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Abstract The experimental results of an isochromat of the virtual photon spec- 
trum, obtained by measurjng the number of ground-state protons emitted by the 
16.28 MeV isobaric analogue state in OOZr as a function of electron incident energy 
in the range 17-105 MeV. are compared with the values predicted by a calculation 
of the E1 DWBA virtual photon spectra for finite nuclei. It is found that the 
calculations are in excellent agreement with the experimental results. The DWBA 
virtual photon spectra for finite nuclei for E2 and M1 multipoles are also assessed. 

1. IMTRODUCTION 

The interest in electrodisintegration experiments to  study the multipolarity of  

nuclear transitions has motivated an experiment to test virtual photon calculations 

with great accuracy. An isochromat of the E1 virtual photon spectrum was mea- 

sured by couting the number of ground state protons, emitted by the 16.28 MeV. 

I-. isobaric analogue state in 90Zr. as a function of incident electron energy in the 

range 17-105 MeV1. When this experiment was performed. available virtual photon 

spectra were evaluated taking into account the distortion of incoming and outgoing 

electron waves in the Coulomb field of a point nucleus. It had already been shown 

that the plane wave approximation could only be used for very light nuclei and 

that the distorted wave Born approximation (DWBA) calculations2 yielded spectra 

of correct magnitude as a function of Z. However. there were doubts about the 

range of validity of  the point nucleus approximation. Since in electrodisintegration 

experiments the outgoing electrons are not detected. the measurements integrate 

over all possible values of momentum transfer. Because the electron scattering 

cross section is forward peaked. the electrodisintegration cross section is domi- 

nated by low momentum transfer and it was often argued that size corrections 

should be negligible. The isochromat experiment showed that for an E1 transition 

in a medium weight nucleus such as 90Zr. size effects become evident for electrons 

of incident energy greater than 30 MeV. At that time two types of size corrections 

were available. One based on a plane wave c a l ~ u l a t i o n ~ ~ ~  and also an evaluation 
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of virtual photon spectra for a finite nucleus. using a model for nuclear charge and 

current distributions, but performed in second order Born approximation (SOBA)'. 

It was found1y6 that both size corrections yielded acceptable results. but SOBA 

made a predictio'n closer t o  the experimental values. However SOBA is inadequate 

to  describe heavy nuclei because these require a DWBAcalculation. More recently 

Zamani-Noor and Onley6 have developed DWBA virtual photon calculations for 

finite nuclei. The comparison of their results with experimental data for the (e,n) 

cross section in l8'Ta is discussed in ref.5. However the isochromat data of ref.1 

is a more precise test for the virtual photon calculation. The purpose of this paper 

is to  compare the experimental results of  ref.1 with the E1  DWBA calculations 

for finite nuclei6. The results of these calculations for other multipoles will also 

be discussed . 

2. THE VIRTUAL PHOTON METHOD 

The virtual photon method relates electro- and photodisintegration through 

virtual photon spectra. In photodisintegration experiments, the photon is sirnply 

a means o f  injecting a certain amount of  energy and angular momentum into 

the nucleus. which then has a variety of channels through which it may decay. 

het us assume we are dealing with an Uranium nucleus and that it chooses the 

fission channel. We may draw diagramatically the process of photofission as in 

fig. l (a).  The same nucleus can interact with a passing electron, which will create 

a time-varying field at the target site and this field rnay be regarded as a pulse of 

electromagnetic radiation. This is an old idea in classical electrodynarnics due to 

Weiszacker7 and ~ i l l i a m s ~ .  but in quantum mechanics the intermediate radiation 

is a virtual photon and the process is depicted as in fig. l (b).  The nuclear 

part of the diagram is the same as in fig. l (a).  In both cases the interaction 

is electromagnetic, but there are important differences that force the nucleus to  

reveal more about itself, when interacting with an electron, than in a real photon 

interaction. Notice that the electron lines are curved because the electrons are 

moving in a Coulomb field which for a heavy nucleus can distort the electron wave 

function considerably. 
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Fig.1 - The photofission process (a) and the electrofission process 
(b) are shown diagramatically. 

