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The  differential cross-section for inelastic scattering in the presence of an intense laser field 
is discussed. We have also calculated the absorption coefficient c% for a monoenergetic beam 
of electrons scattered by a static potential. Here we have derived ir starting under the 
framework of quantum mechanics, making the classical correspondence (h  -r 0) according to  
the kinetic theory, and show that the absorption coefficient is always positive for a11 values 
of the particle incoming velocity, 6. Numerical calculation of the total cross-section is also 
reported, showing that the well known sum rule for multiphoton free-free transitions does 
not hold, a t  small scattering angles. 

I. Introduction monoenergetic beam of electrons is scattered by a static 

The investigation of the absorption of intense elec- 
tromagnetic radiation in a fully ionized plasma with 
collisions of electrons and ions still is, a t  present, incom- 
plete. The main difficulty at high intensity radiation is 
that  a large number of photons must be included in the 
calculation. Thus the direct evaluation of the contribu- 
tion from many photons to  obtain the total absorption 
coefficient a is difficult. In the quantum mechanical 
approach, the inverse bremsstrahlung (I.B.) problem is 
solved by: a) calculating the transition probability (or 
cross section, a and b) calculating the rate at which 
energy is a b s ~ r b e d ~ ~ ~ ~ ~ .  However, for high intensities of 
the laser beam, i.e., in the range of 1016 to  1018 W / c m 2 ,  
relativistic effects on scattering potential must be con- 
sidered. 

The  differential cross section for inelastic scattering 
in the presence of an intense laser field, obtained by us' 
was recently confirmed6,', when the kibble parameter 
( c  = v o / c )  is less than unity. The main result is that 
the Kroll-Watson expression4 

breaks down. Here ( d ~ l d i l ) ~  is the Rutherford differ- 
ential cross section. In addition, there are great difficul- 
ties when it  is necessary to  calculate the global absorp- 
tion coefficient ir, because equation (1) is independent 
of the photon number n and of the distribution function 
of electrons. Similar difficulties appear on the energy 
balance and heating by multiphoton process when a 

'Universidad de Tarapacá, Dto de Electró~ca, Arica, Chile. 

potential in the presence of a strong laser field. Some 
authors%ave shown that  6 can be negative if v0 < vi, 
(üi = particle incoming velocity, üo = amplitude of the 
oscillatory velocity). In Section 11, we present a proper 
way to calculate the absorption coefficient 6 from the 
cross section treatment, and we are able t o  show that 
6 2 0, for ali Üi. Section 111 contains some numerical 
results and Section 4 is dedicated t o  discussions and 
conclusion. 

11. Quantum Mechanical Treatment 

11.1. Cross Section and Transition Rate 

We begin by considering the problem of a non- 
relativistic particle of mass m and charge e being scat- 
tered by a static, local potential V ( r ) ,  in the presence of 
a strong laser field. Here we consider that  the electrons 
interact with infinitely heavy ions via the Coulomb po- 
tential, and the first Born approximation is used for the 
scattering of electrons by ions. The transition probabil- 
ity Tnk(P;. + P f )  from a initial state P;. t o  a final state 
p f ,  under the perturbation C$($) due to  the n-photon 
process is given by3l9 

where q5(z) is the Fourier transform of the potential 
-, 

interaction q5(F), E f , i  = pj,i/2m and x = k . üo/w = 

( e & / m w )  (fli - 5) / 6 w .  The differential cross section 
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for I.B. is obtained from equation (??) 

where, Z ,  v',, and n are respectively, the ionic charge 
number, the velocity of the incoming particle beam and 
the number cB photons exchanged with the assisting 
field, with plus for absorption, superscript a ,  and minus 
for emission, superscript e. R(k) is the form factor 
which takes into account the range of the static screened 
Coulomb potmtial. 

