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Abstract A study is presented of the sensitivity of the energy density of the massess
Bose field on a finite lattice, at finite temperature, when modes of different components

are excluded from the partition function.

1. Introduction

Theidead describing Quantum Field Theories (QFT) on a lattice' has given
many new insights into non-perturbative phenomena. From analogiesdrawn with
statistical mechanics, it has become possible to borrow many well-known tech-
niques. These include high temperature expansions (strong coupling), mean field
theory, random walksand Monte Carlo simulations. Thelatter is used to evaluate
path integrals numerically?.

When QFT was studied on a lattice, questions about finite temperature cal-
culations, in the continuum, were being investigated®*:°. The next step was nat-
urally the study of QFT at finite temperature on afinite lattice®. Either at finite
or zero temperature, the finite lattice serves as a useful tool from which the con-
tinuum limit can be recovered.

A particular point o interest is to know the effect o finite lattice structure

in finite temperature calculations. One attempt to answer this question came

* Work partially supported by FAPESP (Braszilian Government Agency).
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in a paper by Engels, Karsch and Satz’, who discussed the simplest QFT: non
interacting Bose and Fermi fields on a finite lattice. Considering the Bose field,
particular attention was paid to the massless case, whose partition function was
surprisingly found to be divergent. This divergence is due to the fact that periodic
boundary conditions, p.b.c., were imposed in the space directions as well as in the
temperature direction. In momentum space, this divergence turns out to be due
to the zero mode contribution, g, = O for all 1. Their way out of this problem was
to drop this mode from the final partition function. Although finite, the solution
seemed to be in contradiction with the third law of thermodynamics, as pointed
out by Gorenstein, Lipskikh and Sorin®. In an attempt to correctly evaluate the
partition function of the free massless scalar field, the latter authors eliminated not
only the zero mode but also the 3-momentum zero modes from it. Their results
then were in agreement with the third law of thermodynamics, but at the price of
excluding from the partition function many degrees of freedom.

It is remarkable, however, that both cases have the same continuum limit
for the energy density, given by the known Stefan-Boltzmann law, es5. With
better convergence or not, due to the lack of some modes contributing to the
energy density, the role of individual components in the lattice model is not at all
clear. We therefore present a study of the behaviour of the energy density when
different modes are excluded from the partition function. We analyse the general
contribution of isolated modes to the energy density € and the convergence of the
ratio €/€g 5 in the continuum limit, showing the sensitivity of e for practical Monte

Carlo lattice sizes.

2. Basic formalism and previous results

Let us start by recalling the partition function of a system described by a

Hamiltonian H

Z = exp(—pH) (2.1)
which can be written as the following functional integral, in Euclidean space®
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Z = N/[Dw] / [D¢) exp { //’ dT'/d"’z(i'/rq.S - )([(}S,w))} (2.2)
0

Here ¥ (¢, } is the Hamiltonian density, given in terms of the Wick rotated field
¢(z) and its conjugate momentum #(z}; § = (ks T")~ ! istheinverse dof the physical
temperature, ks is the Boltzmann constant, set equal to 1 and N isa normalizing
factor. (Note that ¢ = d¢/dr). The periodic paths considered in the above
functional integral are those for which ¢(z,0) = ¢(Z,). As ¥ usually has only
quadratic dependence on r, the r-integration can be performed to give

2=N@) [ laslew(-50) (2.3)

S~

periodic

where N'(8) is a temperature-dependent normalisation factor and S(¢) is the

Euclidean action, given in terms of the Lagrangean density d the system

S(4) = — /0 " ar / £ L(8) (2.4)

The above finite temperature field theory formalism is used for the case of the
free massive scalar Bose field on a Euclidean lattice’. The aim is to evaluate the
partition function and the thermodynamic properties derived from it. Consider

the following Hamiltonian density

H(p,m) =1/2(& + (V)? + m?¢?) (2.5)

and introduce it in eq.(2.2). The discretized partition function is given by

Zg (N, ,Ng,a,,a5) = N'/Had¢(za)exp(~5(¢)) (2.6)

where the scalar field ¢ takes a value ¢(z,) on each site X, of alatticedf N2 X N,
sites, with spacingsa, and a, in thespace and temperature directions respectively.

