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A review of our own experimental and tlieorctical work on high-power ferromagnetic reso-
nance phenomena is given. Four topics are examined, namely, (1) tlie oiiset of spin-wave
instabilities, (2) tlie oiiset of spin-wave auto-oscillatioiis, (3) liiglicr-order bifurcations as
transitions to chaos aiid (4) tlie control of spin-wave cliaos.

1. Introdu:tion

Universelity lias greatly increased tlie interest in
dissipative dynamical systems during tlie last decade.
lii particular, spin waves driven by strong microwave
(1- 10 GH ) fields in magiietic materials have proven
very attract ve.

Tlie birth of high-power ferromagnetic resonance
may be traced back to tlie pioneering experiments of
Bloembergen, Damon and Wang in tlie early 50s 1.
They have observed a premature saturation of tlie main
resonance absorption and tlie appearance of a sub-
sidiary absorption wlien tlie microwavc power exceeded
certain thres iold levels. A tlieory by Suhl?, introduced
a few years later, is still tlie basis for explaining tlie
phenomena. Sulil's tlieory rclicd upon tlie parainctric
excitation of spin-wave pairs via two- and one-photon
decay processes. Soon alter, it was demonstrated?® tliat
spiii waves could also be parametncally pumped by a
microwave field parallel totlie dc magnetic field, IN3icy
This was called tlie parallel pumping proccss to distin-
guish from thz standard magnctic rcsonancc configura-
tion, h L I, Here, tlicse tliree processes are generi-
cally said to 0:cur when tliemicrowave fiedisiiicreased
beyond the Suhl instability (SI) tliresliold, h,.

Sulil was ¢lso tlie first to rcalize tliat tlie phenom-
ena bore rcsai blance to fluid dynamics. Spin-wave ex-
periments were then observed to exliibit a remarkable
effect still in tlie early G0s. At a subscquent tliresliold
W.> b, alow-frequency (10 kHz—1 M H z) oscillation
was observed as a iiiodulation iii tlie power absorbed
by the sample?. This oscillatory instability, or auto-
oscillation, was firstly attributed to tlie excitation of
standing spin waves iii tlie sample®, but tliis model was
never completely understood®. On tlie otlier hand, sev-
cral Sovict authors” had shown tliat tlie auto-oscillatioii
could result frem tlie nonlinear dynamics of spiii wavcs
in an infinite medium but tlie quantitative resulis of
their model wee also unsatisfactory.

Spin-wave experimeiits have enjoyed a revival of in-
terest in tlie 80s since it was predicted® and experimen-

tally observed®10 tliat ferrornagnets exliibit tlie period-
doubling route to cliaosat higher power levels (h> A).
A large number of theoretical and experimental results
followed those findings aiid definitely placed tlie spin-
wave among tlic most intercsting nonliiicar dissipative
dynamical systems to be investigated!?.

In all three parametric processes, the Sl tliresliold
I, is determined by tlie rate at which energy inust be
pumped into tlie spin-wave mode to overcome tlie powcr
dissipated to tlie lattice. Since both the coupling to tlie
microwave field and tlie relaxation rate depend on tlie
wave vector K, there is a ccrtain mode for which h,
is @ minimum. Increasing tlie microwave field beyond
tliis value results in tlic excitation of many otlicr modes
aiid complexity increases accordingly. As far as thcory
is concerned, we sidestep tliis problein by considering
tlie dynamics of only two niodes.

In tlie first part of tliis paper we review tlie ex-
perimental situation of nonlinear phenomena associ-
ated with spin-wave iiistabilities, including tlie in-
triguing step-likc behavior of trnnsients prior to auto-
oscillation'? aiid tlie control of spin-wave chaos!® re-
cently observed. Tlie oiigoing discussion regarding the
nature of tlie excited modes is considered in tlie second
part, where we point out tlie successes aiid failures of
tlic two-mode inodel.

