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Abstract We consider analytic stochastic regulariration for various gauge theories. We
find a breakdown of gauge invariance in spinor and scalar QCD by an explicit one-loop
computation of the two-, three- and four-point vertex function o the gluon field. As a
result, we provethat these theories require non gauge invariant counterterms. \We observe,
on theother hand, that in the supersymmetric multiphtsthere is a cancellation of unwanted
terms, rendering the counterterms gauge invariant. The case of supersymmetric matter
fields and supersymmetric gauge contributions are considered at one loop order.

1 Introduction

Non abelian gauge theories are in a rather distinguished position in the set
of field theories. This isso because local symmetries are very difficult to be main-
tained in the process of quantization. For example, dimensional regularization
is, in practice, the only regularization scheme preserving gauge symmetry. On
the other hand, this procedure breaks supersymmetry and must be discarded in
those cases where this latter symmetry is an important issue'. Besides that,
non perturbatively there are the Gribov ambiguities which prevent a clear gauge
specification®. It must be mentioned also that although computer simulations us-
ing Monte Carlo methods have unveiled alot about the structure of gauge theories,
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the inclusion of fermions still poses a difficult problem not only theoretically but
also concerning computer time as well®.

In view o the above problems, the stochastic quantization method* is a posi-
tive proposal which can circumvent, all at the sametime, the mentioned difficulties.

Tostart with, the gauge fixing procedure is not necessary, at least in the usual
sense, since it is already incorporated in the initial conditions. Therefore, Gribov
ambiguities are simply not an issue to be discussed.

Computer simulations of gauge theories on a lattice require much less com-
puter time, since the introduction of the Langevin time permits the updating
of the whole lattice data at one step, permitting studies of spinor fields using a
reasonable amount o computer time.

Theissuein the present paper, however, concerns the obtention of a new reg-
ularization scheme based on the Langevin equation with a non Markovian process.
Thisisa procedure not related to space time, and some authors claim that indeed,
such a regularization scheme is able to preserve all symmetries o the lagrangian,
including gauge symmetry and supersymmetry®®. As a matter of fact, there are
many results in this direction, partially confirming this hypothesis. It has been
shown that QED vertex functions with zero external momenta vanish, as in di-
mensiona regularization; therefore, the highest divergence in the corresponding
diagram cancels, and there is no mass counterterm. A one-loop calculation in
2-dimensional scalar QCD confirms this fact, and it can be shown, in fact, that
all counterterms in that model are gauge invariant. However, in four-dimensional
gauge theories there is an induction o non gauge invariant counterterms, con-
taining derivatives d the gauge field. We present a detailed computation of the
polarization tensor and o the three and four vertex function of scalar QCD. Be-
sides the usual transverse (gauge invariant) termswefound a divergent part of the
form 4#3% A,. This may appear quite innocuous in the abelian case, but consti-
tutes a breaking of gauge symmetry in the non abelian case. We show how one
can possibly handle the problem in perturbation theory but non perturbatively

this is an open problem.
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In spinor QCD casg, the situation is not better, and again, non gauge invari-
ant counterterms have to be added. Already at one loop level again, we find a
counterterm A*8%A,, spoiling the explicit gauge independence.

However, when QCD is coupled to supersymmetric matter fields, namely 2
bosonic and one fermionic field with the same charge, the matter contribution to
that dangerous counterterm vanishes. Moreover, if we add fermionsin the adjoint
representation, a cancellation d gauge dependent counterms arising from the gauge
field sdf energy occurs as well, showing that cancellation of gauge dependent
counterterms happens for supersymmetric Yang-Mills coupled to supersymmetric
matter fields. Therefore, the scheme is gauge independent, at leat to one loop
order, for supersymmetric gauge theories.

A note on possible difficulties about current conservation in the framework
d stochastic quantization has already appeared®. However, there was no clear
indication d how it would appear for quantized gauge theories. In the present
work we discuss the appearance o infinite counterterms spoiling that symmetry
in the Langevin equation, disproving previous claims that gauge symmetry is au-
tomatically preserved in this scheme.

