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Abstract The classical dynamics o Lagrangian systems containing sec-
ond derivatives of anticommuting variablesis considered here. Examples of
supersymmetric second order Lagrangians are presented. We apply Dirac’s
theory o constrained systems to these models and compare our results with
those corresponding to first order Lagrangians proposed in the literature.

1. Introduction

Pseudodynamics, i.e. the dynamics of a system described by ordinary c-
variables (even supernumbers) and by a-variables (odd supernumbers) is one o
the most attractive subjects in the study of gauge supersymmetry and o its out-
standing properties which have large application in theoretical physics!=. The
main motivation for thc analysis of systems o point particlescontaining odd vari-
ables which are invariant under supersymmetry transformations (superparticles,
for short) is the desire to attain a better understanding o the more complex
supersymrnetric string models. In fact, systems o superparticles can appear as
limiting cases of superstrings. An example is the Brink-Schwarz superparticle®
associated with ground states of the Green-Schwarz superstringg. The question
of the accomplishment of a covariant quantization procedure for superstrings is
o crucial importance and it motivates the investigation of quantum mechanics of
superparticle models!0-13,

Besides these aspects superparticle systems have their own significanceat the

classical level. As pointed out by Galv&o and Teitelboim?, if we consider a system
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without spin we can introduce spin degrees o freedom on it, by means o a-
variables provided that we supersymmetrize the corresponding action. In this way
we get classical spinning particles. In terms o Dirac's Hamiltonian theory this is
equivalent to taking the square root of the Hamiltonian generators of the spinless
system. There is, of course, a close relationship between this resuit and the claim
that supergravity isthe square root of ordinary general relativity*.

Another interesting problem concerning constrained Hamiltonian systems is
that of the inclusion of higher order terms in the action and the possible modifi-
cations in the algebraic structure of the Poisson brackets of constraints. We can
mention, for instance, alternative theories of gravitation with Lagrangians which
are quadratic in the curvature tensor and /or its contractions'*~!?. Theaim of such
models, as is well known, is the obtention of a consistent quantum theory of the
gravitational field. Recent works have aso shown the relevance of squared terms
in superstring actions'®~%%. These squared terms contain higher order derivatives
and lead to a model without ghost particles in the low energy limit of the string
theory.

Even thesimpler case of point particle Lagrangians - constructed from usual c-
variables — which depend at most on second derivatives of the dynamical variables
seems t0 deserve a deeper investigation?!.

The purpose o this paper is to consider the pseudodynamics of second order
Lagrangian systems, that is, the classical mechanics of supersymmetric Lagrangian
models containing second derivatives o anticornmuting variables (a-variables). In
Sec. 2 we recall the general features of second order Lagrangians. We also indi-
cate the use of some prescriptions of Lagrangian and Hamiltonian formalisms in
the context of models involving a-variables. Sec. 3 contains examples of super-
particle second order systems. Comparison is made with some related first order
Lagrangians encountered in the literature. In Sec. 4 we follow Dirac's method in
order to derive Poisson and Dirac brackets for the constraints associated with the
Lagrangians presented in Sec. 3. We also obtain, for each situation, the total an-
gular momentum algebra and we discuss the interpretation of the spin variables.
Some of our examples revea the existence of a second order spin effect besides
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the cantribution to the spin vector due to the usual first order terms in the anti-
commuting part of the Lagrangian. Sec. 5 closes that this note with some final

remarks.

