

111.1 Nuincri cal solu tioiis of tlic spin-wavc eqiia- 
tions 

Equations (5) and (6) witli tlieir 12 iiidepcndetit pa- 
rametcrs still represent a very comples mailicmatical 

problein. 111 tlie nurncricd studies willi an arbitrary 
sct of parameters, onc usunlly fiiids tliat tlic solutioiis 
are attracted to stablc fixcd points. 111 ccrtain rcgions of 
tlic parainctcr space, sorric fiscd points becomc unçtable 
and tlie solutions niay csliibit a variety of dJ-namic bc- 
liavior. Diie to tlic unclear nature of tlie modcs involvcd 
in tlie dynariiics, it is diííicult to relate tlic priranictcrs 
wi tli tlie inicroscopic o i ~ c s ~ ~ ~ ~ ~ .  

Figure 12: Numcrical results for nl vs. yll for two 
diífcreiit scts of paramcters in eqs.(5) and (6) (see test). 
(a) IIopf bifurcation and (1)) homoclinic bifurcation. 

Figure 11 sliows the trarisieiit beliavior of tlie nor- 
inalizcd magnon population nl + n2 for severa1 val- 
ues of tlie pumping field R = h/h,, for two modes 
dcscribed by ( 5 )  and (6) ivith normalized parameters 
SI = S2 = -0.5, Si2 = 2.0, Tl2 = -1.0, p1 = p2, 
nui = -0.2 and Awa = 0.5. The tliree step-like curves 
were obtained with cr = 0 aiid R = 1.07, 1.09 and 1.11. 
Tlie auto-oscillation was obtained mitli R = 1.2 but 
witli a = 0.5. Tlie curvcs sho-rving tlie build-up of tlie 
first mode and subsequcntly tlle second witli increasiiig 
R, Iiave stricking similari ty with thc experimental data 
of Fig.2. 
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l'ig.2, caniiot be dcscribcd Gy tlic aiialyticnl approacli 
of rcf. 1281. Coilibined niicro~rnvc aiitl liglihcattcriiig 
c ~ ~ c r i i i i e i i t s ~ ~  slioiild give i~nport:~iit a~l~litioiiiil iufoc- 
inatioiis o 1 tlic spatiiil ancl tcmporal 1)attcrns iii spiii- 
wri\.c cspcriineiils. Sliese csnni1)lcs iiitlicnte tliat rc- 
scarcli iii spiri-wavc iioiilir-icar dyiiaiiiics ia l i l i ~ l~ .  to at- 
trrict atteiitioii for ycars to coiiic. 
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