In section 2 we review the general rules d stochastic quantization for scalar,
vector and spinor fields. Then we compute the polarization tensor for two-
dimensional scalar QCD. We compare the results with dimensional regularization.
Next, in section 3 four-dimensional scalar and spinor QCD are discussed in the
external fidld approximation. In section 4 we discuss supersymmetric models.

Discussions are in section 5.

2. Stochastic quantization and analytic stochastic regular-
ization
21 Feynman rules

We start from the Langevin equation for an arbitrary fied ¢(z,t) and its

corresponding noise n{z,t).
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3o, (z,t) 65
at  bp,(z,t)

The variable t is cdled the fifth time, S is the classica action, and the noise

+n{z,t) (2.1)

has two point function given by

< ni(z,t)n, (£',t') >= 26;;6(z — z')6{t — t) (2.2)

and any higher funtions are given by Wick’s decomposition (higher connected
functions vanish).
From the Langevin equations we compute the field @ (z,t). Averagesin g

are, by definition, usual averagesfor functionsd ©

< Flp(z,t)] >,= / Dn Flp, (z,t)]exp ( - /:o dt/dyq; (y,t)ny (y,t)) (2.3)

and with this Markovian process we are able to define the fidd theory. Thisis
done defining Green functions as the stationary (t — oo) limit o the statistical

average

<To;, (%1).t0i, (zn) >= ¢|_'.r2 < @i, (z1,t)..005, (zn 1) >, (2.4)

Originally developed for bosonic models, it was only recently that stochastic
quantization o fermionsreceived a physically consistent treatment. The starting
point is a generalization o the original Langevin equation by meansd the intro-
duction o a Kernel K;; (noticethat (2.1) isincompatible with the dimension o

fermion fields, since dim(t] = —2)
a(ps' (zy t) / D 6S
A S ” 4+ {z,t 2.5
ot d” yK;; (z’y)&p,-(y,t) + 7, (z ) ( )
where 7; is the classical noise with correlations
< (:c, t)?], (.’Dl,t’ >= 2K,‘j (ZB, $I)6(t - tl) (2.6)
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In the case of free fermion with classical Euclidean action®*

SI8,91 = =i [ a8+ im)u(z) (2.)

the kernel is given by

Kaﬁ(z$y) = (" az + 7")4155(4z - y) (2'8)

and the free fermionic Langevin equation is

oyY(z,t)
ot

With these considerations out of the way, we write down the general Feynman

= (8% + m®)y¢(z,t) + O(z,1) (2.9)

rules and propagators.
In perturbation theory we separate the quadratic part of the action, from the

interaction

1
S =/dz{540.-D.-,-so,‘ +V(p)} (2.10)
and the Langevin equation is rewritten as
IV (z,t)

+ /dyK‘J-(x,t)D,‘jtpj (y) = —K,'j ——B‘F +7]' (Z,t) (2.11)
3

3pi(z,1)
ot

where

D;; = 6,;(~8*tm?)  for ascaar fidd,

D,, =-6,,d°+8,08, for a gaugefield,

D,s = —i §.s T mé,, for afermion field.

* Our Euclidean ~y-matrices satisfy {Y,,%, } = —26,.
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The propagator is given by

Gi = [;% + K.D]

It existseven in the case of a gaugefield, due to the presence of the fifth time

._1 (2.12)

ik
derivative. Indeed, we have

Gix (k;t) = 6, 8(t) exp(—t(k® + m?)) (2.13)

for ascalar field

Gun (1) = { (0 - 5B exp(ei?) + 557 Jot0) (214)

for a gauge field, whilefor a fermion we have

GE (k1) = 6,5 exp(—t(k® + m?))6(t) (2.15)

which isvery similar to eq.(2.13). There isalongitudinal piece in the gauge field
propagator which is worth noting. It does not contribute to the Green functions
of gauge invariant objects, as has been noted elsewhere. Inside Greens functions
it does not contribute either, as far as the gauge field is coupled to a conserved
current, in the presence o a cut-off. Thus it is dangerous if one uses a hon gauge
invariant regularization scheme.

