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Abstract Weformulate a random-exchangespin-1 Ising model on a Cay-
ley tree of infinite coordination as a non-linear discrete mapping problem.
The borders o stability df the paramagnetic and spin-glass phases are ob-
tained from the fixed points d the mapping. Except for the location o a
first-order boundary, obtained from a free-energy functional on the Bethe
lattice, our results agree with replica-symmetric calculations for a spin-1
Sherrington-Kirkpatrick Ising glass. We also consider two replicas of the
original system to analyze the stability of the fixed points under replica
symmetry-breaking.

A replica-symmetric solution o an extension of the Sherrington and Kirk-
patrick model for infinite-range Ising spin glasses, with spin 1 and the inclusion of
acrystalline anisotropy, has been shown to display continuous and first-order phase
transitions, with atricritical point!?. To make contact with these calculations, we
formulate a gaussian random exchange spin-1 Ising model, on a Cayley tree of in-
finite coordination, as a discrete non-linear mapping problem. The fixed points o
the mapping give the equations o state on the Bethe lattice, which turn out to be
equivalent to the replica-symmetric solutions o Sherrington and collaborators?2.
Theregionsd stability of the paramagnetic and spin-glassphases are given by the
criteria of stability of the corresponding fixed points. The thermodynamic first-
order boundary, however, comes from the consideration of a suitable free-energy
functional on the Bethe lattice.

According to an idea o Thouless®*, we consider two replicas of the original
system to investigate the possibility d replica symmetry-breaking. Asin the case
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of the spin —% Ising model?, in zero field, we show the existence of an unstable,
symmetric, and a stable, symmetry-breaking, spin-glass fixed point. We also per-
form numerical calculations to show that the symmetric spin-glass fixed point is
unstable along the line of first-order phase transitions, in agreement with results
o Lage and de Almeida® for the generalized SK model. Finaly, according to a
paper by Fedorov®, we make some remarks about the possibility of using the hi-
erarchical character of the tree to introduce a more general symmetry-breaking
order parameter.
Consider a spin-1 Ising model, given by the hamiltonian

¥=-3U;88;+DY SI-HY S, (1)
() d i
where S; = +1,0, -1, for all sites i, and thefirst sum isover nearest-neighbor pairs
of spinson thesites of a Cayley tree of ramification r. Theexchange parameters J;;
are independent, identically distributed, random variables. The partition function
can be calculated as a sum over configurations of spins belonging to successive
generationsof the tree. It isthen quite natural to write recursion relations between
an effectivefield, L;, and an effective anisotropy, A; (j=1,2,...,r labels thesites
of a certain generation), and the corresponding effective quantities, Lo and Ao, in

the next generation. Introducing the more convenient variables

2sinh L;

. 2
™7 = cosh Lj + exp(—4;)’ (2a)

and
2cosh L;

~ 2cosh L; +exp(—4;)’
which are associated with effectivevalues of the magnetization and the quadrupolar

g; (20)

parameter per spin, we can write the recursion relations

2sinh(fH + z)

mo = f(z,y) = 2cosh(BH + z) + exp(BD —y) ’ .
and
o) = 2cosh(BH + z) (36)
= 9Y) = 5 cosh(BH 1 z) + exp(BD — y) '
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where . .
=Y ady=) v,
j:l 7=1
with +
25 = }ln (cosh t; — 1)g; m; sinh ¢; 4+ 1 (4a)
2" (cosh t; —1)g; — mj sinh t; +1°
1 .

y; = 5xn{[(cosh tj - g+ 17 - m? sinh? ¢;} (45)

mhere tj = BJo;, 8 = (kgT)!, and T is the absolute temperature.
To calculate the expected valuesd mo, gg, and their moments, let us consider
the random variables z and y, with a joint probability density, p(z,y), such that

dk dk . .
plz,y) = / 37?1 Z—;exp(—zklx — thkay) F(k1,k2) . (5)

The Fourier transform, F(k,, kz2), is given by

F(kl,kg) = //exp(iklz + tkoy)p(z,y)dz dy =
' r
< exp(ik1z + thay) >= H < exp(thkiz; + thay;) > (6) ,
J=1

where the last equality comes from the cycle-freestructure o the Cayley tree. As

the random variables are identically distributed, we have

F(kl,kz) =< exp(ikl.’tj + ikzyj) >7 (7)

In the limit o infinite coordination, given by r — oo, with r < Jo; >= U,
r<Ji>=2,adr< Jg; >= 0, for n > 3, we perform a cumulant expansion

to obtain

. 1 1,
Flky, kz) = exp [ipJomks - 5827 Qk] + 5iBI%(q - Qs (8)
wherem =< m; >, Q=< m? >, and q =< ¢; >. Fromegs. (5) and (8), we have
the probability density
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(z — BJoym)?
2BT2Q

p(z,y) = (27627%Q%) "/ exp [- ]5[11 + ﬂzzﬂ (¢ - Q)] - (9)

