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Abstract The low-energy theorems in non-Abelian Compton scattering
previously obtained for spin-1/2 targets are extended to the case of targets
of arbitrary spin.

A Introduction

In a previous paper! we have obtained four new isospin-antisymmetric low-
energy theorems in nucleon non-Abelian Compton scattering by using a second
lemmafor the Compton amplitude. In this note weshall useit to discuss the scat-
tering on targets of arbitrary spin. Lin? has considered the case of normal Abelian
Compton scattering. We shall then concentrate only in the isospin-antisymmetric
part of the amplitude and show that seven new low-energy theorems can be ob-
tained to second order in thefrequency o the incoming photon. The basic equation
is Eq.(4) of Ref.1, which reads

Kn(Egfy ~ ' T30) = Ky, UZh + ' UG
) EE'\1/2 N N
+1 (27r)3(m) 1 < 5 | Tmlp > (1)
In this equation E2 is the space-space component of the excited part of the
amplitude tensor and U,‘Zf is the unexcited part. I?‘(w') is the momentum (energy)
of the outgoing photon, E, (w) will designate the corresponding quantities for the

incoming photon and ﬁ,E(p7, E') are the initial (final) nucleon momentum and
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energy respectively. J; isthe electromagnetic current and T2, is a quantity which
is odd under crossing in the Breit frame, where

! K-k

P =—FP=——7F— E=EF J=uw (2)

2. Expansion of EZf, in the Breit frarne

The Breit frame is the framewhere T-reversal invariance achieves its simplest
form as used by Pais® to write down the minimal basics B,(,i),, in which EZ%, is to

be expanded. To order w? we have, for the isospin-antisymmetric part,

B = (1°,1°3" o;BG),

i
= [I%, IP){way,16mn + @2(0) + az 1Kk’ + ag 3wemn; S;

+ was, (SmS,. + SnSm — §§Z5mn)

+ a4(0)[6mnS. (K x k) ~ k.K'€mn;S;]

+ a5(0)[km (S x k) — k(S X K')m]

+a6(0)[k}, (S X k') — kn(S X E)m — 20 ;5]

+ a7(0) [k (8 X k') — KL, (§ X K)m — 2k.K €mnsS;]

+ ag(0) [k, (S X k)p — kn(S X K)m)

+a5(0)[< Sy Sy 8.(K' X k > + < Sy, S, 5.(K' x ) > —

- §(3§2 —)F(R x F)bmn]

+ a10(0)6m,,j[< S".E,,S‘.E’, S]' >4+ < §E,§;, Sj >]
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+ a11(0)emns|< S.K',SK,Sj >+ < Sk, 5k, 8; > -
2032 (oo
— (387 — DE.(F x B)bl
+a12(0)[< S, (8 X K)n, Sk > — < Spr(S X k'), 5K >]
+ a13(0)[< Spm, Sk, (§ X K)p > — < Sn, S .k, (§ X l_c"),,, >]
+ a14(0)[< S, (Sx C), §F > -<5,,(§xL) 5k

~ (382 — 1)(B{) + BE))]

+a15(0)[< S, S.K', (8 X k)p > — < S, §J6, (8§ X KNy > —

— (382 - 1)(BGY + BEM}, (3)
where
< A,B,C >= ABC + CAB + BCA (4)

5% = g(st1), 12is the ath component o isospin, and the expansion o the coef-
ficients, to order w2 , is an accordance with the even crossing symmetry property
of E25. InRef4 the expansion in Eq.(12) has been done in the Lab frame and the
last four basis elements B2 — BLS, are actually missing in that equation. How-
ever, the conclusion o that paper continues to be valid because they are based
on arelation for k!, k, E,., which does not contain B,l,?,z - B},f,, , Since these basis
elements are orthogonal to &/,%,.. One can show that the other possible parity-and
time-reversal invariant basis elements obtained by interchanging k and & in B3?
to BS,%,) are not linearly independent,as we discuss in the Appendix. For conve-
nience we have used parity-and time-reversal-invariant amplitudes basis elements
B:,_ for i = 58 o which the corresponding basis elements E® of Pais,? there
numbered i = 8-11, are linear combinations, as given by Eqgs.(A.7) to (A.IO) of
the Appendix.
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3. The Low-Energy Theorems