The Langevin equations (2.11) can be solved iteratively as usual, and using
the correlation functionsd the n fields, an arbitrary Green function o the ¢ fields
can be computed. We obtain aset of rules™® :

i) draw the topologically inequivalent diagrams.

ii) two contracted n’s form a crossed propagator, to be computed below.

iii) every loop contains a crossed line.

iv) two external vertices can not be connected by a continuous path of lines
without crosses.

v) any crossed line can be connected to an external leg by a sequence o

uncrossed lines.
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vi) the number of crossed linesis given by

N, = (loops) T N(external lines) — 1 (2.16)

following,
vii) to the lines we associate the propagators

uncrossed line:

G{z,1)

crossed line:

t
Dz-z',t-t)= / dr / dyG(z — y;t — 1)G(z' —y;t' — 7) (2.17)
[¢]

After setting the Feynman rules, we are able to build any unregularized dia-
gram, which is, in general, divergent. There are always diagrams as divergent (in
the power counting sense) as those o the usual formulation o field theory. Since
any loop contains a crossed line (rule (iii) above) we introduce a regularization in
the noise, which is a non Markovian element in the statistical process®

< ni(z, t)n; (2,8 >=6;:6(z — ') fo(t - 1) (2.18)

with

lim £.(t) = 26(t) (2.19)

We will make a choice very similar to analytic regularization

1.(t) = eltl** (2.20)

With this regularization, the Green functions are meromorphic in cwith poles
on the real axis. Different c's could be used in different lines, as in analytic
regularization'®:!?,

The regularized crossed propagators is given by
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¢ ¢
D (z—2';t,t') =/ dr/ dr'/dyG(z-—y;t—r)G(z’-y’;t'——r')fe(r—r’) (2.21)
0 0

The above function may be explicitly computed to provide, for a scalar field

. dw exp(—tw(t, — t3)) -
D(p)-—[_m e (p2+m2) + w? fel I

= f(p* tm?) 1 (2.22)

whilefor fermionic fields we have

Bplhit,t) = fEm e Afo ey / o exp(—do (K 4 )b —ta)) e (2.29)

mz)x+ € 1+ w?
where
. = eP(e)sin %(1 ) (2.24)
Relevant terms to a one loop computation are

D(p) = . I {exx)(—(p’ +m?)(t; —t,))

EEo

Inw

- e/ T1l+w exp(—(iw(p’ t m?)(t, —t;)) + 0(52)} (2.25)

Thefirst term isexatly the same asthat obtained with analytic regularization,
the only differencelying in thefact that only crossed propagators are regularized.

2.2. An example

To illustrate the use of the regularization method introduced before, we
will calculate the lowest order contributions to the polarization tensor of two-
dimensional scalar QED. The photon polarization tensor, m,,, is a convenient

object to focus our attention as it must be transverse if gauge symmetry holds*?.
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This is aso a good test on the advantages d the new regularization method be-
cause, as the reader probably knows, the usual analytic regularization method o
field theory induces a mass counterterm, breaking gauge invariance.

The model is described by the Lagrangian density

L= iFF,,F‘“’ —o*D*D,p+mPp p (2.26)

where
E,=08,A -08,A,
and

D, =4, TieA,

isthe covariant derivative. The Langevin equations governing the evolution o the

fidds A, ¢ and p* are

. aS N *

Ay = —aA“ 0 = 8,F, — 10" D up + 1,
EX

=g tn=Dlp-—miptn (2.27)
©
as
§" =t =Dl —m

0

with the random field n,, ,7 and n* satisfying

< nu (X, ). (2',8') > = 26, f.(t = t')6(z - x')
<.z, t)n" (2,¢) > = f.(t —t')é(z,2')

