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Abstract The valence bond theory, in an ab iritio approximation, has
been used to calculate the m-electron energy of the three lowest states of
the trans-butadiene molecule. Using the methods of non-orthogonal orbitals
valence bond calculations, bi-orthogonal valence bond basis and the opti-
mized atomic orbital approximation, in each case a comparison of the rate of
convergence of the energy to thefull configuration interaction limit has been
made. It isconcluded that, when undertaking an orbital optimization, only
the covalent structures can reproduce the results of the full configuration
interaction limit.

1. Introduction

The main practical issue which has prevented further development of the va-
lente bond theory of the molecular electronic structure for the past fifty years has
been the so-called "non-orthogonality problem”. Due to this non-orthogonality, ab
initio valence bond (VB) calculations have usually been restricted to few electron
systems.

Methods have been developed to handle the non-orthogonality problem
directly!~%. Using VB structures defined in terms of orthogonal orbitals an al-
ternative approach®~# is to orthogonalize the basis functions. Unfortunately, this
orthogonalized valence bond {OVB) procedure converges slowly in the sense that
the “multiply-polar” structures must be included in large numbers®?8.

Norbeck and McWeeny® combined the advantages of the VB and OVB ap-
proaches by setting up two bases, which are bi-orthogonal in nature, and applying
the method of moments, instead of solving the usual variational secular equations.
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When all structures are included the basis set limit is reached, but even truncated
sets give good (though non-monotonic) convergence.

Recently, McWeeny'© has shown that the full configuration interaction (CI)
limit may be closely approached using only asmall number of structures by sightly
modifying the nearest-neighbour orbitals in order to enhance their mutual overlap.
Energies obtained with this approach have been reported for some molecules!®*3.

In this report we compare the rate of convergence of the energy to the full-
CI limit for the three lowest states o the trans-butadiene molecule, obtained
with the following methods: the non-orthogona orbitals VB calculation; the
bi-orthogonal valence bond (BOVB) method® and the optimized atomic orbitals

approximation!0-13,

2. Theory: The trans-butadiene molecule

Using the minimal Clementi basis set (7s 3p/3s) Gaussian contracted to [2s
1p/1s} astandard molecular orbital self-consistent fild (SCF) calculation was per-
formed to describe the electronic structures o trans-butadiene. Next, considering
the 26 electrons corresponding to the ¢ bonds and 1s shells of the carbon atoms
as the core electrons of a set of doubly occupied orbitals, we replace the 1-electron
Hamiltonian for the = electrons by an effective Hamiltonian. The p, atomic or-
bitals (AO) are orthogonal to the core (seeref. 11 and references therein). The
total energy in this caseisequal to the = electrons' energy plus the core energy?1:14.

Thus, our VB calculation involves only four = electrons and four non-
orthogonal p. atomic orbitals. Consequently, there are 20 singlets and 15 triplets?®.

Fig. 1 shows the carbon skeleton o the trans-butadiene, where each p, non-

orthogonal AO is denoted hy

U1, Uz, U3, Uq (2.1)
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Fig. 1- Carbon skeleton of the trans-butadiene molecule.

Using the modified orbitals

iy = uy + Aug

iy = ug + Auy + vug
i3 = uz + Aug + vug (2.2)

iy = ugq + Aug

where A, v are numerical parameters determined by the requirement of a minimum
total electronic energy, we will see in the next section that the energy obtained
with covalent structures is approximately equal to the energy obtained with the
full-CI calculation. Orbitals of this king were first used by Coulson and Fisher?,
and later by Mueller and Eyring!” but they have not extensivelly adopted them,
as we do here, owing to technical difficultiesarising from the use of heavily non-
orthogonal functions.

If {u) is a linearly independent set of non-orthogonal atomic orbitals, it is

possible to construct another linearly independent set d orbitals {#}, such that
< ﬁ;lu]- >= 6ij

The sets {u) and {&} are sometimes referred to as “bi-orthogonal” and the

relationship between them is easily seen to be

#=uS"}

where S is the overlap matrix of the set {u}.
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The 1-electron and 2-electron integrals were transformed to the bi-orthogonal

basis using the simple transformation equations .

< iglhlu; > =Y TD < uplhlu; >,
" (2.3)
< gty lglugu; > = ZTJmT]Tn < umlglglugy; >

mn
where T = S~1. The resulting bi-orthogona VB method does not yield upper
bounds to the energy levels, but as more structures are added it nevertheless
converges towards the same "basis set limit" as the conventional VB calculation.
In addition, it has attractive computational features in requiring only the simple
VB rules for matrix eIementsQ, together with a “2-index™ transformation of 2-
electron integrals rather than the customary (exceedingly time-consuming) 4-index
transformation.

In the next section, a comparison is made of the rate d convergenced the three
lowest states o the trans-butadiene moleculewhen the three proposed methods are
used: i) the VB ii) the optimized atomic orchitals and iii) the BOVB calculation,
egs. (2.1), (2.2) and (2.3), respectively.