The experimentalist has the choice of using real or virtual photons. Both 

originate with electrons, but real photons are created separately in a converter foi1 

(see fig. 2) and trave1 a long path to the target. In this case the target experientes 

radiation with a broad spectrum which is known as the bremsstrahlung spectrum. 

On the other hand. a virtual photon is created and absorbed in interaction with 

one and the same nucleus, which is thus both converter and target. In a sense 

the target is. in this case, just closer to the source. If we make a classical 

analogy and think of the electron as an antenna. which is emitting electromagnetic 

radiation, there is the familiar difference between near field and far field. Far field 

radiation is purely transverse and has effectively a plane wave front: near field 

radiation is not planar, and has also longitudinally polarized components. Near 

field or virtual radiation also has a different spectrum from bremsstrahlung and 

the shape and magnitude of this spectrum has to be known in order to analyze 

electrodisintegration measurements. Onley and his c c o l l a b o r a t ~ r s ~ ~ ~ ~ ~ J ~  have 

generated the virtual photon spectra in the distorted wave approximation, first 

using a numerical calculation that treats the nucleus as a pointgJO and more 

recently for finite n ~ c l e i * * ~ .  
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ELECTRODISINTEGRATION 

ELECTRO + PHOTODISINTEGRAT10N 

Fig.2 - Schematic view of an electrodisintegration experiment 
(a) and photodisintegration experiment (b). 

If the nucleus is subjected t o  a beam of radiation with spectrum N(E) the 

resulting cross section is 

where 07(E) is the photoexcitation cross section as a function of photon energy 

E ( h  = c = 1) and N(E)/E is the number of incident photons per unit energy 

interval. In the case of bremsstrahlung photons the spectrum depends on the 

electron incident energy Eo. the atomic number Z of the converter or radiator and 

the number Nr of atomic nuclei/cm2 in the radiator. In this case eq.(l) becomes 
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where m is  the electron rest energy. K(Eo, E, Z) is the bremsstrahlung cross 

section and thus NrK(Eo, E,Z)/E is the number of photons per unit energy 

interval. 

In the virtual photon case. assuming that the scattered electron is not de- 

tected (inclusive experiments like electrodisintegration) the cross section is rather 

similar t o  eq.(2). 

Here XL stands for the spin and parity or multipole class of the electromagnetic 

transition. 

The basic difference is ehat the plane wave real photon spectrum has the 

same strength in all multipoles and in eq.(2): 

The virtual photon spectra by contrast, increase rapidly with L as illustrated in 

fig.3. which shows N~~ for EL = E l ,  E2, and E 3  for E. = 30 MeV in tantalum. 

This enhancement has already been exploited in various experiments to examine 

multipole transitions of orders higher than E l .  which a real photon spectrum does 

not reveal (e.g. references (11-22)). Combining electro- and photodisintegration 

measurements the experimentalist can change the multipole composition seen by 

the target. 

b) Calculation of virtual photon spectra 

In order to  discuss the accuracy of the calculations we review them briefly. 

For any system which interacts with the electromagnetic field the interaction 

may be written in the form 

where Ã, and 4 are the potentials created by the electron. The nucleus is repre- 

sented by the nuclear current density f and transition charge densíty p. These 

are constrained by continuity 
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Fig.3 - E i ,  E2 and E3 DWBA virtual pho- 
ton spectra for a finite nucleus. 

v x f+ ( d p l d t )  = O (6) 

Since electrons are scattered by the Coulomb field of  Lhe nucleus the distorted 

wave (DWBA) formalism is used. Thus the static part of the Coulonlb field is 

included in the unperturbed hamiltonian and hence Hint includes only the radiative 

part of  the interaction. 