<nlz,t)n{z',t')>=0 (2.28)

Solving these equations iteratively we found in lowest order of perturbation
the graphs shows in fig. |. Note that there is one graph contributing to fig.1.a,
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four graphs contributing fig. 1.b - they correspond to different graphs with the
same topology having two crossed lines, one external and the other internal - and
two graphs for fig. IL.c. To get a better idea o the details of the calculation,
we divide it in two parts. In the first part we calculate the amplitudes for the
graphs, neglecting the contributions of the second term in eq.(2.25) to the crossed
propagators. Also, for simplicity, in computing correlation functions, we suppose
that the fifth times o the fields are all equal and very large. We then integrate
over thefifth times o the internal vertices and keep only the dominant terms (i.e.,
only those surviving in the infinite fifth time limit). In the appendix A, for the
reader’s convenience, we have included more details o the calculation. For the

graph I.a we get
/"x“
M' :bv\—vv-
\ rs
~ _x_,
1aB IaF
s
/ \‘
M’\ﬁ-"l( IM*I‘
IcB IbF

IbB

Fig.I - Diagrams contributing to vacuum polarization functions. B stands
for internal bosonic lines and F for fermionic.

La=2f? / dr dr, exp(—p*(t — 7)) exp(—P* (t — 7.)
72> 711

/ @k (2k + p)u (2% + p),
(27)? [k + m2[t+<[(k + p)? + m2]1-«

exp ( — [k +p)? +p* +2m*}|s ~ 1, l)
(2.29)
As explained in the appendix, the factor 2 on the right hand side of this

equation comes from the two possible orderings o the internal times (r, > 7, or

m < 13). Integrating over r, and 7, we get
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Pk

1 - (2k + p)u (2k + p).
(6 )+ [+ p)? + me <[k + 9)7 + K + 57 + 2m?]

X

} (2:30)

This expression is very difficult (evenfor e =0) to be evaluated. Although in
two dimensionswe could still obtain aclosed formfor it, wefind it moreinstructive
to employ a different procedure which has the advantage of being generalizable to
four dimensions. The basic observation isthat #,, isanalytic in mfor big enough
m (equivalently, for small p). Then x,, can be expanded in powers o m~* (or,
equivalently, in powers o the external momenta) and the transversality property
o m,, will be correct only if it is satisfied at each order of the expansion. In
theforthcoming cal culation we will analyse the terms of the mentioned expansion,
up to the first one to be finite when the regularization is removed. With this

approximation we have

2 / Pk 2k, G
1" =5 | Gy @ F ey smprme + 000 (231

For the graph of fig. (Ib) the calculation is also straightforward but a little

bit more extensive. From the appendix A we get

_ b g1 1 5.
= 27|-(p2)2 (; - 1) - ‘_———.—127['7712 (p2)2 (56,“11) - pﬂpu) (2.32)
Finally, the graph o fig. (L.c) gives
2f26,, [ &k 1 b,
= -2 =- 2.33
o= =55 | Gy e = wE O

where the extra factor of two comes from the two graphs of fig.(L.c).
Adding the contributions egs.{2.31-33) we note that the divergent pieces ex-

actly cancel, leaving the result

1

PuP. v
P (-5,w 4 Pa ) 5 (2.34)

p? 27(p?)?
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which is, evidently, non transverse. This expression should be compared with the
one employing the usual analytical regularization of field theory. In that case the
regularised integrand is obtained by replacing the free propagator (p? + m2) by
(p* + m?)*. With thissubstitution we get a polarization tensor differing from eq.
(2.34) just by a term which vanishes after a judicious choice of the participating
lambdas. Thus, up to this point there is no great advantage in using stochastic
analytic regularization instead of the more usual one. However, we still have to
compute the corrections coming from the neglected terrns in eq.(2.25). These
terms are very important because, as we shall see right now, they will make the
final result gauge invariant. Firstly notice that there is no correction coming from
the graph of fig. I.a since it is finite without the regularization. The contribution
o the remaining graphs is not difficult to be evaluated (see appendix A) and we
get the following additional terms

_Zuv from Fig.Lb
m(p?)?
_bur from Fig. L.c
2n(p?)?