2. Preliminaries

Let us consider a pseudoclassical system described by the c-variables z; (i =
1,..,n) and by the a-variables0, (a=1,...,N). Let L (i, Zi,%:,00.0a,0a) be a
second order Lagrangian from which we get the action principle

tp -
6/ L(zi,a':i,i:;,0a,0a,90)dt =0. (2.1)
th
Recalling that there is an arbitrariness in the definitions of derivatives with

respect of to a-variables we make the choice of left derivatives
6¢(0a) = 68p50$(0a) s (22)

where ¢ is a function depending on a-coordinates?2.
The variation indicated in (2.1) leads to the equations of motion

8L d oL  d* AL _

a_m_Eb?,-“LEt—za_if—o’ (2.3)
;Ti_%:_im%:_{,:o’ (2.4)

The canonical momenta are defined by
o= %_%%, (2.5)
= g_i , (2.6)
a_ (;971; _ %;9_’;; , (2.7)
7o = %’1 : (2.8)
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with y; = z; and 5, = 6,, and the canonical Hamiltonian is

H(zi, 0", yi, P, 0a, 7%, 00, %) =

= &gt + 4P + Bam® + am+

= Lz, ys, yia”m'laaﬁa) ’ (2.9)
where we use Einstein's summation convention. Note that the order of the a

variablesin (2.9) is compatible with our choice (2.2) for the derivativa. Then we

can derive Hamilton's equations
oH 6H , O0H . o0H

(2.10)

Ii:?}?’p:_Bzi’yi_ap"p:_ay,-’
and
. oH ., OH 8H .o OH
- T = —— N, = —— T =, 2.11
0& aﬂ'a , aea s Na 37_1'0‘ s T af]a ( )

Now if we take a function f(z;,p’, i, ", 0a, 7%, Na,7%) of even nature we ob-
tain, with the aid of (2.10-11), the time derivative
g):_ 8f6H JfoH ( 8f 0H OdfJdH

- g;jo4 9704, 9/04 9]

dt 8z;8p* 8p'dz; Oy;0p* 97 Oy
+ 0L OH , Of OH | 5f OH , o] OH. .12
9, ard dlage, d ~dfa al,ad ~, :

The right-hand side member in (2.12) corresponds to the Poisson bracket

{f,H ) so that we have the definition of Poisson brackets between quantities of
even nature as follows:
_OE,0E; OE;3E; OE,0E;
BoBe} = 50 o o5 00 ' By o
OB, 0B,  OF;0F; OF\0E,  OF\0F:  OF\0F;
8p* dy; 80, 8me  On* 88y Ong O BTN,
From (2.13) we immediately obtain the brackets between two variables of odd

(2.13)

nature and those involving one even quantity and one odd quantity, which are
respectively

(01,05) = 201802 _ 080, , 80, 80, 80,00,
Oz; Op*  Op; 0z; Oy, Op*  OF* Oui
00; 90, 00; d0; 980y 90, 80, 60,

T30, 5me  Araa0,  on T2~ Aladn, @14
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and

oF 80 JOFE 80 JF 00 OF o0
9205 9510z T 0i0p 97 0w
8E 80 OF 50 OE 80 JFE 90
30, 0% | 9n% 30, | 9na 070 | 079 ong

{an} =

+ (2.15)

Equations (2.12-15) are extensions of those presented in Ref. 1, where sev-
eral properties concerning Poisson brackets of even-even, even-odd and odd-odd
variables were demonstrated as well.

An obvious application of (2.13-15) yieds the following nonvanishing Poisson
brackets:

{xi’pj} = 6: = {yi’pi} 3 {0&:7rﬂ} = _&g = {ﬂaaﬁﬂ} . (216)

The Dirac bracket for systems with a-variables is given by
{4,B)" = {4,B} - {4,&}(C*)"{&, B}, (2.17)

where A and B can have even or odd nature. Asin the case of usual c-coordinate
systerns, Dirac brackets are introduced in order to eliminate the second class con-
straints from the theory, so that the correspondence principle can be applied and a
commutator algebra o operator associated with dynamical variables can be con-
structed. Also, as mentioned in Ref. 3, the existence df a set of second class
constraints guarantees the existence o (C*)~1in (2.17).