II. Spin-wave experiments

Tlie results presented liere were obtained with
yttrium-iron-garnet (YI1G) sphcres and films at room
temperature, using tlie experimental set-up shomn
schematically in Fig.1. Tlie sample islield at tlie cen-
ter of acritically coupled TE;g2 microwave cavity with
Q =~ 2000, placed between the poles of an electromag-
net tliat provides tlie static field Hy. Tlie cavity can be
oricnted S0 that tlie microwave magnetic field R is ei-
tlier paralcl or perpendicular (subsidiary resonance) to
Ho. The microwave radiation is generated by a X-band
backward-wave oscillator (BWO) and amplified to 2.0
Watt by a traveling-wave, tube (TWT). The BWO fre-
quency isstabilized by an external crystal oscillator and
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manually adjusted totlic center of tliecavity resonance.
Tlie radiation power is then controlled witli a variable
precision attenuator aiid dirccted by a circulator to the
resonant cavity, where it drivcs spiii waves in tlic sam-
ple. Tlie reflected microwave signal is detectcd witli a
scnsitive Schottky-barrier diode at tlic output port of
tlic circulator aiid recorded in a digital storage oscillo-
scope Or observed with aspectrum analyzer. In order to
avoid sample heating tlic microwave racliatioii is pulsed
(duratioii 100 yesec at 100 pulses/sec) with a PIN mod-
ulator placed before the TWT amplifier. This causes
no difficulty for rccordiiig tlic stcady-statc regiiiic of tlie
sample rcsponse because tlic transient tiiiic is normally
much shorter than tlic pulse duration.

TWT Amplifier Precision .
P! Variable - o Oscifloscope
Attenuator Detector
[PIN Modulamﬂ 2008
2048 ( Power Meter ’ »{ Digitizer
BWO Oscillator ,
M éh::yowayi
- agnet avity witl Magne Spectl\lm
Trequency 3§ tu

Figure 1: Schematic diagram of the microwave system
uscd to excite spin-wave instabilitics.

111 Tlic oiisct of spin-wave instabilitics aud
auto-oscillations

At low-powcr levels the pulse reflected from tlie cav-
ity lias cssentially tlic same shape as tlie incoming -
crowave pulse (Fig.2(a)). As the power is iricrcascd, an
abrupt change occurs at tlic end of tlie rcilccted pulse,
corresponding to tlic buid-up of a spin-wave mode af-
ter a delay time r. Actually, tlic build-up time is in-
finite at h = h, aid dccrcascs rapidly with increas-
ing ficld, according to a scaling law r ~ (b /h, — 1)77.
I'ig.2(b) shows tliis stage of parametric excitation in a
1 mm diameter YIG sphere with subsidiary-resonance
pumping for i/h, ~ 1.05. At larger excitation, an-
otlicr spin-wave mode builds up, as shown in Fig.2(c)
for h/h, ~ 1.12. As h increascs further, no otlicr mode
appears bcfore tlie onsct of auto-oscillation, shown in
Fig.2(d) for h'/h, ~ 1.7. Oiily recently’? we have
obscrved tlic step-like behavior shown iii Fig.2, which
sheds light on tlie unsolved problem regarding tlic num-
ber of modes excited above tlic Sl tlircsliold, as we will
discuss later. owever, we stress that tlie overall sit-
uation is rather complex. lii some cases only one step
appcars before tlic onset of auto-oscillatioii and in otlicr
situations up to three steps have been obscrved.

Tlie gross fcaturcs of tlic spiii-wavc instabilitics
driven in subsidiary resonance are similar to those in
parallel pumping. Fig.3(b) shows tlic phase boundaries
for spin wave excitation and auto-oscillatioii mecasured