Here N' is the temperature dependent normalisation factor
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JZ,)NSN” /2 (2.7)

N = ( 27ag

(fixed so that the partition function is dimensionless) and the action S(4)is

S ¢) = 1/2a3a5 Z { i (¢($a +€:3 ——¢($a))2

+ (¢($a +€o)“¢($a))2 +m2¢2(za)} (2.8)

as

where £ is a vector of length a, (¢ =1,2,3) or a; (¢ =0) in the  direction. The
sum in a runs over all sites of the lattice. Also, periodic boundary conditions in
all directions are imposed on thefields: ¢(z, + Noe€,) = ¢(z. ), 4 = 1,2,3; d{z, +
Ngey) = ¢(z.). Notice that in the naive continuum limit a,, a, — 8 the action
o the massive free field theory is recovered.

The diagonalization d S(4)by means d a Fourier transform gives the result

3
Zs(N,, Ny, a,,8) = eNoNo11,64/2(a, , £,9) (2.9)

where ¢ r a, /a; and G(a,, &, q) is the dimensionless | attice free field propagator

given by

G a,,&,q) = (ma,) +4Zsm q“aa ) + 4€%sin® (= qoaﬂ) (2.10)

The four-momenta q take valuesin thefirst Brillouin zone o the reciprocal lattice

u=0
_ 277,
© = Ny

(2.11)

o, il,...,i(Ng/Z — 1), Np /2,(Ng G/m)
Bo=1Yo, £1,...,£(N, —1)/2; (N, odd)

152



Thermodynamic properties of the free...

w=1,2,3
273,
@ = N,a,

. 0, +1,...,+(N,/2 — 1), N, /2; (Nu even)
I = {o, +1,..., (N, - 1)/2; (N, odd)

The important feature o expression (2.9) is that for the free massless case
the zero mode g, = O for all g, gives an infinite contribution, as can be seen from
eq.(2.10) with m = 0. Tracing this contribution in the functional integral, we
find that whenever ¢(z, ) is the same constant for all sites z,, ¢(z,) = ¢(z.), the
integrand in eq.(2.6) is also a constant and therefore the contribution o constant
configurations to the integral is infinite. It is then clear that the divergence arises
because periodic boundary conditions were imposed not only in the temperature
direction but in the space direction as well. If we take ¢ = 0 boundary conditions,
this divergence disappears. The integration along the line of constant field config-
uration for all sites then gives one contribution, which is zero. By performing this
calculation with zero boundary conditions we get a finite answer, but we have an
extra constraint, ¢{z, T N, s¢,) = ¢(z,) = 0, therefore restricting the number of
degrees of freedom.

In ref.7, which we refer to as (EKS), the interest was in the massless case and
this problem was circumvented by dropping the zero mode term from eq.(2.9). All
the subsequent cal culations were therefore performed using the partition function

as

3
25 (N,,Ny,a,,8) = Vo No T G172 (a,, £,q) (2.12)

where the dash stands for the absence of the q= 0 mode, q= {,,4).
The value o the energy density, normalized to zeroat T =0, (see appendix),

was then given by
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€EKks &= —

£ N sin® (mj, /Ny )
N2 Npa} 4 b2 (7) + €2 sin® (mjo /N )

+ Né;ﬁ S e +#) e+ bZ]"l (2.13)

We can sum the 7o component’ to get

¢ % b inh=? :
foxs = imz Z R fz)l/g{cth[Nﬂsmh p/e] -1t o

(2.14)

with
3
Z sin®(mj, /N,) (2.15)
(again the dash means that the zero mode is absent).
The effect of the finite lattice approximation was seen by comparing the above

expression for the energy density with the well-known continuum form for the

energy density of a photon gas. This is given by the Stefan-Boltzmann law*®

™~ _,
= —0" 2.16
€sB 30,3 ( )