3. Results and Conclusions

To compare the convergenceof the different methods, it is helpful to introduce
an ordered set of approximations whose limit is the complete calculation for a
given basis set. In the valence bond formulation, the first level o approximation
includes all covalent structures (COV). The importance of ionic structures is less
than that o covaent structures and decreases as the number o doubly occupied
atomic orbitals increases. The singly ionic adjancent (SIA) structures are some-
what energetically lower than the singly ionic non-adjacent (SINA) because in the
former the electron-electron repulsion in the doubly occupied orbital is partially
compensated by the absence o repulsion from an electron on an adjacent centre.
Doubly ionicstructures (DI) havesuch a high electron-electron repulsion that they
make only minor contributions to the ground and low-lying excited states. Tables
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1, 2 and 3 give the approximate levels with the associated number of symrnetry-
adapted structures in the progression COV, SIA, SINA and DI (where applicable).
Since each Jevel includes the structures from all the precedent ones, the final level
represents a complete multi-structure valence-bond calculation.

All energiesfrom tables 1, 2 and 3 are in units of £, (Hartrees), and a minimal
Clementi basis set (7s 3p/3s) Gaussian-contracted to [2s 1p/1s] has been used in
these calculations.

Table 1 shows the 7 electron energies of the ground state of 1 4, symmetry of
trans-butadiene molecule, for each level of approximation and the corresponding
number of structures used in each level, obtained with the approaches described
in the last section.

Table 1 - Ground state energy of the trans-butadiene molecule (with different
approaches).

m-electron energy (Hartrees)

Level of Number of [Non-orthogonal | Bi-orthogonal Optimized
approximation | structures | basis {eq.{2.1)) |basis (eq.(2.3)) |orbitals (eq.(2.2))
CoV 2 -3.3762 -3.1271 -3.4612
SIA 8 -3.4545 -3.3967
SINA 14 -3.4595 -3.4145

Dl 20 -3.4633 ‘ -3.4633

It can be seen from table 1 that the energies obtained with the bi-orthogonal
basis (eg. (2.3)) in any level of approximation are of lower quality than those from
the non-orthogonal basis (eq. {2.1)), that is, the VB approximation converges
more rapidly than the BOVB to the full-CI limit. Only when all structures are
included in the calculation the two methods lead to the same values. On the other
hand, we also verify that the computational time to perform the full-CI calcula-
tion using the bi-orthogonal basis is shorter than that of non-orthogonal basis.
Besides, one notes that this computational time difference between the two meth-
ods increases when the number o structuresincreases. For example, in the full-CI
calculation of the singlet state of the benzene molecule (175-structures), the com-
putational time using the non-orthogonal basis is about ten times larger than the

BOVB method. Apart from computational advantages, no iterative optimization
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of orbitals is required and the usual 4-index transformation of electron repulsion
integrals is replaced by a 2-index transformation (eq. (2.3)).

Using the modified orbitals of eq.(2.2) the covalent structures lead to results
close to those obtained by the full-CI limit (Table1l).

In tables 2 and 3, we have the a electron energies respectively of the 4,
and 2B, excited states of the trans-butadiene molecule. From these tables we
can see again that the BOVB approximation converges more slowly than the VB
approximation in relation to the full-CI limit, where the two methods give the
same results. When the optimized orbitals (eq. (2.2)) are used, only the covalent
structures give results which are approximately equal to the full-CI limit.

Table 2- Excited state energy of the! 4, symmetry of the trans-butadiene raolecule
(with different approches).

a-electron energy (Hartrees)

Level of Number of |Non-orthogonal | Bi-orthogonal Optimized
approximation | structures | basis {eq.(2.1)) |basis {eq.(2.3)) |orbitals (eq.(2.2))
Ccov 2 -3.1353 -3.0807 -3.1744
SIA 8 -3.1711 -3.1605
SINA 14 -3.1766 -3.1732
DI 20 -3.1772 -3.1772

Table 3- Excited state energy of the® B, symmetry of the trans-butadiene molecule
(with different approaches).

a-electron energy (Hartrees)

Level of Number of |Non-orthogonal | Bi-orthogonal Optimized
approximation | structures | basis (eq.(2.1)) |basis (eq.{2.3)) |orbitals (eq.(2.2))
Ccov 3 -3.2642 -3.1069 -3.3195
SIA 9 -3.3148 -3.2968
SINA 15 -3.3219 -3.3219

The resuits can be summarized as follows:

The VB method converges more rapidly than the BOVB method to the full-CI
limit. In all cases studied in the present report the computational time to make
the full-CI calculation in the BOVB approximation is shorther than in the VB
approximation. It is also concluded that if the optimized orbitals of eq. (2.2) are
used the covalent structures are needed to reproduce the results of the full-CI limit
for the three lowest states of trans-butadiene.
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Resumo

Aplica-se a teoria de ligag8o de valéncia para calcular as energias dos elétrons
7 dos trés estados de mais baixa energia da molécula do trans-butadieno. Usando
trés métodos diferentes, compara-se a taxa de convergéncia da energia para o
l[imite de um célculo completo de interagao de configuragtes. Além disso, verifica-
se que, quando se faz uma otimizagdo dos orbitai s atdmicos, somente as estruturas
covalentes sdo capazes de reproduzir os resultados de um célculo completo de
interac8o de configuragdes.

78