Adding all these contributions we get a miraculous cancellation of the non trans-

verse parts, leaving the net result

1 Pulo
— (e _§ u) 2.35
127rm2( p? # (2:35)

The cancellation of the non transverse terms is a consequence of a general
theorem proven'?, asserting the non-existence of mass corrections to the photon
field. However, tbe mentioned theorem does not preclude the induction of non

gauge invariant terms, ccntaining derivatives of the A, field.

3 Gauge invariance in 4-dimensional scalar and spinor
QCD

The computation of the polarization tensor in 2-dimensional QED, with a
transverse result, indicates that stochastic regularization may be a very efficient
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method for the study o gauge theories, specially in cases where dimensional reg-
ularization is not apropriate. However, there are problems in four dimensional
non-abelian QCD'2. We study the theory defined by the lagrangean density

1 [
L= TrZF,,,,F‘“’ — ;DD + m*0; i = Pu(i P — m)y, (3.1)

where
Fuw =3,A - 8,4, Tie/d,,A] (3.1a)
D, =8, +ieA, (3.1b)
A, = A%r® (3.1¢)

with ¢ the generators d the gauge algebra. In the above we introduced flavor
indices for bosonic and fermionic fields; in the following we treat the two contri-
butions separately in order to analyse them.

The Langevin equations are

A =D,F,, —iep"Dup T, (3.2q)
$=D,D,p—m'p+n (3.2b)

¢ =D,D,p* —m’p* +1n°
Yo =—{(P —im)( P +im)p}s + 0, (3.2¢)
Jc. =—{P(p —im)T(p' tim)T}, 4, (3.2d)

with D!, = ~3, — ieA,.
Where, as proposed in ref.(8) we used the modified covariant Kernels

Kap(z,y) =i( p'~ im)asé(z — y) - (3.3)

However, in the one loop computation we can drop the gaugefield contribution

in some expression and we use

<O, (2, )85 (z' ') >= (i @+ m)apb*(z— ') f.(t - t') (3.4a)

319



E. Abdalla et al.

< nu(z, ), (2',t') >=6,,6(z—=')f(t - 1) (3.40)

< n(z,t)n" (z',t') >=b6(z - ') f.(t — ) (3.4¢)
If we use dimensional regularization, the diagrams may be grouped in such a
way as to respect gauge invariance. In this case, we find a counterterm
(2] + 27)F,, F, (3.5)
where

F,,=0,A, —8,A, +ieZ;[A,, A,

But as it turns out, the result of the computation is given by

(Z7 + Z2)(F ) + (25 + Z7)A. 8 A, (3.6)

We will consider explicitly the contribution of each diagram, the calculation
being rather simplified by noting that since the relevant terms are divergent when
the cut-off is eliminated we disregard finite terms, thus leaving the second term in
eq.(2.25).

We calculate the following sets of diagrams.

1. Graphs with two external gluon lines, diagrams shown in fig. I. The
diagram with two internal crossed lines is divergent and will be responsible for the
gauge symmetry problems.

The bosonic contribution (La. B) is given by

_ ok 1 (2K + p)u (2k + p),
ILa.B = 2 / (21r)4 {(kz + m3)ite [(k +p)2 + m2]1+e[(k +p)? +k 4 p?+ 2m2]

_frr dk 2k,k,

- I7 (27[')4 (k2 + m2)3+2€ -+ finite terms

by .
=5 47r2 e + finite term.s} (3.7
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Notice the presence df the exponent 2¢ in the next to last expression, im-
plying a factor 1/2 in the final result. In particular, the value o dimensional
regularization is 1/2 with D = 4 — 2e.