11.2. Absorpt ion Coefficient 

In this sulxection we deal with the calculation of 
the absorptio.1 coefficient 6. This quantity is defined 
as 

with 

where N,, Ni .tnd I. are, respectively, the concentration 
of the incoming beam and of the scattering centers,+and 
the intensity of the laser field. The term nhw + hk . 
corresponds to the final energy of the electrons so that 
alo r dW/dt is the total energy decay rate. From 
equations (3), (4) and (5) we obtain 

When the electric field is parallel to Üi we can per- 
form the integration over the total solid angle and get 

Finally, taking the limit h -, O and considering that 
J: (nvO/v,) = JZ,, (-nvo/vi), we obtain 

For volvi « 1, laser intensity is small so we consider 
only the single photon process, that is, n = 1. Naming 
õrl the absorption coefficient for a single photon process, 
we have 

2xZ2e4 Ni N ,  - 
cri = 

mv, I 0  
($) ' ln d 

where ln A is the generalized Coulomb logarithm. This 
expression is always positive for any value of vo. We 
now normalize the multi-photon absorption coefficient 
in units of its weak-field value &i 

where n,,, = mvi/hw. We note that the number of 
terms in the sum is limited to a maximum number of 
photons, n,,,, which comes naturally from the inte- 
gration over the k value which is bounded by a k,,, 
that is related to n,,,. 

For volvi > 1 we can take for the Bessel function, 
J, (nvo/vi) the asymptotic approximation for large ar- 
guments, with fixed order n .  Such approximation gives 
J: (nvO/vi) = ( ~ n v ~ / v ~ ) - ~ ,  therefore 

In this form we have recovered an expression which 
is similar to  the Silin's e ~ ~ r e s s i o n ' ~ ,  which contains a 
product of two logarithms and Q - v0 - I ~ - ~ ~ ~ .  

For volvi % 1, 6 can become very large (see Section 
111) if the number of photons becomes large. With this 
range of parameters and for n large we can approximate 
the Bessel function Jn(n)  as an-'I3, where a = 0.4473. 
With this approximation we obtain 

An important point in this paper is that we do not 
calculate õr on the basis of the total cross-section UT, = 
u$ - u; , as done by Bivona et  al.? However, if we take 
this approach and go on calculating C%, we obtain the 
diverging absorption coefficient given as 
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where n has no imposed upper bound, from the mathe- 
matical point of view. For parallel geometry and small 
scattering angles and taking the peaking approximation 
we obtain 

This expression can also be obtained from ref. 5. 
However such formalism has two problems: i) the 
Coulomb logarithm is lost and ii) tliis expression is di- 
vergent when n + co and v. + vi ". Another way to  
obtain expression (14) is t o  take UT given as equation 
(3.6) of Daniele et al.", or equation (19) of reference 
12. For absorption process we make 6 = (w~/w2)u/c,  
where v = NiuTvi is the collision frequency and tup is 
the plasma frequency. Here also, ln A do not appear 
and UT can be divergent when n --+ co and v0 = vi. 
A11 these problems reflect the limitation of the cross- 
section treatment. What  we did is to  avoid taking the 
total cross section to  calculate ti but, instead, we have 
taken a, as given in (5). This resulted in expressions 
(6) through (8) which are more physically justifiable 
than expression (14). 

111. Numerical Calculation 

The main purpose of the present calculation is 
to  discuss the multiphoton exchanges, responsible for 
the resulting value of õr and UT for a monoenergetic 
beam of electrons scattered by a static potential in the 
presence of a strong laser field. To compare our re- 
sults with those of the references 8, 11, 12 we take 

V(r) = (2e2/r)e-'1'0 with r 0  » ao, ao being the 
Bohr radius. This approximation gives R(k) 2 1. Since 
1nA = k-'dk, k,,, and kmin are related to n,,, 
and nmin respectively. Then, A = n,,, if we take 
nmin = 1. Also when v0 + v, k,,, --+ mvolh, then 
n,,, --+ mvi/hw. In order t o  prevent the divergence of 
UT, from equation (8)) we take UT = u0 + uO F ,  where 