This problem was next examined by Gorenstein, Lipskikh and Sorin®, here-
after referred to as (GLS), when considering the quantization o the free massless

Bosefield in a finite volume V. Starting from the Hamiltonian

H= / & U(TT, ¢) = 1/2 / L(IP + (V6)?) (2.17)

they considered the quantized system in which the above Hamiltonian is written

in terms of creation and annihilation operators and the vacuum energy is zero

H= Z'w;a,ga; (2.18)
k
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where the dash rneans absence of the k = 0 mode.
Repeting the same analysis as before, their partition function for the massless

free field, with the above Hamiltonian is given in terms o é function

Z= / [DqS]H,{&(/udsqu(f,r)) ~5(/vd3$ﬂ(5,'r)) (2m)*}

S~

periogdi

|y
. exp{ d'r/d3X (i7r¢ - )((H,qﬁ))} (2.19)
And the final partition function on the lattice is

— 1)Nﬁ H;Gl/z (a,, ﬁ,q)
H;o Gl/Z (aaa fa (Io)

ZGLS(NaaNﬁsa’o’€) ZNE(N‘? (2.20)

where G~*(a,, &, ¢) is given by eq.(2.10) for m = 0 and N is a é-independent
normalisation factor.

The comparison between eq.(2.20) and eq.(2.12) shows that the total 3-
momentum zero mode contribution has been extracted from the propagator via
the term

H;Gl/z(a,,,f,q = (40,6))

The contribution of this term to the energy density is such that

¢ ! b s a1
€aLs = Noat EJ: CEYILE {cth[N,, sinh™* (b/€)] — 1}

£
= _— 2.21

P Ni Nyl 22

It is clear then that the role of the 6 function in eq.(2.19) was to subtract

the term ¢/(N2Nzat). The main feature o this subtraction is that this term
contributes with an N;-independent term to the specific heat C,, which does not
vanish in the zero temperature (N; — oo) limit, preventing the validity o the

155



R.M. Ricotta

third law o thermodynamics. We should remind the reader that the third law of
thermodynamics concernsthe fact that in the zero temperature limit the entropy
vanishes and, as a consequence, so does the specific heat.

Wesee that theexclusion of modesin the (GL S) case has changed the thermo-
dynamic properties of the lattice model, so that the third law o thermodynamics
now holds. However, even though we have some advantages brought up with the
exclusion o these modes, the way this is carried out in both approaches is still
arbitrary. On the one hand, (EKS) treated the zero mode in a way such that the
supressiond theintegration over constant fieldconfigurations resulted in dropping
the zero mode from the partition function. On the other hand, when considering
the Hamiltonian as the one that has zero vacuum energy, the (GLS) case, the
actual claim was that the constant field configurations were excluded from the
functional integral via 6 functions. But this turned out to suppress not only the
zero mode but modes o the form g = (g,0) as well, for any g, that is, the 3-
momentum zero mode for the wholetemperature range. As aresult, the third law
now holds; the thermodynamics of the discretized system has really changed.

Therefore, facing this apparent contradiction in dealing with different modes
d the partition function, it remains inconclusive how other modes actually con-
tribute to the energy density, without altering the continuum limit or thermo-
dynamic quantities like the specific heat. To study the sensitivity d the energy
density we take {EXS)’s partition function as a standard result, because it has all
modes of the 4 components - except the g = 0 mode. We then consider various
cases in which different modes are suppressed each time from Zzxs and evaluate
the energy density c. Then we analyse the ration e/esg for different size lattices,
which show how the initial results were affected. We therefore shall be dealing

with partition functions that are written as

ZEKS
L= 2.22
%= e, ® (2.22)

where I (a,, &) denotes the contribution o isolated modes taken away from the
massless propagator G{a., ¢, 0), given by eq.(2.10) for m=0, that is
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I(a,,€) x I, G''*(a,,€,9) (2.23)
——

individual modes

Thus the energy density will be of the form (see appendix),

€ = €gxs + 0€; (2.24)
where
£ 9 /Il . InIL
P A (et N, — 2.25
b4 = ~Fvar B¢ (N,, Noe N, )av,N,.N, (2.25)
3. Results

We have considered 5 different cases at random, for which we present joint
graphs for comparison with the (EKS) and (GLS) cases.