As the probability density depends on thefirst and second moments of m; and

only on the first moment of ¢;, we have the three-dimensional mapping

teo g 2\ sinh(BH + BJom + BIQI/?
=< mp >= /.oo (27r)zl/2 e"p(“ z?) = ﬂztfm pIQ7 A, (10a)
Ty 22\ rsinh(BH + BJom + BIQ22)q2
' _ 2 e
@=<mi>= [ oo (7)) 7 [+ oy
and
o gz 2%\ cosh(BH + BJom + BIQY22)
U = —_— —_—
g =< g0 >= /_oo AL exp( 2) % , (10c)
where
1 1
M = cosh(BH + BJom + IQz) + 5 €XP [ﬂD ~ iﬂsz(q Q). (1)

It should be mentioned that relations of this form, in the context o a more gen-
eral spin-1 Ising model, including random biquadratic exchange interactions, have
already been obtained by Thompson and collaborators’, without, however, a de-
tailed analysis o the fixed points. In this paper, to make contact with calculations
for the generalized SK model'?, we restrict our considerations to the pure spin
glass (Jo = 0) in zero field (H = O). Under these circumstances, the magnetiza-
tion vanishes, and the mapping becomes two-dimensional, in terms of the second
moment, Q, and the quadrupolar term, ¢. The fixed points, Q@ = Q = Q*,
and ¢ = ¢ = ¢*, correspond to the replica-symmetric solutions of Ghatak and
Sherrington! for the generalized version o the long-range SK Ising spin glass.

In zero field, for Jo = 0, there is a trivial paramagnetic fixed point, @* = 0,
and ¢* # 0, coming from the equation
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*

¢t = [1+ lexp (d q )]_1 s (12)

2 t 2

where we defined = D/J, and t = (8J)~1. With the change of variables u* =

1]

2¢* — 1, eq. (12) can be rewritten in the familiar form

1
u* = tanh 2 (u* - 4td + 1 +4t%In2) , (13)

from which we see that, for t < \/5/4, there may be three distinct values of g*.
The region of stability of this paramagnetic fixed point is given by the conditions:

/\IE(%%)tz(q?*)2<1, (14)
and
,\25(%‘5)*=(1——5§)£<1, (15)

Let usconsider the d—-t phasediagram. Fort > /2/4, thereis alwaysasinglevalue
of g*. The paramagnetic fixed point is well defined, and the border o stability is
given by Ay =1 (asg* > 3, A1 > Az). For 1 <t < \/2/4, with decreasing values
of d, there appear three distinct values of g*. The stable paramagnetic fixed point
is associated with the smallest value of g*, and the border of stability is again
given by A; = 1, with ¢* > % At the special temperaturet = %, the stability
border is given by A; = Xy =1, with ¢* = % Fort < %, with decreasing values of
d, eq.(12) still displays three distinct roots, but the smallest value of g* is always
less than é In this range of temperatures, A, > A1, and the stability border is
given by Az =1, with the smallest root of eq.(12). From these considerations, the

paramagnetic borders are given by the analytic expressions

a() =Lvewm 2029 (10
2 ¢
for 3§ <t <1, and
_ (1 — 82)1/2
dy(t) = g‘[l -(1- 8t2)1/2] —2t In % , (17)
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for0<t < };, as depicted in fig. 1, in agreement with the results of Mottishaw
and Sherrington?.

At low temperatures, there is a spin-glass fixed point, Q* # 0 and g* # 0.
Fort > %, the stability borders o the spin-glass and the paramagnetic regions
are given by eq. (16}, the phase transition being of second order. For 0 <t < %,
we have performed a numerical calculation to find the dashed line depicted in
fig. 1. In this range d temperatures, there is an overlap between the regions of
stability of the spin-glassand the paramagnetic fixed points. The phase transition
is then discontinuous, with a tricritical point at ¢, = 3, and d; = } ¥ 2In2. The
thermodynamic line o first-order transitions can be obtained from an expression
for the free energy associated with the spin-glassmaodel on the Bethe lattice. From
an integration o the equations o state, given by the fixed points o the mapping,
we have the free-energy functional

F(Q'q') = +ﬁ"—9—i2— —tfm de_ exp(— §z2) 1n{1+

4 o *1/2
+2exp(—§+q*2_tzQ*)cosh<z Qt )} , (18)

whih is equivalent to an expression obtained from the pair approximation devel-
oped by Katsura and collaborators®. Using eq. 18), we calculate the first-order
line shown in fig. 2. These results, which can aso be obtained from the replica-
symmetric freeenergy, are quantitatively differentfrom thefirst-order line depicted
in the paper by Ghatak and Sherrington®.