The usual procedure to obtain low-energy theorems uses a relation involving
k’mk,,Ef,ﬁ and then it cannot give information on the partial amplitudesfor which
the corresponding basis elements are orthogonal to k!, ks that is, kink,,B,(,i)n =0.
This is the case for i = 4-8 and i = 12-15in Eq.(3), which will now be accessible
to us. We shall then concentrate only on this part of the amplitude.

As I‘f’.ﬂ is a three-tensor as is E,,m , it can be expanded in the same minimal
basis. To get information about %8 to order w2 we seefrom Eq.(1) that we need

to consider rLﬁﬁl to order w. AsT2% isodd under crossi ng we have, to order w ,
2
T3, = [1°, 19 {b1 (0)6mn + who1€mn; S5 + b3(0) (Sms,, + SnSm — §5215,,,,,‘) } (5)

Using Egs. (3) and (5) and the identity (A.15) o the Appendix the isospin -
antisymmetric part o the left-hand side of Eq.(3), which contains the terms that
are d interest us (i = 4-8 and i = 12-15), become

-,

i (B8 — wTle) = (1%, P{R,S.(R x B)[as(0) + ar(0)

2 (83 = 1)(as (0) + 013 (0)] + (5 x R) o F'as(0) + whas(0)

+ knS.(K' x k)ag(0)+

[< S.F, S, 8.(F' x k) > + < S,, 5.1, 5.(K' x k) >][as(0) — %(a14(0)+
a15(0))] + [< S.K, 5.k, (8 x B)n+ < §.k, 5.k, (§ x k')n >]a10(0)

(< BRLEE (8 x F)n >+ < SEER, (S x B >lans(0) + 5(e14(0)+
a15(0))] + [< Sk, (§ X k)n, §.& > a12(0)+ < S§.K', 8.k, (8 x k)n > a13(0)}

(6)

All the coefficients that are present in this equation will be determined by the
right-hand side o Eq.(1), giving rise to nine low-energy theorems. The coefficients
a10(0) and the sum ag(0) + a;; (0) have been determined before? by considering a
relation for kl,k, E[ af 1. The rest constitutes the new seven low-energy theorems
and we shall concentrate only on them.

To establish the expression o the new lowenergy theorems we have to calcu-
late the right-hand side of Eq.(1) in the Breit frame. For that purpose we need the
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expression of the current matrix element for arbitrary spin. This has been deter-
mined before® to second order in terms of the related form factors and multipole
moments, which are the charge and magnetic moment mean square radii < r? >V
and < R? >V, respectively, the isovector magnetic dipole moment ¥ (in units of
1/2M), the electric quadrupole moment @V (in units of 1/M?) and the magnetic
octupole moment Q¥ (in units of v/6/2M?3 ) , defined by Egs. (17a-€) of Ref.4.
Calculating the right-hand side of Eq.(1) and comparing with Eq.(6) we obtain as

new isospin-antisymmetric low-energy theorems,

. \ 4
24(0) + a7(0) = 8—’;—3(%’-;— - 2)
i (st -1)u¥ Q" 1352 - 1)QY
* 4M35(28 - 1) [ 28 C15(S-1) ] > (@
T e <R?> (382 - 1)a¥
as(0) = i[—é“a,@M s( S 1) " 55 T 30M3S(S-1)(25 — 1)] > @
our

%) = GiarEs (? - 1) : ©)