n,,, F = C,=, (1 - ln nl ln  n,,,) J: (nvo/vi) is a normal- 
ized factor which takes into account the presence of the 
laser field. Figure 1 shows F as a function of volvi. 
When v0 x vi the usual sum rule for multiphoton tran- 
sitions breaks down and a cross-section larger than that 
of the field-free case is obtained. Thus, the multiphoton 
free-free transitions does not hold, contrary to  expec- 
tations, a t  small scattering angles. Compared with the 
field-free results, significant enhancement occurs in the 
total cross-section in the presence of a laser taken as 
a single-mode homogeneous field in the dipole approxi- 
mation. This effect increases with A = n,,,. We have 
calculated F up t o  n = 104 photons. At low photon 
processes (n  < 10) F has its maximum a t  v0 > vi and 
it shifts towards volvi = 1 as the intensity increases (or 
frequency is lowered). Since F(A, volvi) is a normal- 
ized curve, i t  allows us to  easily obtain a complete or 

partial cross section. If hw = 1 eV and the incident par- 
ticle energy is 100 eV, tlien F(100, volvi) ,  F(10, volvi) 
represent the total (or partial) contribution over tlie 
multiphoton exchanges respectively. 

3.0 I I 

Figure 1: Total difference cross section [F = (aT - 
uO)/uO, in ao units] versus volvi for six values of the 
incident particle energy [A = n,,, = ( m ~ ~ / h w ) ~ , - ~ ~  
in units of hw]. The oscillatory velocity v0 is parallel 
to  the incoming particle velocity vi. T h e  range of the 
potential is r 0  » ao. 

To compare figure 1 of reference 12 with our results, 
we take F,,, for different values of Ei and obtain the 
results given on table I. 

Table I - Total cross section, UT, as function of 
the incident particle energy. 

We can see on table I that  our results agree, in essence, 
with the final results of ref. 12, that  is, as uT/uo be- 
comes larger with increasing incident particle energy 
(i.e., strengthening the inequality Ei » hwo). Our  ex- 
pression UT = uo( l  + F ) ,  which is convergent when 
v0 + vi, may be compared with equation (3.10) of ref. 
11. Clearly, it diverges a t  volvi = 1 as on appendix of 
ref. 11. 
' This rapid increase of UT = Eu, can also be shown 

numerically. It is well known that J:(z) has its first 
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maximum t t  x = n (the departure of its maximum 
from the x = n becomes larger as n becomes smaller). 
Fig. 2 shows x,,,, the argument of the first maximum 
of J ~ ( x ) ,  vcrsus n .  Tlie initial slope of the curve is not 
equal t o  on?  but  as n increases, such as n 2 100, it ap- 
proaches o r e  and it can be represented by x,,, = nQ,  
q = 1. If wtb take the usual approximation, J: - l l i rn ,  
we find tliai, CTT is proportional to S n-Qdn, which gives 
a logarithm divergence. But a t  x = n ,  where the peak- 
ing approxi nation is allowed, we have Jn(n) - a2/n2/3 
which is a130 confirmed in the numerical calculation 
shown in Figure 3. In this case (for n » 1) we have 
UT = C Jn(xma,) = Cl JF n-2/3dn ~ ~ n ~ / ~  
which yieldj a fast increase of UT when v0 approaches 
v; and n + 03. 

Figure 2: Arguments of the square of the Bessel func- 
tion against the number of exchanged photons n which 
gives the maximum of J:(X) a t  v0 2 vi for n moderately 
large (1 < n < 25). 

Up t o  now, experiments have reached values of 
Ei < 1 keV, hw > 1 e V  and 10 5 1016 w/cm2. 
For these er perimental parameters the number of ex- 
changed phc~tons (n)  is only moderately large so equa- 
tion (3.10) of ref. 11 can be used to  estimate uT/uo. If, 
however, n i:; large ( n  > 105) [for E, > lkeV,  hw < l e V  
and I > 10'6 W/cm2], where it is likely that compu- 
tational limitations appear, the problern of divergence 
discussed above must be taken into account. 

If the geometry chosen is Üo I V i ,  the usual sum 
rules are recovered ( F  = 0)13914. The numerical calcu- 
lation of short-range potential (ro - ao, not reported 
here) will be discussed in a future paper. 