The fermionic contribution with two internal crossed lines, corresponding to

fig. (L.a.F) isgiven by

2f’/ d'k
LaF = 22
a.F (2“)‘

—b8,,(k* + m® + k.p) + 2k, k, + k.p, +k.p,

3.8
(k+p)2 + mz]u—e(kz + m2)1+e(p’2 + k% +kp+ m’) (3.8)

T

where the trace has already been performed. The resulting divergent piece is

computed expanding in the external momenta, as in eq.(3.7)

frf dk dkk,

€

;,2— (2r)* (k* + m2)o+2¢

lLaF=-

buv__ +finite terms (3.9)

 32p2icc

This value is one-hdf the result obtained in dimensional regularization with
D = 4 — 2¢, and minus twice the corresponding bosonic value. We shall comment
further on these results later on.

Further diagrams are computed in the same way. For bosons, we have (1.b.B)
and (I.c.B), which aregiven by thefollowingexpressions(equality holds for infinite

parts)

B 2 / d'k (2k + p)u (2k + p)v
D.D = (pz)z (27r)‘ (Ic’ +m2)1+e[p2 +k2 + (p +k)2 +2m2]
1 2m?é,, 88,  pup, 1
= GE L e Y (810)
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where again expansion in the external momenta has been performed to separate
the divergent parts.

For diagrams (I.c.B) we have

26, [ d 1
18 =55 | e sy
2m?§,,
- o (3.11)

We note that the mass counterterm for the gauge field cancels between
€q.(3.10) (first term on the r.h.s.) and eq.(3.11).

The fermionic contributions are given by

T %3
Lb.F, + LbF, =4 / dt, / dt, G, ,(p;.t:)

X Do, (pi 7t )try, Ak + pi by, t2 )7, (— £+ m)G(kity,t2)  (3.12)
and the result for the divergent part is

751411 Pulv
.b. b.F, = - 3.13
15.Fy +1b.F, 48p27w2e 1272 (p?)%e (3.13)

The next step is the computation of diagrams with three and four gluon
lines. Let usfirst give the detailed computation of the scalar case, and afterwards
the results for spinor QCD,. In the set presented in fig. (ILa) there are 18
linearly divergent diagrams, which cancel (their divergent contribution) in groups
of two. This is expected, otherwise there would be charge-conjugation-violating
counterterms 8, A, A, A,. These diagrams do not have counterparts in spinor
QCD. The other set of topological similar diagrams with 3 external gluon lines
has also 18 diagrams. A simple computation is presented by the representative
diagrams (II.b.B)
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IbB IbF

IIaB

Fig.Il - Representativesd 3 exter nal gluon line diagrams. In order to obtain
the full function, one muat add appropriate permutations.

tr(A, AL A)
ILb.B= —e*p? -2
P tr
X / d*k (2k + p1)u (2K + 2p, + 12). (2K — ps),
@) (6 T TR 4B + (b~ o) + 2l + (& + pi)F 0 4 2]

(3.14)

where the external field propagators have been eliminated. After the usual mo-

mentum expansion we have

_epitrA, A 4,

ILb.B =
p? +p3+pi

1
[plusvp - p3p6uu + (pl - p3)u6up] '(Zr")z—e

(3.15)

which, after addition of other diagrams with the corresponding changes of mo-~

menta and indices, gives

2¢® v
er(OA — 0. )44

Y (ILb.B) = ~lanye

The corresponding fermionic contributionsare given in {ILb.F)

33
= —— — # AY
ILbF = (47r)2€tr(3,,A,, 8,A,)A" A

(3.16)

(3.17)
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We come to diagrams with four external gluon lines. They can be grouped
in sets o topologicaly similar diagrams. Consider the set whose typical diagram
is (IILa.b) which has two internal lines. They are 48 in number. This diagram is
given by

2¢*ps

MLa.B =
p: +p3 +p5 +p}

tr(A, A4,)?

d'k 1
X
/ (2m)* (k2 +m?)1+<(p} + p5 + &2 + (k + Py +ps)? +2m?)