<RV Y <Y 1

) = o+ s (e T aaE)t
i (252 -1’ Qv (352 -1)n
T 3MES(25 ~ 1) [ 4S 58 -1) ] ’ (10)
1 i nV VQV T
019(0)—5(1114(0) + a15(0)) =24M3S(25—1)<S~1—MS ) , (1
and .

a12(0) = a13(0) = L ) (12)

T 12M3S(S - 1){28 - 1)
where use has been made of the identities (A.17) and (A.18) of the Appendix.
For S=1/2 it will be present only the results without the terms proportional
to Q¥ and QY. It is easy to see that they agree with those already derived for
spin-1/2 targets! by expressing < r?> >V and < R? >¥ for S=1/2in terms o ne
and the nucleon form factors.
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Appendix

By expanding 5.[(S x k) x (7 x §)] and S.( X [§ X (& x 8]) in two different
ways one easily establishes the identities

SES.(Fx §) — S*%.(Fx §=8.p5.(k x §) — 5.35.(k x p) (A1)
and
5.qk.(@ x b) — 8.(@ x b)k.§ = 5.(k x @)§.5— S(k x 5)3.d (A.2)
Using
SmSn — SpSm = 1€mn;S; (A.3)

we aso have, from (A.1) ,
S.(Fx§)Sk—S*.(Fxq) =8.(kxSp-S.(kxpSg. (A4

a. Using these identities one easily shows that the other possible basis de-
ments obtained by interchanging k and & in B, for i = 12 - 25 are not linearly
independent basis elements. Calling them A%, we havefor instance for i = 12 and
with a convenient contraction with arbitrary vectorsg and by ,

-

ambnASY =< §.8,5.(K x B),5.8' > - < §b,8.(kxa),5k> .  (AS5)

Using Egs. (A.1), (A.3) and (A.4) thefirst term on the right-hand side of Eq.(A.5)
can be written a

=

< 5.8 5.(R xb),5k>=<5535(
- (387 - 1)8.

1

@,5k >+ < 8.K,5@x8),5.k >
B .(a@x B

&l

X
E/
A similar relation holds for the second term on the right-hand side o Eq.(A.5).
Adding the two terms and making use o (A.2) one obtains

ALY = BAY _ D + (352 _1)(B% | 519 . (4.6)
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Similar considerations applies to the other cases, i = 13 - 15.

b. By contracting E® of Pais® with @by for convenience and us ng Eq.(A.2} it
is easy to see that

& =_B&) - B, | (A.7)
Also
EGL = -BG. - BG) (48)

As mentioned before! the plus ans minus signsin both equationsfor i = 10 and
i = 11 of Pais should be interchanged otherwise they would not be independent

basis elements. Correcting these misprints they are related to our elements by the

eguations
ESY = B®) _ B _ (w2 +.?)BY), (4.9)
and
M) = B - BE) 1 2k R B, (A.10)
c. Callnow
X, =< S.K 5.k, (8 x F) > + < S.K,8.8,(5 x &y > (A4.11)
and
Y, =< S,,5.K,5.k,5.(R x k) >+ < 57,8, 5.(F x k) > . (A.12)

Using Egs.(A.1) and (A.3) it follows the relation

Xo-Y,=2<SK 58, (Sxk)n.>-2B8%-1)5kFE xk)n . (413)
From Eq.(A.2) we also have
SR(E x Ky = k(B + BT . (A.14)

Therefore,

-,

< SR, 58, (5 x B)y > (38 2 - 1)k (BE), + B, = %(X,, ~Y,) . (A15)
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d. Using (A.3)we can write

-

25.K'(

tny

From here we have

Using (A.15)in (A.17) we obtain

{(SX B)mr (502} = gl(x,, LY.+ (257 - g)wz(sx D
(2S? - 1)(5.(K' x Bk, — KR (5. x F)a)
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Resumo

Os teoremos de baixa energia em espalhamento Compton néo-abeliano, previ-
amente obtidos para alvos de spin 1/2, sdo estendidos para o caso de avos com

spin arbitrério.
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