Similar considerations can be made for the absorp- 
tion coefficicnt. Fig. 4 shows &/al versus volvi, for 
n up t o  A == = 104. In the region volvi > 1, 

Figure 3: As in figure 2 except that 100 < n < 1200 
and the function l / Jn (x)  versus n for maximum multi- 
photon exchanges a t  v0 E vi for n large. 

the results of ref. 8 are confirmed ( 6  - I ~ - ~ / ~ ) .  For 
vo/v, < 1 &/a1 + 1; as volvi passes over the value 1 
the absorption coefficient reaches its maximum; for val- 
ues of volvi greater than the latter value 6 decreases 
monotonically, except for a periodic peak which will be 
explored later. For any value of volvi ã. is always posi- 
tive. This is so because we have defined ã. as the overall 
absorption coefficient of the system (electrons + laser 
+ ions). Reports of 6 < O given by many authors corre- 
spond to  the energy loss of the electron bearns obtained 
within the framework of the kinetic theory15116117. 

In this sense, a < O (for A large) would correspond 
to Figure 2 of ref. 5, which is obtained from the clas- 
sical treatment. However, this agreement is only par- 
tial. At vo = vi the classical treatment has a significant 
flaw, because the instantaneous collision assumption is 
violated" and 6 would be divergent. I t  is easy to show 
this by just making vo/vi = 1 and wt  = in the ex- 
pression (2.29) of ref. 5. Also the classical result does 
not show the shift of the maximum of ã.(n,,,, vO/vi) 
towards volvi = 1 when n,,, = A increases. The quan- 
tum mechanical correspondence of the classical result5 

would be equation (14) with n,,, -+ cm. 

Table I1 gives the values of 6(nm,,, 1) (equation 8) 
and the numerically calculated values of expression (14) 
of the text. 
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Figure 4: Absorption coefficient in units of C Y ~  versus 
v,/vi, r 0  » ao, for six values of A = n,,, (3, 5, 10, 
100, 1000, 10000). The laser field is linearly polarized 
along the direction of the incoming electron velocity. 

Table I1 - Absorption coefíicients as function of n,,, 

n,,, I &,/al [equation (811 I &/ai [equation (14)] 
5 l 1.2 1 1.9 

For n > 1000 equation (14) begins to overestimate 
6, so it is necessary t o  introduce some saturation mech- 
anism for à. Clearly the field inhomogeneity introduced 
by Bivona et a1"educes 6 d / ~ i  and may be compared 
with &,/al.  

Finally we note that at  the high-intensity range 
(volvi > I) ,  the calculation of the partia1 a and CY ex- 
hibits oscillations with maxima at volvi - 4.65 and 
volvi N 7.80 (Fig. 5). Bivona et a l q a v e  mentioned 
these oscillations. At higher values of n,,, , the oscil- 
lations resemble saw-teeth. Here we confirm that both 
the cross-section and the absorption coefficients exhibit 
this saw-tooth like oscillations which are lost in the clas- 
sical instantaneous approximation5. 

IV. Conclusion 

We have studied in detail the processes which occur 
in the scattering of a monoenergetic electron beam. The 
analysis has been carried out for a geometry in which 
the laser electric field is parallel to the incoming elec- 
tron velocity. Contrary to  the results of Bivona et ald 

Figure 5: Plots of S = C",;" Jn(nv0 /vi) versus (vo/v;) 
having as parameter n,,,. As n,,, increases S exibits 
saw-tooth like oscillations. 

we find that 6 is always positive, so this situation could 
not be a reminiscence of a well-known process occurring 
in plasma physics, namely the two stream instability17. 

The difference between our results and those of 
other authors" is due to the form by which CY, is calcu- 
lated. With expression (21) of ref. 8 the Coulomb log- 
arithm is lost and we get 6 < O if volvi < 1. Equations 
(4) and (5) of our paper, obtained within the framework 
of the kinetic t h e ~ r ~ ' ~ ~ ' " ' ~ ,  give 6 > O for a11 values of 
vi. 

Also, in the instantaneous approximation and 
within the cross-section treatment, Ehlotzky20 finds 
that &(volvi < 1) is negative if 6 I Üi while Bivona 
et al. show that ?i(vo/vi < 1) < O,  if Üo 11 Ü,. A11 
these points reflect the limitations of the cross section 
treatment and it seerns adequate to  consider only the 
magnitude of CY = I  CY 1 . 
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