in the sarne 1 mm YIG spherc of Fig.3(a) with £/ along
tlie [110] axis aiid microwave frequency 8.87 G/ z. In-
stead of a sharp minimum, tlic “butterfly curve" for
subsidiary resonance has a broad minimum aiid three
characteristic rcgioiis in field #y. Tor Hg < H. =~
1580 Oe tlic modes with lowest tlircdiolcl are plane
waves Witli & > 0 propagating at an angle 0 = =/4
witli Hy (or 0 ~ 35° depending oii tlic effect of the
relaxation rate). For ff, < Hy < /i, = 2190 Oe
the modes with minimum tlircsiold arc magnetostatic
waves Witli k &~ Q Tor Iy = H tlic tlircdiold riscs
sharply with ITp as 0, — 0. Siiicc in tlic various ficld
regions tlic modes excited have different nonlinear cou-
pling paramecters, a variety of bilurcations leading to
self-oscillations can be observed at different ficld val-
ues, as indicated by tlic bouiidary lines in Fig.3(b). In
tlie parallel-pumping case, modes with 0y = #/2 aiid
wave number k = ([, = Ilo)/D]Y/? arc excited at tlie
minimum S tlircsiold li, = 2wpyi/ywar. Here, D is tlie
exchange stiffucss (D = 5.4 x 107° Oc.em? for YIG),
wp = 27 [, is tlic pumping frequency, v = gup/h is tlie
gyromagnetic ratio, wyr = y4dwdf, A is the saturation
magnetization (47df = 1750 Oe for YIG at 300 k)
and % is tlic phenomenclogical relaxalion rate. Nolice
tliat this is valid for IIy < If, (Fig.3(a)) aiid in tliis
field range tlic parallel pumpiiig process enables one to
measure v; & a function of k.
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Figure 2: Storage oscilloscope recordings of tlie re-
flected microwave pulse obtained with subsidiary reso-
nance in a lmm YIG sphere, with Ty = 2.0 £O¢ along
[111] and f, = 8.2 GH 2. Tlie various traces corrcspoiid
to microwave ficlds (8 R = h/h, ~ 0.05, (b) 1.05, (c)
1.12 and (d) 1.7.
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Figure 3: Tl reshold microwave ficlds h, (o) and 2% (3O)
versus dc ficld Hy in a tmm YIG sphere for (a) parallcl
pumping at f, = 12.0 Gllz, Iiy doiig [111] and (b)
subsidiary rcsonance at Jf, = 8.87G 1 z, I{, doiig [110].

The auto-oscillations tliat appear at h > R/, have
shape and frequency which depend on tlic pumping
Icvel, dcfield value, erystal axis orientation witli rcspect
to I7, and aso on sample dimensions, surface polish-
ing and temperature. Fig.4(a) shows tlie oscilloscope
traces of tlie self-oscillations with increasing pumping
iii the parallel pumping configuration at Hy = 1570 Oe,
f, = 95 GHz. Tiie oscillations appear at a ficld
I! just above the Sl threshold with a finite frequency
fo = 220 kIir and vanishing amplitude A. As h in-
creases the amplitude iiicrcascs smoothly while llie fre-
quency stays constant. Tlie detailed data reveal tliat
A varies witl tlie reduced driviiig field r = /b, = 1
in tlie critica region as A ~ r?, where # = 0.5. Tlis
is typical of o Iop(l bilurcation and is analogous to a
second-order ohase transition!4-17,

Quite difl:rent behavior is shown iti Fig.4(b) by
tlie oscilloscop e traces obtained in subsidiary resonance

pumping with Ho aoiig tlie [110] axis of tlie YIG
sphere, as in Fig.3(b), with Hy = 1950 Oe, f, =
8.87 GIz. In this case the auto-oscillation sets in with
finite amplitude aiid vanishing frequency, in analogy
with a first-order phase transition and in marked con-
trast witli tlie scenario of Fig.4(a). This has been iden-
tificd as ahomoclinic bifurcatioii [16,17].

Figure 4. Oscilloscope traces shiowing tlie behavior of
tlieauto-oscillatioii with increasing microwave ficld. (a)
Topf bifurcation observed witli parallel pumping in a
YIG sphere, H, = 1570 Oe along {111}, J, = 9.5GH z,
aiid B = 1.224, 1.255, 1.293, 1.321 aiid 1.342 {rom top
tobottom. (b) Homoclinic bifurcation observed in sub-
sidiarresonance witli tlic same sphere, IIy = 1950 Oe
along [110] and R = 1.862, 1.872, 1.883, 1.894, 1.905
aid 1.916 from top to bottom [Ref.17].