The extension to field theory of the results sketched above will not be treated
here. We only note that for superfield Lagrangians the matrix representing the
Poisson brackets of the constraints happens to be singular?* . This is a consequence
o the existence in supersymmetric field theories o constraints which are different
in character from those encountered in c-variablefield theories. In this|atter case™
and aso for a-variable models of point particles one can ensure that the matrix
C* o Poisson brackets of constraints is non-singular. In the former case, in spite
of the impossibility of inverting €%, one can define uniquely - at least for some
simple situations - a C™! matrix which gives the correct form of the Dirac brackets

(see Ref. 24).
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3. Selected exanpl es

We proceed by presenting some examples of second order Lagrangians. The
supersymmetric systems suggested here are simple but may serve as a starting
point for the study of similar Lagrangian models involving fields.

Nonrelativistic free superparticle

Inspired by thefirst order Lagrangian proposed in Ref. 3, p. 1864, we construct
the following second order action

5 = ” Lydt + %{z(z) - £(2) — =(1) - £(1)] + %”(1) -6(2)+

31

+ kao[6(1) - 6(1) — 8(2) - 8(2)] , (3.1)
with )
L1=—%z-i+é9~0+k209~0, (3.2)

where the simplified notation x = (z;) ,8 = (8,) is adopted, j,a=1,2,3,8(1) =
0(t1),0(2) = 8(t2), etc., with t; and t, representing initial and final times in the
action principle, and kyo being an even constant. The Lagrangian (3.2) can be

viewed as a particular case of the more general expression

- (4) (B)
Ly =-mz-z%/2+ Z kap 0 - 6 (3.3)

A>B

with the indices over the 9-vasiables denoting their derivative order. By taking
Ko = /2, Kyp=arbitrary even constant, and other K g = O we obtain (3.2).
We remark that the motivation for the inclusion o boundary termsin (3.1) isthe
maintenance o the equivalence between the number of boundary conditions and
that o the order of the differential equations o motion. This need for supplemen-
tary boundary terms was discussed in detail in the context of a-variablefirst order

Lagrangians.®> The equation of motion derived from (3.1) are
£=0, (3.4a)

=0, (3.4b)

106



On pseudodynamics d second order Lagrangian systems

with extremization o S under the conditions
6z(1) =0 =6z(2) , 66(1) + 66(2) =0 (3.5)

The first two conditions given in (3.5) correspond to the (second) order of the
differential equation (3.4a), while the third condition in (3.5) is consistent with
thefirst order equation (3.4b). Thus (3.2) describes a nonrelativistic free particle.

Using the supersymmetry transformations

¢

b = e0,60=ei,6y:—z—en,6n:ef/, » (3.6)
m m

wherey = z, n = # and ¢ is an odd constant, one can show that the action (3.1)
isinvariant under supersymmetry, that is 65 = O under {3.6), with the conserved
quantity z - 8.

In passing we point out that (3.2) and (3.6) could be expressed in a more

concise manner with the aid o the superfields

X(t,r) = z(t) Tiro(), Y(t,r) Ey(t) Tirn(t) = X(t,7) (3.7)

wherer is an odd parameter. Introducing the operators
Vo=98/dt ,V=98/drt+irdjot,\V =9/or —ir 3/8t (3.8)
we can rewrite (3.6), with m =1, as
§X =eVX , §Y =€VY, (3.9)

and the action (3.1) takes the form

Si(X,Y) = /dtdr{%{V(VoX)} X = KoVo - VX }+
+ boundary terms (3.10)

To regain (3.1) from (3.10) we make use d the standard integrals [ dr =
0, f dr-r=1
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The superfield formulation?®:26 s particularly useful in the case of the rel-
ativistic superparticle, since it allows a unified description of reparametrization
invariance and local supersymmetry.

The invariance of (3.1) under rotations and the Dirac bracket algebra of the

spin vector components will be discussed in the next section.