Electron wave functions obey the Dirac equation and the DWBA formalism 

breaks the wave functions into partia1 waves. These are labelled with the Dirac 

angular momenturn quantum nurnber K. which rnay be a positive or negative 

integer and specifies both the total (j) and the orbital (L) quantum numbers 

j =) K ) - 1 / 2  and 1 = I  K + i / 2  1 - 1 / 2  (7) 

The basic probability amplitudes for the electron to  change from angular 

momentum state Ko. to  state Kf. while emitting a photon in state XL are called 
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R ~ ~ ( K O ,  K f )  In terms of these. the virtual photon spectra of eq.(3) can be 
obtained (4*699*10) 

Here Ef is the electron final energy and a is the fine structure constant. 

In the point nucleus approximation the electron does not penetrate the nucleus 

and in the plane wave approximation the distortion of electron waves is ignored. 

Under both approximations the calculation of NXL is relatively simple and one 

obtains analytical expressions for them4. However. the approximations will work 

for suitably low Z nuclei so that the distortion in electron waves is negligible. 

It can be used when the Coulomb energy is small compared with the incident 

electron energy: 

In eq.(9) RN is the nuclear radius. The assumption that the nuclear and 

electron waves do not interpenetrate significantly amounts to a condition 

where Q is  the average momentum transfer. How stringent this is depends on the 

process we are looking at. being least for magnetic and electric dipoles, for which 

the electron angular distribution exhibits a strong forward peak and for light nuclei 

(small RN). 

For medium and heavy nuclei conditions eqs. (9) and (10) are inevitably 

violated, and to  evaluate RXL in DWBA for a finite nucleus we have to  assume a 

model t o  describe nuclear density functions for values of r < RN. because 

involves an integral over all space (electron coordinates). 

It has been shown4 that the results are not particularly sensitive to  the details 

of the charge distribution. This should be expected since electron scattering a t  low 
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momentum transfer (Eo 5 150MeV) is unable to  detect the details of the charge 

distribution and the only quantity that can be extracted from such experiments in  

the nuclear root-mean-square radius. In order to  evaluate virtual photon spectra 

for finite nuclei. Onley and collaborators4 take the ground state charge distribution 

p(r) to  be the standard Fermi shape. 

The transition probabilities contain the radial parts of  the nuclear matrix 

elements, R N ~  and RfL. in which the nuclear current densities are expanded in 

multipoles (for details see ref.6). Thus 

~L+I (r') + j ~ - 1  (Eorl) J~-~(r ' ) ) r '~dr '  
and 

(11) 

where jL is the spherical Bessel function. 

For the nuclear current densities Zamani-Noor and Onley use: 

and 

which are derived under the assumption of irrotational incompressible flow in the 

nucleus. 

The great dificulty in evaluating virtual photon spectra in DWBA is that the 

evaluation of RXL requires to  perform an integral over all space. Since the interac- 

tion involved is electromagnetic. and therefore long-ranged. there is no mechanism 

for cutting off this integral. To overcome this, Onley and his c o l l a b o r a t ~ r s ~ * ~ ~  have 

developed an assymptotic series for the remote part of  the integral and use nu- 

merical integration for the near part. 
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3. TESTS OF DWBA VIRTIJAL PHOTON SPECTRA FOR FINITE NUCLEI 

a) The E1  spectrum 

In ref.1 the cross section U,,~,(E~) for the proton decay of the 16.28 MeV. 

i-. isobaric analogue state in 90Zr was measured as a function of incident elec- 

tron energy in the range 17-105 MeV. The same decay was also measured using 

bremsstrahlung photons. 

The photonuclear absorption cross section integrated over the level width of 

the 16.28. i-. isobaric analogue state in 'OZr that results in protons populaling 

the ground state of 8gY is  related to  the photon width. I',. the ground state 

proton width, r,,, and the total width, I', of this level by 

where I and I. are the spins of the excited and ground states. 