In Fig.5 we experimentally characterize the onset
of auto-oscillation by measuring tlie rntio of tlie fun-
damental harmonic to the rclaxation rate, fo/7vi, for
Y1G spheres (Fig.5(a)) aid films (Fig.5(b)) with differ-
ent dimensions. Tlic results unequivocally dioiv tliat
tlie sample dimension plays a role in determining tlie
auto-oscillation frequency for tlie k& values accessible in
parallel-pumping experiments. The higher the dimen-
sion, tlic lower tlic ratio fo/¥x.
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Figure 5: Ratio of tlie auto-oscillation frequency f, to
the relaxation rate+, at threshold, as afunction of k for
YIG spheres (a) and films (11) with different dimensions,
obscrved in parallel pumping experiments. Tlie solid
lines in (@) are linear fits and in (b) are guide to tlie

€ycs.

I1.2 Higher-order bifurcations

The nonlinear signature of the spin-wave auto-
oscillation is clearly demonstrated at higher power lev-
els (h > h:). Universal beliavior sucli as relaxation
oscillations, period multiplication, quasiperiodicity, in-
termittency, cham and chaotic transieiits lias been re-
ported by many authors!?, in all three paramctric pro-
cesses described above. Iere we give afcw exainples of
this rich dynamical beliavior of spin waves, observed in
the perpendicular pumping of the subsidiary resonance
in the YIG spherefor whicli tlie tlireshold fields h.(Ho)
and h;(Hy) aregiven in Fig.3(b).

Figure G Oscilloscope traces showing (@) period-1,
(b) period-2, (c) period-3, (d) period-4, (€) period-5,
(f) period-5, but with different pattern from (€), (Q)
period-6 and (h) quasiperiodic oscillations observed in
subsidiary-resonance experiments in a YIG sphere for
different combinations of crystal orientation, IT; and R
[Ref.18].

Let usdefine R = h/h. as the control parameter. In
general, the auto-oscillation amplitude and frequency
increase with R. For ccrtain values of Hy and crystal
directions we may observe tlie appearance of even or
odd subharmonics or unlocked (quasipcriodic) oscilla-
tory regimes, as depicted in Fig.6 [18]. Ordcred tran-
sitions to chdos may also be observed either witli fixed
Hy and varying h or with fixed h and varying H#y. The
period-doubling route to chaos isnicely seen in Fig.7 for
Ho =1950 Oe and 2.12 < R < 2.54 !®, Chaotic behav-
ior in spin-wave experiments has been characterized as
low-dimensional chaos!®®1% indicating that few modes
participate in tlie spin-wave nonlinear dynainics, evcn
in tlie regime of hyperchaos!®°.

Another iiitercsting scenario is diown in Fig.8 for
h = 046 Oe and the sample oriented with tlie [111]
direction along Hy. In this case, an intermittent tran-
sition to chaos is seen with decreasing Hp, with val-
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ues 1900, 1868, 1860, 1850 and 1840 Oe, from bottom
to top, rrspectively. This scenario has been investi-
gated in the light of the theory of crisis in dissipative
systems®%2122 and quantitative measurements of the
distributicns of the laminar periods duration and tlie
dependence of the mean time on tlie control parameter
are underway.

LA

szl

Figure 7: Oscilloscope traces showing (a) period—l, (b)
pcriod-2, (c) period-4 and (d) cliaotic oscillations aiid
corresponding power spectra observed in subsidiary-
resonance experiments in a YIG spliere at R = 2.12,
2.17, 2.29 aiid 2.54, respectively [Ref.19].
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11.3 Controlling spin-wave chaos

Tlie feas bility of controlling cliaos by a small time-
dependent perturbation of tlie biasing magnetic field
applied to ,he sample was recently demonstrated!3.
Tlie method is based on the fact that a chaotic attrac-
tor usually lias embedded within it an infinite number
of unstable periodic orbits. By applying a small time-
dcpendent niodulation to a conveniently chosen param-
cter one car stabilize some of these orbits to achieve

control of the chaotic state, as predicted by Ott, Gre-
bogi aiid Yorke?>
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Figure 8 Intermittent transition to cliaos observed in
subsidiary-resonance experiments in a YIG spliere with
h = 046 Oe and Iy along [111]. [y = 1900, 1868,
1860 and 1810 Oe from bottom to top, rcspectively
[Refs.20,21].