_ 2¢* p}
(27)?e(p? + p} + 05 + 1)

+ finite terms (3.18)

Adding all contributions we have the result

3¢’
I.aB =
4m2e

tr{4, A,)? (3.19)
There are also 144 triangular diagrams, which may be grouped in 12 groups
o twelvedigrams, in such a way that in each subset the label of the external line

is fixed. Let ustake the diagram shown infig (l111.b.B)

2¢* p? d*k 1
laB = 1 t AA,
= e R * / (2m)* (B* +m?)t+e

% (2k 4 p1)u(2k + 2p + 1),
(k2 + (k+p1 +P2)? +ps +pa +2m2][(k +p.)* + K2 + 5, +p5 + P} +2m7)

etpitr(4,4,)° 1 +inite terms
B 3.20
p? T2 T p2 T p2 2(4m)2e (6.20)

Further diagrarns are similarly computed, and the result of this group is

6et 2
47r25tr(A“ AL) {3.21)
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Finally, we get to the box diagram (III.c.B). There are 96 diagrams, separated
in group o 16, fixing the labels  the external legs. The exemplified case of
(IlL.c.B) is given by

- e p? / 'k !
MeB= o T A ds | o

" (2k + p:),. (2k + 2p, + p2). (2k + 2p, + 2p, +p3),(2k — ps).,
(k2 +(k—p, )2-+p3+2m? [+ (ktp, -+, )2+93-+p3+2m? (7 +(ktp, )7 +p3 495497 +2m3

_ et w{3(AA) + 34 A}
12(4am)?e P2 +pi 4+ 0%+ 92

(3.22)

Further diagrams are computed similarly. Taking into account the correct

combinatorial factors we obtain for this set

e4

o72¢

3e
IlLc.B * other = Azt (A At tr[A,, A, (3.23)

Notice that the terms (4, 4,)? cancel between egs.(3.19), (3.21) and (3.23).
In thefermionic case we have only the set corresponding to the box diagrams,

fig (IILc.F), which can be computed similarly

64
272¢

IILF =

tr[A,, 4,7 (3.24)

We may now gather all results, and write down the counterterms, once we

have the constants

1 -1
7P = zf =
b (4m)?12¢ Y (47)23e
-1 1
ZP = —— AR
2 (4m)?8e 2 (4m)%4e
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IIaB b8

d

McB / McF
Fig III - Representativesof 4 external gluon diagrams.

From the details d our computation it is not difficult to see the root of the
problem, and verify why gauge invariance is broken. We look at the diagram
with two crossed internal lines, (I.a.B) and (L.a.F), respectively for bosons and
fermions. Then we verify that there isa doubling o the regulator (in this diagram
it is aways 2¢ instead of ¢ appearing).This impliesan extra factor o 1/2 only for
this diagram. A cross-check is the computation o this diagram with dimensional
regularization, with D = 4 - 2¢, It turns out that all results are the same, with
the exception of diagrams (I.a.F,B) where a factor 1/2 appears, generating a non
zero Z]'P.

In non stochastic approachs we have to add gauge fixing terms (and Fadeev-
Popov fields) to the Lagrange density. In Lorentz gauge we add ;:-(3, 4,)*. In
the abelian case this term could absorb Z,, but that is not the case with non

abelian symmetries. In general, observables must be ai-independent, and that is
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the case only if A, iscoupled to a conserved current. In stochastic quantization
the problem is very severe!*, since the longitudina part of A, field has a piece
proportional to the fifth time, and it is mandatory that the gauge field be coupled

to a conserved current.

4. Supersymmetric gauge theories

Although last section presented the method in a very bas shape, we will now
comment on the status of supersymmetric gauge theories and claim that in this
case all gauge breaking terms cancel between bosonic and fermionic contributions.