Fig. 1 - The solid line, given by egs. (16)

and {17), represents the border of stability of
the pararnagnetic fixed point. For ¢ > 1/3,
it coincides with the border of stability of the
spin-glass fixed point. For t < 1/3, however,
the spin-glass fixed point is stable up to the
dashed line.
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T T T T
1.0 e
''''' PARA Fig. 2 - Paramagnetic and spin-glass regions
f in the d — ¢ phase diagram of the pure spin-
a5k SG B 1 Ising glass in zero field. The solid line
| : represents second-order transitions. The dot-
dashed line of first-order transitions was ob-
tained from the free-energy functional of eqg.
0 ! | | ! (18).
0] 02 G4 0.6 0.8

..-t—-»

According to a previous work for the spin —% model?, let us consider two

replicas of the original system. They may be represented by the old variables m;
and g;, and by anew set o variables, 7n; and g;. Inserting these new variablesinto
egs. (4a) and (4b), weobtain Z, and §, from which we calculate 7, = f (5,%), and
g; = g(%,¥). We then have a joint probability density, p(z,y, Z,¥), whose Fourier
transform, in the limit of infinite coordination, is given by

Flky, kg, oy, kp) = <exp(ik1x + kg + iy +z'1”czg)> =
= exp [iﬂJo(kl + k1)m + %iﬂzﬂ(q — Q) (k2 + k2)—
~ BHTHQkY + 25k Ey + QRY)], (19
where m =< m; >=< m; >, q=<¢; >=< §; >, Q=< m’>=<m?>, and
there is a replicasymmetry-breaking variable, S=< m; /m; > . Restricting to the

case Jo = 0, we use eg. (19) to obtain p(z,y, %,y), from which we can write the

three-dimensional mapping

Q' =F(Q,9,Q) (20a)
d =G(Q,9) (2006)
and
§'=F(Q,q,5) (20¢)
where

t

+oo cosh Q%
c@.a=[_ ﬁrp(—z)”}@(“/_f)“; S
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and
F(Q,q,9) =
/*w/+“dz1dzz o (_zf+z§)[ sinh(%) }[ sinh(—t“—) }
P 2 cosh(%"—)+A cosh(%:)%-A
(22)
with ) . 4 g-0
=30 (; ) (23)
and QA+ S\ Q — S\1/2
e= () w2 () = (24

From egs. (20), Q = S implies @' = S'. So, to reach a fixed point @* # S*, we
have to consider the possibility of symmetry-breaking boundary conditions from
the outset. The paramagnetic fixed point is given by Q* = S* = 0. The spin-
glass fixed point, however, is either replica-symmetric (Q* = S* # O or replica
symmetry-breaking (Q* # 0, S*= 0). Thestability of the replica-symmetric fixed

point is governed by the eigenvalue

[1 + Acosh (%)}2

+00
As = (%%) = 213/_00 z_flz/_z""‘p (_ ?1> [Ag}—cosh (9}43_;.«)]4 ()

with A given by eq. {23), for Q = @* and q= ¢* given by the fixed points of egs.
(20). Fort > %, As =1 at the paramagnetic border, and As > 1 in the spin-glass
region. Along the line of first-order transitions, we have verified that Ag > 1 for
the spin-glass fixed point. We then come to the conclusion that the spin-glass
phase cannot be represented by a single symmetric fixed point®.

In arecent publication, Fedorov® has taken advantage of the hierarchical char-
acter of the Cayley tree to work with more general boundary conditions. Consid-
ering the surface of a tree o ramification r, for each cluster of r spins interacting

with a certain spin of the next generation, it is possible to choose C initial values
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So = Qo £0,and r—£ values Sy < Qp # 0. It isthen convenient to define a quan-
tity z = £/r, which measures the distance between replicas {z = 1 corresponds
to a complete coincidence of the replicas, and z = 0O to their minimal overlap).
According to Fedorov’s construction®, the recursion relation given by eq. (20c)

should be rewrittem as
S'(z) = F|Q,q,Qz + (1 — 2)5(z)] , (26)

where, in the infinite coordination limit, §(z) is continuous on z & [O1]. For t > %,
in the spin-glass phase, the stablefixed point, $*(x), isa monotonic non-decreasing
function o x, with $*(0) =0, and 5*(1) = Q* # 0.

We thank helpful discussionswith Mério J. de Oliveiraand Carlos S.O. Y okoi.
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Resumo

Formulamos o problema de um modelo de Ising de spin 1, com parametro de
troca aleat6ria, definido numa érvore de Cayley no limite de coordenagéo infinita,
como um mapeamento discreto ndo linear. Obtivemos as fronteiras de estabili-
dade das fases paramagnética e vidro de spin a partir dos pontos fixos do mapea-
mento. Exceto a localizagdo da fronteira de primeira ordem, obtida a partir de
um funcional energia livre na rede de Bethe, 0s nossos resultados concordam com
estudos baseados na solugdo com simetria de réplicas de um andlogo do modelo
de Sherrington-Kirkpatrick para o vidro de spin 1 de Ising. Consideramos ainda
duas réplicas do sistema origina a fim de analisar a estabilidade dos pontos fixos
face a quebra de simetria das réplicas.
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