Accelerated superparticle

Let us consider the action

tg m L
ng/ dt{—?z-iz+mcz+K210-0}+
t

1

+ S[2(2) - £(2) — 2(1) - #(1)] + Kub(1) -6(2) , (3.11)

where K»; and c are even constants.
From S; we obtain the equations of motion

i=c, (3.12q)

§=0, (3.12d)

the latter irnplying i) = a, where a is an anticommuting constant.
In the variational principle we have adopted the conditions

6z(1) = 0=6z(2) , (3.13a)
corresponding to two conditions for the second order eg. (3.12a), and
66(1) =0 =66(2) , 66(1) +66(2) =0, (3.13b)

three conditions associated with the third order eq.(3.12b).
We can check the invariance of (3.11) under the transformation

Sz=—0 , 60=—ezx/2Ky ,

€
m

with the conservation of (&6 — cf).
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Super harmonic oscillator

Now we take the action

t2 1 i =
s3=/ dt{—5(m:c-:"c+Kz2)+§0-0+K210-0}
t1

+ 2mlz(2) - 3(2) ~ 2(1) (1)) - £0(1)-0(2) + Kand(1) -0(2) . (3.14)

where K and Kj3; are even constants.

The equations o motion are
mi+ Kr=0, (3.15a)

—i0+2Kng=0.  (3.150)

From eq. (3.15b) we have: —if + 2K2,8 = A, where A = (A44) is a vector
whose components are odd constants. In the application of the variational method
to (3.14) the conditions

6z(1) = 0 = 6z(2) , 66(1) = 66(2) =0, 66(1) + 66(2) =0 (3.16)

where used.

As in the preceding examples the boundary terms were chosen to provide a
consistent extremization procedure.

The supersymmetry invariance of (3.14) can be verified using éz = #’eo, 50 =
—ez if the additional conditions A = 0 and K3; = -—i/2w2 are imposed, with w? =
K/m. In this case (3.14) describes a supersymmetric harmonic oscillator. The
bosonicpart o the action (which contains the x-dependent terms) leads to ordinary
harmonic oscillations. The fermionic (6-dependent) terms generate oscillations of
the superparticle in the space d a-coordinates.

Extended Bose-Fermi oscillator

It is not difficult to transfer to the context of second order Lagrangians a
combined Bose-Fermi model examined in Ref. 23, p. 285. The configuration space
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of this system is IR, X IR?, where R, and IR, are the real spaces of c-variables
and o a-variables, respectively. The action is

t2 1 i~ -
Sy = / at{ (6~ wta?) + (60 +wing)} . (3.17)
t 2 2
Thefrequency w isthe same in both fermionic and bosonic terms. Thischoice

assures the supersymmetry invariance. The matrix A is defined as

A= (~01 ;) (3.18)

and 8 denotes the transposed o the vector ¢ =
We propose the following extension o (3.14)

t2 - - L. ~
Ss =84 +/ dt(a0A0 +_ﬂ0A0) + %0(1) . 0(2)+
3]

+ a[6(1)A8(2) — 8(1)AB(2)] + BE(1) - 8(2)]x

x [A(6(1) + 0(2))] , (3.19)
where a and 8 are even parameters. Concerning the bosonic part we adopt the
customary action principle with conditions §z{1) = 0 = 8z(2). Thefermionic part
produces the two second order equations d motion

i(wAB +6) +2(a — B)AG =0 . (3.20)

The four boundary conditions

56(1) + 68(2) =0, (3.21a)

66(1) +66(2) =0 (3.21b)

have been used. Note that the imposition of the more familiar conditions 88(1) =
0 = 66(2), 66(1) = 0 = 60(2) instead of (3.21) implies the inconsistency of eight
requirements on the s and #s for the two second order equations (3.20). The

110



On pseudodynamics o second order Lagrangian systems

additional boundaries in (3.19) were chosen in order to yield (3.20)for 6S4 = O
under (3.21). By the way, thefirst order action S, of Ref. 23 must be supplemented
by a boundary term as well, namely i - 8(2) /2. Then its Euler-Lagrange equations
wA8 +8 = 0 are consistently derived under the requirements 66(1) + 66(2) = 0.
When a = 8 one obtains from (3.20) the habitual dynamical equations

6+wi=0. (3.22)

In thiscase only (3.21a) is needed in the extremization procedure, since (3.20)
reduces to a set of two first order equations.
One can check the invariance of 54 under the supersymmetry transformations

6z =i0E , 68 = (ill - wzA)E , (3.23)

with

E:[Z] ,115[(1) (1)] (3.24)

€; and ez being odd infinitessmal parameters.