Since 

using eqs.(16) and (17) with the experimental results for a,,,, (Eo) and calculating 

NE1(Eo, 16.28,40). the invariant quantity I',,I'y/I' can be obtained. By an anal- 

ogous procedure. replacing in eq.(17) the number of virtual photons per unit energy 

interval by the appropriate number of real photons, the same invariant quantity 

I',,I',/I' can be obtained from the photoexcitation measurements. In ref.1 it was 

found that using DWBA E1 virtual photon spectra for a point nucleus. the value of 

this invariant quantity decreased as the electron energy increased, departing from 

that determined from the photoexcitation measurement, showing clearly that size 

corrections were necessary. When the virtual photon spectra were evaluated in 

the second order Born approximation. taking into account the finite size of the 

nucleus4. then the results obtained for I',,I',/I' were constant with the electron 

incident energy and compatible with that obtained from photodisintegration. The 

results obtained are 
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65.4 & 0.6 eV f rom photodisintegratton 

66.1 f 0.3 eV f t om electrodisintegration 

using SOBA 

Fig.4 - Ratio between the number of 16.28 MeV E1 virtual 
photons obtained with DWBA for a finite nacleus and that 
obtained with SOPA. L , ,  I 

In fig.4 we show the ratio between the number of 16.28 MeV E1 photons 

obtained using DWBA for a finite nucleuse and that obtained using SOBA. For 

E. = 17.5 MeV the number of virtual photons predicted by DWBA for a finite nu- 

cleus is 4 percent bigger than that predicted by SOBA. This can be understood be- 

cause distortion is more important for lower values of the electron incident energy 

and indicates that the second order Born approximation does not take completely 

into account the distortion effects in 90Zr. A t  105 MeV SOBA underestimates 

size corrections by 2 percent. 

Fig. 5 shows I',,I',/I' evaluated using SOBA and DWBA for a finite nucleus. 

In both cases i',,I',/I' is constant and independent of  the electron incident energy. 

The dashed lines represent in each case the weighted average vaiue, which are: 
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65.2f O .  with DWBAfor a finite nucleus and 66 . l f  0.3 eV for SOBA. Compared 

to 65.4 f 0.6 eV obtained from photodisintegration, the DWBA result is in better 

agreement. 

FigS - The invariant quantity evaluated using SOBA and DWBA 
for a finite nucleus. The dashed lines represent in each case the 
weighted average value. 

We conclude that the E1 virtual photon spectra evaluated in DWBA for a 

finite nucleus is in excellent agreement with experiment. 

b) The E2 spectrum 

There is no known E2 isslated leve1 in medium weight or heavy nucfei which 

decays by particle emission. Thus an isochromat of the E2 spectrum cannot be 
measured. 

In ref. 5 the electrodisintegration of ' * '~a by one neutron emission was used 

to assess the reliability of the recent DWBA calculations for a finite nucleus. In 

18'Ta the isoscalar E2 resonance decays dominantly by one neutron emission be- 

cause charged particle decay is inhibited by the Coulomb barríer. Thus the (e, n) 

cross section contains basicaily E1 and E2 excitations. Figs. 6 and 7 show E1 
and E2 DWBA virtual photon spectra for a point and finite nucleus (2 = 73). 
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Size corrections affect the E2 spectrurn far more. It was shown6 that the use of 

virtual photon spectra for a point nucleus rnade electro- and photodisintegration 

incornpatible in heavy nuclei, but those for a finite nucleus yielded good agreernent 

with experiment. The DWBA calculations for a finite nucleus6 make electrodis- 

integration and photodisintegration cornpatible and the E2 strength necessary to 

sirnultaneously fit both cross sections is in good agreement with the known sys- 

tematics. 

Fig.6 - DWBA E1 virtual photon spectra for a point and a finite 
nucleus. 

This test does not have the same accuracy as the rneasurement of the E1 
isochromat. but it indicates that the E2 size correction has the appropriate rnag- 

nitude. 

The h41 Spectrum 

Fig. 8 shows DWBA M1 spectra for a point and a finite nucleus (2 = 73). 