Tlie control of spin-wave cliaos was acliieved in
tlie subsidiary resonance configuration witli the 1 mm
YIG spliere witli tlie [110] direction aligned witli Ho.
We have added inside the microwave cavity a loop of
diameter 1.5 e¢m made witli a 0.5 mm copper wire
to dlow the modulation of the static magnetic field,
H = Hy+6H cos(2x fn,t), Over abroad frequency range
O < fm <10 MH2), typically witli §H/Hg ~ 107*
Tlie results presented here were observcd after tlie sys-
tem lias been driven to a fully cliaotic regime with
h = 1.1 Oe and Ho, = 1750 Oe, represented by tlie
point A in Fig.3(b). Fig.9(a) shows tlie power spectrum
of a chaotic auto-oscillation for 6 = 0, displaying a
cliaractcristic broadband feature. By increasing 6H,
tlie spectrum becomcs progressively cleaner, with sliarp
lines characteristic of a periodic signal. Fig.9(b) shows
tlie rcsult for 6 = 0.435 Oc¢ and fn, = 1480 kH=z.
Tlie spectrum in this case corresponds to a quasiperi-
odic signal with fundamental frequencies fo = 740 kH z
aiid f; = 1975 kH z, and a subharmonic component at
fo/2. InFig.10 weshow thevariation of the critical am-
plitude § H* necessary to control cliaos witli tlie mod-
ulation frequency f,, measured at point A in Fig.3(b).
Notice that éH* lias minima at values commensurate
with the fundamental frequency fo, i.e., fo/fim = p/4q,
where p and q are integers. In addition, for the f,
range shown in Fig.10, the minima are strikingly or-
dcred according to the devil’s staircase, i.e., the min-
imum detected between p/q and p’/q’ is characterized
by the ratio (pF p')/(g T ).
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Figure 9: Power spcctraof auto-oscillations observed at
point A of Fig.3b for different valucs of tlie amplitude
s of tlie fiedld modulation. (a) Cliaos for § #f = 0. (b)
Cliaos under control with 611 = 0.435 Oe and f, =
1480 kH z. [Ref.13].

IT1. Theoretical model

Tlie basic pliysical idcas developed by Suhl in tlie
lute 50s 2 regarding tlic theory of high-power ferromag-
nctic resonance retain tlicir validity nowadays. How-
ever, despite the recent progress in the understanding
of spin-wave nonlinear dynamics, a definitive correspon-
dence between experiment and tlieory remains elusive,
even in the pre-diaotic regime!2. In this section we give
a brief review of the two-mode-model (TMM) approacli
and point out tlie hitherto unexplained features of the
experiments. A detailed dcscription of the TMR might
be found in refs. [11] and [17].

The Hamiltonian for a spin-wave system driven by
a microwave field is given by

H=HD +HD L1 (1), (1)

where

H® =" hwpel e, 2)
k

is tlie Ilamiltonian for a system of independent har-
monic oscillators (magnons) with frequency wg, H®
represents tlie four-magnon iiiteraction and #H'(¢) de-
scribes tlie interaction with tlie microwave ficld. Tlie
expectation value of the magnon operator < c{, > i
proportional to tlie transverse-precessing magnetiza-
tion m* = m, & imy. Since mt gives tlie trans-
verse (circularly polarized) microwave susceptibility of
the sample, it is related to tlie amplitude-modulation
signal in tlie subsidiary resonance experiment. In tlic
parallel-pumping configuration, tlie signal isrelated to
tlie z-component of the magnetization and thus to tlie
magnon occupation number ngy =< c{.ck >,

The nonlinear coupling of parametric magnons is
provided by thie four-magnon iiiteraction, which has rel-
evant terms of tlic form [7]

1
'H(4) = 71«2 ('Q“Skk’c}:ct_kck’c—k’ + Tkktc}:cl.,ckck:> .

kK’
(3)
In general, exchange, dipolur and aiiisotropy inter-
actions contributc to H™.  For small values of
kE (~ 105cm~1), such as YIG pumped by microwave
fields, tlie contribution from tlie exchange energy is
negligible?4.
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Figure 10: Critical modulation amplitude 6H™* vs.
inodulation frequency fr,. The boundarics between tlie
chactic and controlled regions have minimaat values of
fm commensurate witli tlie fundamental frequency fy
at ratiosindicated at tlie top {Ref.13].