It follows that the quantity Q = (51t wzA)é is conserved. This Qis, in fact,
the generator of (3.23).

The action S5 admits a simple generalization leading to a nonlinear system.?®
In asimilar manner we can generalize 84 by making the substitutionof S by

Si- [ L@ - s v ()

This nonlinear 5} gives the equations of motion

E+V'(z)V7(z) — %V’"(z)@Aﬂ =0. (3.26q)

i(V"(z)A8 T 0) T 2(c — S)A6=0. (3.26b)

The supersymmetry transformations which leave the generalized S} invariant
are
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bz=3tTi0E , 68=0¢+ (z0 - V'(z)A|E , (3.27)

where ¢ is an even parameter. One regains (3.20) and (3.23) for V{z) = wz?/2.

Relativistic free superparticle

Here we take

s—/ {22 2(0-0-+0565) + Ko 0 0+
5= " oN 5 Vg 20

+ s - 05) ——Nm - szas} + %[0(1) -0(2)+
(2)] + K20[0 (1) -6(1) + bs(l) -05(1)+
+ 0(2) -8(2) +65(2) - 95(2)] (328)
where (8,85) = ((6,),9), X = (24), Zy = & — IMOy, 4 =0,...,3, M and N are
odd and even Lagrange multipliers, respectively, and again appropriate surface

terms must be included.
Extremization of S5 with respect to z,, 8,, 65, M and N gives
dZ* M .
fhadl (il R —Zk 9 =0 3.29
dt ( N) 0, N Z ( )

under the condition
6zu(1) =0 = 6z,(2) , 66,(1) +66,(2) =0 ,605(1) +665(2) =0.  (3.30)
The action Ss is invariant under the supersyrnmetry transformations
bx=1e0, 60 =¢ Z/N , 605 =me , M =¢, 6N = 21eM (3.31)

where € = ¢(t) is an odd parameter.
The relativistic superparticle described by (3.28) has also reparametrization
invariance, i.e. invariance under the transformations

bz=¢x, 60 =¢0, 605 = ¢05 , 6M = (¢M) , 6N = (¢N) (332

£(t) being an even parameter.

112



On pseudodynamics of second order Lagrangian systems
In the massless limit of (3.28), that is
- 2 72 4. , :
5 = 2 4+ 29. . 2 .
s /tl dt{zN + 200+ Ko 0} +20(1) - 6(2)+
+ Kao[0(1) - 6(1) + 6(2) - 8(2))] (3.33)

we can get an equivalent superfield action which exhbits both reparametrization
and local supersymmetry invariances united by means of a compact set of trans-
formations. The result is

55(X,Y)= /dth{Q(t, 7) [%vox VX - KpVo¥ -V X])F
+ surface terms , (3.34)

where the derivatives are defined in (3.8), and Q(t,r) = N(t) T irM(t). The
corresponding first-order action is presented in Ref. 8. The unified super-
reparametrization is expressed by the transformations ¢ = t + «(t,7) and 7' =
r+4(t,7), where a(t,r) and 4(t,T) are appropriately defined functionswhich will
not be explicitly given here.

4. Hamiltonian formalism

In this section we are concerned with the application to our examples of Dirac’s
prescriptions for constrained systems?®. In all these examples, after the calculation
of the Poisson brackets we are left with second class sets of constraints. Hence we
compute the correspondent Dirac brackets in order to obtain first class algebras
which can supply adequate structures for canonical quantization.

The Dirac brackets of angular momentum components are also derived here.