The magnitude of the size correction is rnuch bigger for M1 than for E2 (see fig. 
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Fig.7 - DWBA E2 virtual photon spectra 
for a point and a finite nucleus. 

7). This is surprising if one reasons along lines suggested by plane wave (PWBA) 
calculations. In PWBA size effects are small for the transverse components of 

the virtual photon spectra3 and this behaviour is reproduced by DWBA. at least 

for E i  and E2 spectra. The PWBA E1 spectrum is dominantly transverse and 

the magnitude of i ts size corrections in DWBA is relatively small as compared to 

that of  the E2 spectrum, which is domínantfy ~ o n ~ i t u d i n & l ~ ; ~ .  Since the PWBA 

M l  spectrum i s  purely transverse, size corrections should have little effect on the 

corresponding DWBA virtual photon spectrum. 

In a recent paper on l G 7 ~ u ,  Campos e2 aL2* derived the Ml and E2 strengths 

observed on the one neutrori decay channel of the photonuclear cross sections. 

They used both finite and psint DWBA M1 spectra in their analysis and got con- 

siotent results only with the point DWBA Ml spectrum. it must be emphasized 

that both E1 and E2 spectra used in the analysis were finíte DWBA calcuiations. 

The Ml cross section obtained using finite DWBA M1 spectra was too big (larger 
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~ P O I N T  DWBA c = a  

pFINITE DWBA \ 

Fig.8 - DWBA M1 virtual photon spectra for a point and a 
finite nucleus. 

than the absorption in the energy region studied). probably due to  the excessive 

correction on the spectrum, which made i t  too small. The results obtained for 

M l  strength using point DWBA M1 spectra were compatible with previous exper- 

imental results and with theoretical estimates and suggest that the spectra used 

in the analysis have the correct magnitude. 

4. CONCLUSIONS 

The E i  virtual photon spectra evaluated in the distorted wave Born approx- 

imation for a finite nucleus are in excellent agreement with experimental results. 
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M 1 ISOCHROMAT FOR ' " ~ a  

POINT DWBA 

Fig.9 - Isochromats of the DWBA M i  virtual photon spectra 
for a point and a finite nucleus. The virtual photon energy is 
7 MeV and the target nucleus is 2=73. 

The E2 spectra are also in good agreement with experimental results, but the 

experimental test in this case does not have the same accuracy as that for the E l .  

For magnetic multipoles the results of  the calculations for a finite nucleus 

seem t o  be unreliable. They predict a very large correction due to  the finite 

size of the nucleus, while these corrections are expected to  be very small as 

a consequence of the transverse nature of these multipoles. The failure of the 

calculations for a finite nucleus may result from inadequate model description o f  

the nucler currents. Eventhough this strongly affects the magnetic multipoles, it 

has little effect on the electric multipoles. For the latter it is  found416 that the 

results are rather independent of  the detailed shape of the charge distribution. 
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They depend .primarily on the values of the nuclear root-mean-square radius and 

the appropriate transition radius. 

For magnetic multipoles the most reliable calculation available present at i s  

the DWBA for a point nucleus. For the M1 multipole it yields B(M1) strengths. 

derived from electrodisintegration measurements. which are consistent with results 

obtained with other probes. like polarized photon scattering. 
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Resumo 

Os resultados experimentais referentes à medida de uma isocromata do es- 
pectro de fótons virtuais. a qual foi efetuada detectando-se o número de prótons 
que decaem para o estado fundamental, emitidos pelo estado análogo de energia 
16.28 MeV no 90Zr. em função da energia do eldtron incidente na faixa de 17-105 
MeV. são comparados com os valores previstos pelo cdlculo do espectro de fótons 
virtuais €1, efetuado na aproximação DWBA e considerando o tamanho finito do 
núcleo. Verifica-se que os cálculos estão em excelente acordo com os resultados 
experimentais. Os cálculos de espectros de fótons virtuais. em DWBA e para 
núcleos finitos. para multipolos E2 e M 1  tambdm são discutidos. 