First notice that the phenomenon happens in the supersymmetric matter

contribution to Z;. The bosonic and fermionic counterterm lagrangian are

L e \2 np 2
- — 4.1
6Ls (47r)212e(F‘“’) + 1287r2eA“a A (41)
—Nf a ng
bLe = i (FL) — o A A, (4.2)

where ng and ny are the numbers of bosonic and fermionic fields. In supersym-

metric matter fields npy = 2ny = 2n and the supersymmetric counter-lagrangian

is given by

-n
6Lsysy = &ﬁﬁg—g(F:,,y (43)

which is gauge invariant.

In thecased N = 1supersymmetric Yang-Millsmultiplet the result issimilar.
We have to consider now the gauge field contribution to the loop, as wel as a
Majorana fermion contribution, in the adjoint representation. The gauge field
contribution isthe same asin scalar matter, with an extrafactor of 2 coming from
a combinatorial, while the fermionic contribution is the same as previously. Thus

we get, as counterterm,

SL (F2,)? (4.4)

= 967%¢
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which is, again, explicitly gauge invariant.

Thereisneither any break d supersymmetry, since the regularization process
isindependent of space-time, although we did not deal with supersymmetric Ward
identities. But it is worthwhile mentioning, that usual supersyrnmetric cancella-

tions o divergencesoccur.

5. Conclusions

We stablished, in this paper, case examples wherestochastic quantization can
be used to define a stochastic regularization prescription. Although the process -
is perfectly well defined as a regularization procedure, there may be problems in
connection with gauge invariancesin non perturbative scheme.

For abelian gauge theories the method is clearly advantageous, and possibly
provides a good alternative to the use of dimensional regularization in chiral the-
ories. Indeed, in lower dimensions (d < 4) the polarization tensor is transverse
and gauge invariance is not broken (evenin the non abelian case). In four dimen-
sions because of quadratic divergences, there is induction of a non gauge invariant
counterterm A, 8% A,. Technicaly, this happens because the number o internal
crossed lines (which are affected by the regularization ) variesfrom graph to graph,
causing unbalance o weights among them due to difference in the regular action.
Thus, non invariant pieces do not cancel one against the other. This is related
to the fact that the gauge field is not coupled to a conserved current, which is a
necessary condition if the schemeisto be gauge invariant. The problem isnot very
dangerous in the abelian case since the non invariant counterterm can be rended
to a renormalization o the gauge fixing term in fidd theory, or o the fifth time
in stochastic theory.

In the non abelian case the situation is really serious, since it is no longer
possible to relate it to (8, A*)? plus gauge invariant counterterms. The problem
is that renormalization o the gluon polarization tensor is now dependent on the
renormalization o the three and four vertex function of the gauge field. At the
perturbative level we could remedy this desease by attributing different epsilons

to different crossed propagators. This is not the original spirit of the method, but
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one can obtain gauge-invariant amplitudes if the epsilons are chosen adequately.
Non perturbatively however, thereisnot, up to the present, any prescription which
guarantees gauge invariant results.

Nonetheless, in supersymmetric theories, at the one loop level, we have a
positive result, since non gauge invariant counterterms cancel between bosonic
and fermionic contributions. Although we verified this'result only for the infinite
part, and at one loop levd, it is very rewarding, since there is no scheme of

regularization preserving at the same time gauge and supersymmetry of shell.
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Resumo

Teorias de gauge ndo abelianas ocupam uma posi¢ao de destaque em teorias de campo.
Isto acontece porque simetrias locais dificilmente se preservam depois do processo de quantizagio.
Regularizacc dimensiona &, na prética, o tnico esquema de regularizagdo que preserva simetriade
gauge. Por outro lado, este procedimento quebra supersimetria e ndo deve ser considerado quando
esta Ultima é a simetria relevante. Além disso, num tratamento perturbativo, as ambiguidades
de Gribov impedem uma especificagdo de gauge clara. Deve-se mencionar ainda que apesar de
simulagfes numéricas usando métodos de Monte Carlo terem revelado muito sobre a estrutura das
teorias de gauge, o inclusdo de fermions ainda coloca um problema diffcil, nde somente do ponto
de vista tedrico como o do tempo de computagio.
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