The spin components result to be functions of odd variables.

Nonreativistic free superparticle
The fermionic part of Lagrangian (3.2) gives rise to the primary constraints
ba = Mo — %oa + Kby ~ 0, (4.1a)
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§a = 7o — Ka00a = 0, (4.1b)

where ir? and #* are obtained from (2.7-8) for the Lagrangian (3.2); a=1,2, 3.
The total Hamiltonian is

=2

)
Hy = 2p_m + M® (7fa —glat Kzoﬂa) + N°%(%a — Kz00a) (4.2)

with ;,— = mi;, and M@, N2 are anticommuting L agrange multipliers. The bosonic
part can be treated as a nonsingular first order system with the canonical pair
(zj,=pj), yielding the usual results.?!

We have no secondary constraints, since

$o = {bos Hr} =0 , & = {€a, Hr} ~0 . (4.3)

The Poisson brackets between constraints are

{¢aa d’ﬂ} = iéozﬁ ) {fa; fﬁ} =0= {¢a, Eﬂ} ) (4'4)

hence the ¢, are second class and we apply (2.17) to determine the Dirac brackets
between the odd canonical variables,

{00’ 0ﬂ}‘ = léaﬁ b {ﬂm ﬂﬂ}’ =0= {90: ﬂﬁ}‘ H (4'5)

After the introduction of the Dirac brackets the r, become auxiliary quantities
proportional to the dynamical variables since4, =ir, —164/2 = 0 can now be
viewed as a strong equation.

From Noether's theorem one obtains the expression for the total angular mo-
mentum o a second order superparticle. In the absence o surface terms in the

action principle the result is
Jij = (zivy — zjpi + 2ibj — 2;5:) + (Oimy — O5m + éiﬁj —07) , (4.6)

with#,7 =1,...,N.
The first term in parentheses in (4.6) contains the first order (L(l)ﬁ-) and the
second order (L(g)i;) angular momentum, with Lij = L1 + L3y, while the

second term givesthe spin part S;; = S5 + S(g)i;» also with contributions of first
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and second order. When the extremization involves boundary terms the correct
procedure isto take ab initio the variation of the action including boundaries. By
rearranging terms in 65 and by requiring 65 = O under rotations of canonical
variables one then derivesthe consemation o the angular momentum.

Applying this prescription to the action (3.1) we obtain
Jij = zipj — z;p; +i0:8; , 1,5 =1,2,3. (4.7)

In this calculation the variations related to terms containing Kz¢ cancel out,
so that our result does not differ from that obtained for the first order particle®.
Moreover, the Dirac brackets between the generators Jy; given by (4.7) exhibit
the usual algebra associated with the three-dimensional rotation group, as can be

easily checked.

Accelerated superparticle

For the bosonic part we have the constraints

z;~0 ;i,7=1,2,3. (4.8)

©| 3

m
G=p—34~0, A=p+
The Poisson brackets between these constraints are
{6, 6} =0= {0, N} 5 (&N} = —mbi;, (4.9)

leading to the Dirac brackets
5{1'

{ziyz;} =0={&;,%;}"; {z0,2;} = — (4.10)

In view d (4.8) the p;, p; can be considered as nondynamical quantities after
the computation of Dirac brackets. Note that from (4.10) we derive {z;, p;}* = &,
the ordinary result for the first order accelerated particle.

The fermionic part yields

¢; =7 — Kpb; =0, (4.11)

{¢i¢;} = 2Kné;; , (4.12)
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{0;,0.;}* =0 :{en bi}* = {9,’,75‘}' = {7'7’7"]‘}’k )
2o vy ‘51" *
{000} =~ (o} =85 . (4.13)

The equation 7; = —2Ky,0; = —2Ka1%; propagates the n's, so that we have
in this case the dynamical variahles 4;, 8;, n; and the auxiliary 7.
We note that with the aid of the equations of motion we can write the Hamil-

tonian in the form
Hp = ip+c¢p—mez/2 + 0.7 + a.7 — Kyya.0 + Mjfj + NjAj + qubj .