Case 1 - Consider I (a, €) such that it removesfrom the propagator the zero
modes: ¢, =0 for p =0,2,3 or equivalently j, =Q ¢ =0,2,3

I, (aaa é) = H;‘l Gl/z(aoaf;j - O)jl)oio)) (3'1)

We can immediately seefrom eq.(2.10) that I; is é-independent, which means
that &e, given by eq.(2.25) is zero, that is, ¢, = egxs. In other words, modes that
do not contribute with a é-dependence can be removed from the partition function
without altering the (EKS) result.

Case 2 - In thiscase, we choose I, (a,, ¢) in order to removefrom the propagator
a fixed non-zero 3-momentum vector §, or equivalently, a non-zero 3-vector ; as
in eq.(2.11), i.e.,

L(a,, &) =1, G**(a,, &5 = (4o, 1)), for fixed 7,7 # 0 (3.2)

Thisis a very special case which can be directly compared with (GLS), for which
7 =0 (cf. eq. 2.20).
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The energy density hereis given by

b )
€2 = ks — N;ag o 62)1/2{Cth [Ny sinh™* (b/€)] — 1} (3.3)

or

€ = €gxs + ¢,

where bis given by eq.(2.15). We have considered particular values of ]

= (anv 1) 2) ;: (031’1)

= (1,1,1) 4) 7 =(N,/2,N,/2,N,/2)

Comparing €, /esp with ezxks/esg We found that the only significant difference
comes from f= {0,0,1), which we show infigs. 1, 2, 3. For all the other values of
7, the difference is negligible, especialy for increasing valuesdof N, , N, where we
haves =6 .

We should point out that the (GLS) case can be recovered by taking the
g — 0(b— 0) limitin §¢,. The behaviour of ¢, /¢s 5 istherefore crucially different
from the one where § # O, and so are other thermodynamic properties as for
instance, the specific heat. Here, unlike the ¢'= 0 case, the specific heat (derived
in the appendix) does not vanish in the limit N — oo (T - 0).

Case 3 - Let us remove from the partition function the two zero components
of the 3-momentum, through I, (a,, £} given by
IS (ao 3 E) = H;‘o,j, G1/2 (a’a H E,J = (jO 5.7.1 70,0)) (34)

which can be rewritten as the products

I3 = H.,‘io G1/2 (aa' y 6’.7 = (.70 )030’0)) . HJ'o,fx G1/2 (a’o b Ea]) = (.70 :jl )030)) (35)

Jo#0
This shows directly that we have included the (GLS) case. Hence the energy

density is
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b
fe = fors N;ai E (b* + £2)1/2 {cth[Np sinh™" (6¢)] - 1} (3.6)

71

where in this case

b (5) = sin®(mji /N.) (3.7)

Once the (GLS) case has been included, we expect the ratio € /ess t0 be
smaller than egys/ess. In fact we should note that this case is actually a combi-
nation of a Case 2 and (GLS) case, which stresses even more the difference from
€zxs/€ss, especialy for small values of N, and Ny, (see fig. 1). An increase
in Ny at fixed N, (low temperature limit) makes €;/ess approach zero rapidly
again, as opposed to the divergent behaviour of egxy/es5. Larger values of N,
and N, (with N, >> N,} make this ratio converge to 1, but in a slower way than
in (GLS), seefigs. 2 and 3.