We usually treat the interacting spin-wave system
asif it were driven by a uniform microwave field in an
infinite medium, so that H'(¢) preserves momentum.
Iowever, in a finite medium, H'(¢) can be nonzero for
pairs k, k’ for which k and K differ by an amount of
tlie order of tlie reciprocal of tlie sample size L. In
tliis case, it can be shown that tlie driving term of tlie
Hamiltonian becomes, eitlier in parallel or subsidiary-
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resonance pumpings,!?

H(t) ~ —nthke watelel .
Y

(Bkrr + aprbrprear + )+ I, (4)

wliere pp expresses tlie coupling between tlie field
h(l) = he#»t and the spin wave. aay iSafactor which
depends on tlie wave-vector mismalch NSNS
For instance, for two neigbouring standing waves along
z with Ak = 7/Lg, aar attains ils maximum value
2/7 ~ 0.64. In an infinite medium, aar = 0.

The Mamiltonian (1} leads to 2N coupled nonlinear
cquations lescribing tlie N necarly degencrate modes
excited by tlie pumping field. For only two modes, tlie
cquations of motion for tlie slowly varying spin-wave
variables b2come!”

(11 +iDwy )er — ihpy(c] + ael?ch)
—iQ(Slcic’I + 5126;(33 + 2T12C2C;Cl)’ (5)

& =

(v2 + 1Awsy)eq — ihpa(ch + ae"iﬁﬂc’{)
—i2(Sycich + Siachel + 2Thaciclen),  (6)

& =

where Awy, = wi — wp/2, Sk = Spp T 2T, @ = ans
and B = By is tlie phase difference between modes 1
aiid 2 17,
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Figure 11: Numerical results of tlie magnon population
sum ny t ny obtained frorn eqs.(5) and (6) witli Sy =
Sz = —0.5, Slg = 2.0, le = —1.0, Aun = —0.2, AwQ
and (o, R) = (0,1.07) (a),(0,1.09) (b), (0,1.11} (c) and
(0.5,1.20) (4. [Ref.12].

II1.1 Numerical solutions of tlic spin-wave equa-
tions

Equations (5) and (6) with their 12 independent pa-
rameters Still represent a very complex mathematical

problem. In tlie numerical studies with an arbitrary
sct Of parameters, onc usunlly finds that tlic solutions
are attracted tostable fixed points. In ccrtain rcgions of
tlic parameter space, some fixed points become unstable
and tlie solutions may exhibit a variety of dynamic be-
havior. Due totlic unclear nature of tlie modes involved
in tlie dynamics, it is difficult to relate tlic parameters
with tlie microscopic ones*%24.
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Figure 12: Numerical results for n; vs. ¢ for two
different scts of parameters in eqs.(5) and (6) (see text).
(a) Hopf bifurcation and {b) homoclinic bifurcation.

Figure 11 shows the transient beliavior of tlie nor-
malized magnon population ny; + n, for several val-
ues of tlie pumping field R = h/h., for two modes
described by (5) and (6) with normalized parameters
51 = Sz = —0.5, Slg = 2.0, T12 = —1.0, P1r = po,
Aw; = —0.2 and Awz = 0.5. The tliree step-like curves
were obtained with @« =0 and R= 1.07, 1.09 and 1.11.
The auto-oscillation was obtained with R = 1.2 but
witli a= 0.5. The curves showing tlie build-up of tlie
first mode and subsequently the second witli increasing
R, have stricking similarity with the experimental data
of Fig.2.
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Quite different behavior may occur at the onsect
of auto-oscillation as we can sce in the experiments
of I'ig.4. Here we show that this can be understood
as a result of particular combinations of the param-
cters in the TMM. Fig.12(a) shows numerical results
for ny wvs. vt with Aw; = Awy = 0, p2 = 0.7p1,
Y2 = 5.0‘)’1, 31 = —1.0, SQ = 0,5, 512 = 2.5, T12 =1.125
and @ = 0. In this case, at R = R, ~ 137 a
Iopf bifurcalion into a lunit cycle occurs, correspond-
ing to the onset of an auto-oscillation with a finite
frequency fo = 0.87y; and a vanishingly small ampli-
tude. As R increases beyond R, the amplitude obeys
the scaling law A ~ (R — R.)}2 as in the experi-
ments of Fig.4(a). Another remarkable result is shown
in Fig.12(b) for Aw; = (~27)0.3, Aw, = (27)0.2,
511 = 522 = 512 = 4.078, Tu = ng = —-1.896, T12 = 0,
p1=p2,71 =72 and a =0 [25]. Inthiscase, asthe
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Figure 13: Power spectra of ny for two different valucs
of the amplitude  of the modulation frequency. Pa-
rameters are given in the text. (a) Chaos for Q = 0.6.
(b) Chaos under control with Q = 0.9 and f/71 =
0.875.