From the consistency conditions on the primary constraints it follows then that
M7 =0= N7 = RI. Therefore we have no secondary constraints.

The total angular momentum is
J,‘j = Zi;]' - .’E]';i + 2Ky (0,9] - 0,-@,~ + 0]'@“) . (4.14)

Therefore a second order effect is manifest in S;;. Introducing, as usual, the

spin vector

=

S = —ieiijjk = €1 Kn (9]'bk - 28,6;) , (4.15)

where ¢, is the three-dimensional Levi-Civita symbol, we obtain the customary

algebra
(S.,Sj}' = €,~ij;¢ . (416)

Super harmonic oscillator

In this case the primary constraints are

m

m
)‘J' = ﬁj + -z—xj ~0 ) (4.17b)
oy =T; — K2l77j =0. (4.176)
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Theformula n; = 38; — 2K2;0, propagates the dynamical variable 8; 5, but

it also exhbits a relation between 8; and =;. If we use

. 1 .
b; = ‘e?;(”f +19,) (4.18)

derived from (3.15b), we get the additional constraint
1
Ty =7+ Eﬂj +A;=0. (4.17d)

In this way we are left with the set of true dynamical variables (z;, y:, 8:, 1)
with Dirac brackets

. s b
{zi, 2} = 0= {yi,y;}" 5 {z0y;} = ;] ; (4.19q)
{6;,- —ibi 3 {n; Dk __if?;_.{g.g.}*:o. (4.190)
i) G5 N = Tope iRy '

The absence of secondary constraints can be verified by imposing {¢, Hr} ~ 0
with ¢ = (¢, 2, 05,75),

Hy = bp—wlsp+ o+ A.(Z;;rﬂ) + io.(z;(r'ﬂ - A.(g) +F,

A= (4;), F = (M?, NI, RI, T7).
The spin vector in this case turns out to be

1 T .. -
S,' = €ijk 59]'01; - m(ﬁjok - 20]01‘)] . (4.20)

Extended Bose-Fermi oscillator

The c-variableterms o (3.19)are associated with the usual harmonic oscilla-

tions. The novelty is the fermionic part, which gives the constraints
H+%0—(2ﬂ—a)Aéw0,ﬁ—aA0z0. (4.21)
The nonvanishing brackets between the dynamical variables 8 and g are
{61,6:)" = —m = {2,6:}" ;
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61,85} = 5(‘&—1__—5‘)' = ~{0,6:}" (4.22)

We are assuming a # 3. When a = 8 equation (3.20) reduces to § + wAd =0,
which implies § T w20 = Q In this particular case the Dirac brackets between

canonical variables become
{6,,8,} = —i6, 5 {6,,0,} =0=1{6,,8,} ; w=12. (4.23)
The spin is given by the antisymmetric matrix
S = BATI + 6ATT ,
which has the components
Siy = — Sy = —i6185 + 2(c — B)(0101 + 6283) (4.24)

and Sy, = —10,8,, if a= (. Besides the existence of a differencein sign between
this Syup and the S;; of (4.7) we also remark that the first brackets in (4.5) and
(4.23) have opposite signs, with the consequence that the same algebra (4.16) is
obeyed in both situations.

Relativistic free superparticle

The primary constraints
N .
¢,, =7, — 50,‘+'K200“%0 s 5,‘=1‘r“—K200,‘ ~0 ,

f:ﬂ's—%os +K20é5%0, A=%i5g— Koobs =0, (4.25)

have the same algebra of Poisson brackets as the corresponding constraints of the
first order relativistic particle.® Thereforeweget for thereal variables the standard

nonvanishing brackets
{xmpv}* = Nuv 3 {0#, 01’}‘ = 1'17,“, r{05’05}‘ =1, (4;26)
The dynamics is determined by the Hamiltonian constraints