Case 4 - Thisis the simplest case considered, in which only one mode is sup-
pressed from the original partition function

I4(a'as E) = Gl/z(aa) faj)y for ﬁxed .7 = (jO?.;)’ .7. 7£ 0 (3-8)

In contrast with the previous case, its contribution to the energy density has
increased ez ks by a positive number

- ¢ sin” (mj, /Ns)
~ N2Ngaé b2 + £ sin®(nj, /N, )

The reason why we now have ¢ > 0 is due to the fact that the vacuum

b€y

(3.9)

contribution of this isolated mode is zero (seeeq.2.25). To see by how much egk s
is increased, we have considered special values of 7;5 = (Jo,51,02,J5)

a) 7 = (1,0,0,0) b) j = (N;/2,0,0,0) ¢) j = (1,1,0,0)
d) .7. = (Nﬂ/2’1’070) e) j = (1’N‘7/2’N"/2’N"/2)
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Fig.1 Fig.2
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Theratios o energy densities: ¢gxs/€sn, €exs/esp and ¢ /esp (1 =2,3,4,5) as
functions of N, at fixed N, and with ¢ = 1. Fig.1 - N, = 10. Fig2- N, = 20.

Fig.3- N, = 30.
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When we take j asin a) or b), because their 3-momentum f =0, the energy

density is trivially reduced to

€ = €gxs + Ngj—f,*ﬁ—a:—
that is, 6e, givesexactly the same absolutevalue at feq1s (cf. eq. 2.21). Thusthe
deviation from ez s is very large. For the other values of 7 we note that when 3
is large and fhas small 7,7, and 7; components, ¢ /esg is very large, compared
toegks/esp asshowninfigs. 1, 2, 3 for different values of Ny and N, , withe = 1.

If 7 has higher values of j,,7,Js, the result is that € = egxs.

Case 5 - Suppose that we remove from the partition function modes with j,, 5,

and j, fixed. Thisis accomplished with I, (a, &) given by

I(a,, &) =10, G"*(a,,£,5), J = (JosJrsJ2s75) (3.10)

for fixed jo,7. and 73,7 # O. The energy density, as in case 4, will be given by
€5 = €gK S + 665,665 > 0, and with

e sin 1oy
- N2Nsa} (6% + €2 sin* (74, /Ns))
cth[N, sinh™* (b2 + €2 sin(nJ, /NB))I/Z]
(1+62 + ¢ sin(7fjo/1\/'/s))1/2

555

1/2

(3.11)

where

b2(j) =sin’(nj/N,) +sin®(xjs /N,)

We have analysed the following specia cases of (J,7,73) :

a') (1,0,0); b) (I,NG/Z,O); c) (NB/Z’O’O);- d) (Nﬁ/27N0/2’0)
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Although the amount ée; of the contributes to ez ks is much greater than ée, in
Case 4, the conclusions for this case remain almost the same: an increasein 3, and
Js with small j, makes §e; small. Nevertheless, going through intermediate values
of 72,7 and jo we see great changes in the energy density, especialy for the case
Jo =Ny/2andj + 2 =73, =0, which isshown infigs. 1, 2 and 3. It is interesting
to note that no change takes place in the energy density ¢zxs for jo = j2 =45 =0;
it is when Case 1 is recovered (cf. eq. 3.1 and 3.10). The difference between this
case and GLS is remarkable, since in both there is the lack of one full component

of momenta, (seefigs.).

4. Discussion and Conclusions

We have investigated the behaviour of the energy density of a free massless
Bosefield on afinite Euclidean I sttice, at finitetemperatures, when different modes
plus the zero mode contributiori are suppressed from the partition function.

From two already existing models to correctly evaluate the partition function
of this field theory, we took the first, the (EKS) case, as standard and studied the
change caused by the exclusion of other modes to physical quantities such as the
energy density. We should point out that we were not interested in establishing a
new model system for this field theory, but in analysing the general contribution
of isolated modes to the energy density. We have done so in view of the arbitrari-
ness o those approaches, especialy the (GLS) case, which has implemented great
changes in the thermodynamic quantities such as the specific heat. Notice that
this case also excludes the 4-momentum zero mode in their treatment and this is
why we took the (EKS) case as standard.