pumping field increases beyond R, =~ 1.64, very-

low-frequency aperiodic spiking behavior develops in
the amplitude n,. The (average) frequency increases
rapidly with E, in good qualitative agrecment with the
experiments of Fig.4(b). This phenomenon has been
characterized as a homoclinic bifurcation!617.

Subliarmonic routes to chaos were extensively stud-
ied since the introduction of the TMM by Nakamura
and co-workers ten years ago®!!. Icre we present an
additional interesting feature of this model, namely, the
control of chaos. A periodic perturbation in the static
magnetic field §1fcos(2n f,t), as the one described in
the last section, corresponds to a time-dependent pa-
rameter Awy in the TMM, Awy, — Awp+Qcos(27 fiut)
in Egs.(5) and (6). In Fig.13 we show preliminary re-
sults for the power spectrum of n; with R = 1.81,
P1 = pa, 51 = 52 = 1.0, 512 = ~0.4, Tig = —0.75,
B=0a=1064 Aw; = Aws = ~1.0, and f,,/71 =
0.875. Fig.13(b) shows that the chaotic state shown in
Fig.13(a) for @ = 0.6, is under control with Q = 0.9,
again in good qualifative agreement with the experi-
ments (Fig.9).

I11.2 Discussion

The restriction to only two modes out of an entire
degenerate manifold paved the way to a better qualita-
tive understanding of the spin-wave nonlinear dynam-
ics. ITowever, the number and the nature of the excited
modes still lack a definitive explanation. Considerable
efforts have been focused at the onset of spin-wave auto-
oscillation in the past few years. Unprecedent quantita-
tive agreement between experiment and the microscopic
theory was achieved by McMichael and Wigen?®. They
have used a very thin magnetic garnet film where only
a few modes arc excited and can be selectively tuned in
the experiments. On the other hand, Suhl and Zhang?”
have used powerful tools of nonlinear dynamics to show
that even if the entire degenerate spin-wave manifold is
excited above thereshold, it organizes itself into new
eigenmodes of which only a few are active. Therefore,
the dynamics of the system in the vicinity of the oscil-
lation threshold is effectively governed by two modes.
We regard the step transients in Fig.2 as a strong sup-
port of this idea. However, the quantitative results of
Sulil and Zhang presented similar problems to those of
the two-mode numerical calculations, namely, too high
auto-oscillation frequency and threshold field.

Improvements in the microscopic model have re-
cently been proposed!™?3, through the inclusion of the
boundary conditions in finite bulk samples. Although
a better quantitative agreement for the auto-oscillation
frequency and threshold field has been achieved, our
model equations with aa; # 0 do not seem to ac-
count for all details of the experimental results, prob-
ably because they do not describe correctly the col-
lective modes’?. On the other hand, it seems to us
that the build-up of discrete modes, as presented in
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Fig.2, cannot be described by tlic analytical approach
of ref. [28]. Combined microwave and light-scaticring
L 29 L - .
experiments® should give important additional infor-
malions 01 the spatial and temporal patterns in spin-
wave cxperiments. These examples indicate that re-
scarch in spin-wave noulincar dynamics is likely to at-

tract attention for years to come.
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