X=mitptm0, ¢=mbs+08,p"~0, (4.27)
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which obey the algebra
{o,¢y =X s, ¥}=0={},X}. (4.28)

X isthe generator osreparametrizations and ¢ (associated with the spin degrees
of freedom) is the generator o supersymmetry transformations. Eq. (4.28) shows
that ¢ can be viewed as the square root o ¥, i.e. the supersymmetry invariance
generated by ¢ isobtained by taking the square root d the effective Hamiltonian H
d the spinlesssystem .2 This H can be written asH = MX, M being a Lagrange
multiplier, while the Hamiltonian for the spinning particleis a linear combination
o ¥ and¢.

The invariance of the action (3.33) under the Poincaré transformations

bz, =w/z, +eu, bpp=w/Sp,, 66, = w/.0,, 60s=0, (4.29)
leads to the conservation o
Juv = Zupy — Tupu + 10,0, . (4.30)

Consequently, in both relativistic and nonrelativistic cases the total angular
momentum o the first order model and that o the second order model coincide.
This result illustrates the ambiguity associated with the existence of different La-
grangians describing the same dynamics and giving rise to the same interactions

of the spin with external fields.

5. Final remarks

In summary, we have considered second order Lagrangian modelswhich possess
a first order counterpart. The prescription of supersymmetry invariance relating
commuting and anticommuting variables and that of a consistent formulation of
the variational principle have been adopted in the construction of our examples.
Along the lines of previous investigations by other authors on the subject of first
order supersymmetric Lagrangians, we have studied the pseudodynamics of sec-

ond order systems. The existence of constraint relations has imposed the use of
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Dirac’s approach in order to derive the algebraic structures describing the evolu-
tion of these systems. We notice that our free particle Lagrangians (relativistic
and nonrelativistic) of second order differ from their first-order counterparts by
a total derivative, giving rise to the same equations o motion and to identical
expressions for the angular momentum, this latter result implying the same be-
haviour in presence o external fields. The canonical treatment for this class d
second-order Lagrangians was developed in Ref. 21.

In the cases representing the accelerated particle and the oscillators we have
found a second-order effect which is manifest in the spin vector, even though
the algebra dof Dirac brackets between components d the spin vector remains the
same as that of first order similar models. It isinteresting to mention that for the
super harmonic oscillator the magnitude of the second order effect of spin depends
on the value d the frequency w, which, from the requirement o supersymmetry
invariance, is the samefor oscillationsin c-coordinate and in a-coordinates spaces.
Thus, in this example, even if the variables which originate the spin belong to the
space d odd coordinates, a quantity w related to oscillationsin ordinary R, space
does affect the interactions mediated by the spin.

Another point is the comparison between the introduction o the spin via a-
variables and the spin effect produced either by properties o the particleitself or by
properties of its environment. This latter situation is exemplified by Papapetrou's
method for the derivation o the equations o spinning test particles in curved
space?’. On the other hand, the spin effect due to the point particle itself appears
for instance in the worldline limit of the Polyakov model of strings with extrinsic
curvature?®, or in its generalized version®®. In these classes & models the so-
called rigidity of the string furnishes a measure o the influence o the extrinsic
curvatureon the motion d the point particle, in the one-dimensional limit. Owing
to this implicit influence geodesics are not in general straight lines. Other models
associate the spin tensor with classical spinors representing internal dynamical
variables®. This suggestion is closer to that of the utilization of a-variables, in

the sense that in both situations supplementary coordinate spaces are called to
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intervene with the purpose of creating an appropriate classical scenario for the

spin.
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Resumo

Considera-se a dinamica classica de sistemas contendo derivadas segundas
de varidveis que anticomutam. Apresenta-se exemplos de lagrangeanos super-
simétricos de segunda ordem. A teoria de vinculos de Dirac é aplicada a esses
model os, comparando-se os resultados com aguel es correspondentes a | agrangeanos
de primeira ordem propostos na literatura.

122