Looking separately at each case we have treated, we note that apart from case
3, cases 2, 4 and 5 present the same general pattern: the ratio of energy densities
¢/esp shows that they all have s best N, (sufficiently large), so that after that the
curve diverges. This actually occursin the EKS case. Increasing Ny and N, with
N, > Ng, thecurves flatten , and approach the value 1. Thefinite size effects for
cases 4 and 5, where the.3-momentum modes were excluded at fixed temperature,
are larger than for the ones where the temperature modes were excluded, as in
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cases 2 and 3. For the latter, case 3, the ratio of energy densities shows the same
behaviour as (GLS), and we can see that what really made a change was the
absence of the full 3-momentum zero mode for all temperature values. Here, this
ratio is mainly a decreasing function of N,, for fixed N,, ¢, tending to zero for
large Ng, (zero temperature limit). If N, isalso large as N; — oo, it can then
converge to 1, if N, > N,. The finite size effects are smaller when compared to
(EKS), but larger if compared to (GLS). The difference that only one mode can
make to the finite lattice size effectsis surprising. Case 4, for instance, shows that
the isolated influence of one mode is enormous when compared to the case where
many modes have been dropped, such as case 2.

Concerning other thermodynamic quantities, like for instance the specific
heat, there are changes. whenever the zero 3-momentum mode is excluded, this
change is such that C, vanishesintheT — 0 limit. This however only happens
in (GLS) and case 3. Otherwise C, is a constant in the zero temperature limit,
contradicting results such as the third law of thermodynamics.

Weconcludethat theinfluence o finitelattice sizeisnot negligibein quantities
like the energy density; isolated modes can drastically change finite size effects.
Therefore, if one studies thefree theory in order to use the knowledge learnt from
it to apply to.more complicated (interactive) systems, one has to be very careful
before neglecting unwanted infinities. It may turn out that one would be dropping

modes that give significant contributions to the energy density.

Appendix

Having evaluated the partition function Zg, we can calculate thermodynamic
quantities like the free energy, the energy density and so on. In the following we
recall the definition of these quantities and their related discrete forms. On the
lattice, sinceV = NZa® and 8 = N,a,, the discrete derivatives, given at fixed N,

and N; are (for £ = a, /a,):

(%)u = _Nizaa <éa—§>aq,N,,N,
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a0

Thus, the energy density, defined by

)
€= a—ﬂ‘(ﬂf)v

iswritten on a lattice as

=5ra {5t ),

where f is the Helmholtz free energy density,

1
f —~W1nZ

Its discrete form, normalized to zero at zero temperatute {N, — o) is

f=f- lim f

Npg— o
with
1 £

T N3g?
N2a? Nga,

¢ In¢+ E—NSE—ZMG“I(%,E,q)

=7 4
a, a”NB

fE = In ZE

Finally, the specific heat is defined by

de
¢ = (57),
and takes the following discrete form
de
C, = Nya, (é'é)a
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164



Thermodynamic properties of the free...

References

1. K.G. Wilson, Phys. Rev. D10, 2445 (1974).

2. M. Creutz, Phys. Rev. D21, 2308 (1980). Phys.Rev.Lett. 45, 313 (1980).

3. C.W. Bernard, Phys. Rev. D19, 3312 (1974).

4. S. Weinberg, Phys. Rev. D9, 3357 (1974).

5. L. Dolan and R. Jackiw, Phys. Rev. D9, 3320 (1974).

. A.M. Polyakov, Phys. Lett. 72B, 477 (1978).

. J. Engels, F. Karsch and H. Satz, Nucl. Phys. B205 [FS5], 239 (1982).

. M.l. Gorenstein, S.I. Lipskikh and A.S. Sorin, J.Phys.G.: Nucl. Phys. 12,

691 (1986).

9. I.S. Gradshteyn and |.M. Ryzhik, Table of Integrals, Series, and Products,
Academic Press, New York, 1980; eq. 1.382(2).

10. L.D. Landau and E.M. Lifshitz, Statistical Physics, Vol.5, Course of Theoret-
ica Physics, Pergamon Press (1959).

0 N O

Resumo
Apresentamos um estudo da sensitividade da densidade de energia de um campo de Bose
livre e ndo massivo numa rede finita e & temperatura finita, quando modos de componentes

diferentes do momento sdo excluidos da funcdo de particdo.
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