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Abstract Semiclassical  approximations o f  quantummechanics a re  known 
t o  be i n v a r i a n t  w i t h  respect t o  c l a s s i c a l  canonical t r a n s f o r m a t  ions,  
even though these a re  not  i n  general isomorphic to  u n i t a r y  transform- 
a t i ons  i n  quantum mechanics. However, t h i s  r u l e  i s  not  a p r i o r i  ex- 
tens ive  t o  e f f e c t s  i nvo l v ing  tunne l l i ng ,  s ince these may be semiclas- 
s i c a l  l y  small themselves. An important  c lass o f  canonical t r a n s f o r m -  
a t i ons  b r i ngs  the system i n t o  act ion-angle va.riables,which f a c i l  i ta tes  
the study o f  t unne l l  ing near a c l a s s i c a l  resonance. We v e r i f y  compu- 
t a t i o n a l  l y  t h a t  the energy eigenlevels o f  a resonant system computed 
i n  a h a r m n i c  o s c i l  l a t o r  basis a re  i n  good agreement w i t h  the  semi- 
c lass i ca l  values obtained w i t h  the use o f  act ion-angle var iab les .  

1. INTRODUCTION 

I t i s  we l l  knownl'* t ha t  c l a s s i c a l  canonical t ransformat ion cor-  

respond t o  quantum mechani ca l  t ransformat ions wh i c h  a re  asymptot i c a l  I y 

u n i t a r y  i n  the 1 i m i  t P1 + O .  Therefore, i n  semiclassical  problems i t  i s  

o f ten  usefu l  t o  work w i t h  canonical act ion-angle ~ a r i a b l e s ~ ' ~ " ,  even 

though the  canonical t ransformat ion involved i s  s ingu la r .  The problem 

as to  the v a l i d i t y  o f  t h i s  procedurear ises ,  however, i n  c a s e s  where 

there  i s  known to  be tunne l l  ing  between d i f f e r e n t  pa r t s  o f  c 1  a s s  i c a l  

phase space i n  the quantized problem. I t can then be argued t h a  t t h e  

semiclassical  l i m i t  i s  usua l l y  obtained by keeping the  lowest terms o f  

a se r ies  i n  powers o f  a, whereas the tunnel l ing coe f f  i c i e n t  has an ex- 

ponent ia l  1 y smal l dependence on Planck's constant. 

The va l  i d i t y  o f  the  above c r i t i c i s m  becomes less c l e a r  whendeal- 

ing wi t h  resonant t unne l l  ing, by which we mean s t rong tunne l l  ing, such 

as occurs very c lose  t o  the b a r r i e r  top  o f  a double wel l p o t e n t i a l .  I n  

t h i s  case the dev ia t  ion o f  the  energy eigenval ues, dwe t o  tunnel l ing, 

from t h e i  r Bohr-Sommerfeld quantized values, becomes comparable t o  the 

l eve l  spacing i t s e l f .  I n  t he  l i m i t  as ?i + 0, t he  n ' t h  l eve l  w i l l  have 



an exponent ial ly decreasing tunnel l  ing cont r ibut ion,  but  t h e r e  w i l l  

always be leve ls  near the ba r r i e r  top where t h i s  e f f ec t  i s  large. 

This resonant region i s  o f  special i n te res t  for  c lass ica l  and 

semiclassical mechanics, i n  the instance when i t  ar ises t h r o u g h  the 

b r e a k  up o f  c lass ica l  invar iant  t 0 1 - i ~ ' ~ .  This i s  the r e g i o n  where 

chaot ic o r b i t s  f i r s t  appear and i t  i s  therefore i m p o r t a n t  t o  disen- 

tangle t h e i r  e f f e c t  on the semiclassical spectrum from that  o f  tunnel- 

1 ing. 

Through the method o f  normal forms2, i t becomes poss i b 1 e t o  

study approximations o f  the resonance which elirninate the chaot ic or -  

b i t s .  The normal forms a r i s e  i n  action-angle var iables, so i t  i s  im-  

por tant  to  resolve the question as to  t h e i r  v a l i d  use i n  t h i s  context. 

This was presumed i n  a previous paper6, which calculated the e f fec t  o f  

tunnel l ing i n  a resonant normal form. Our purpose here i s  t o  shoy that 

the same resu l t s  can be obtained i n  t h i s  simple case by diagonal iz ing 

the Hamil tonian mat r i x  i n  a harmonic o s c i l l a t o r  basis. 

I n  sect ion 2 we present the resonant normal form Hamiltonian 

and explain i t s  general use i n  the context o f  c lass ica l  dynamics. This 

i s  quantized both exact ly and semiclassical ly i n  sect ion 3. Here we 

w i l l  not expl i c i  t l y  use the tunnel l  ing theory previously deve loped  6, 

s ince there i t  was found that  the same resu l t s  were obtained by diag- 

ona l i z ing  a semiclassical matr ix.  F i na l l y  we present and discuss our 

numerical resu l t s  i n  sect ion 4. 

2. RESONANT NORMAL FORMS 

Consider a conservative autonomous dynami cal sy  s t em wi t h  two 

degrees o f  freedom and a po in t  o f  s tab le  equi l ibr ium a t  the o r i g i n .  

The Hamiltonian can then be expanded i n  a Taylor ser ies 

Through the complex canonical transformation 
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we b r i n g  t h i s  i n t o  t h e  f o r m  

ClY 

According t o  a theorem by ~ i r k h o f f ' ? ~ ,  i t  i s  usual ly possible t o  e1 im- 

inate higher arder terms o f  the ser ies eq. (3), by means o f  successive 

canonical transformations, so as to  ob ta in  the normal form 

General ly ,  the remainder o f  the normal form cannot be e1 iminated, i.e. 

the f u l l  normal form ser ies does not converge. Also, we must keep fu r -  

ther terms i n  the ser ies 

I f 

where s and r are mutual 1 

norma2 form 

if (uI/w~) i s  very close to a ra t iona l  number. 

WI/Q = ~ / r  + h (5) 

y prime integers, we then obta i n  the resonant 

Going over t o  act  ion-angl e var iab l  es, by means o f  the canon i ca l  

transformation 

the truncated Hami 1 tonian takes the form 

F ina l l y ,  the l i near  canonical transformation (I,?) + (5,8) 
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br ings  the  Hami l tonian i n t o  t he  form 

Th is  approximate Hamil ton ian i s  independent o f  t he  ang le  e 2 .  
It f o l l o w s  t h a t  J 2  i s  an independent constant  o f  t h e  motion, such t h a t  

the  Poisson bracket  I H , J ~ )  = O .  So the mot ion i s  in tegrab le ,  i.e. t he re  
2 

a r e  no chao t i c  o r b i t s  . These can o n l y  appear when we i n c l u d e  t h e  

h igher  order  terms, which have been neglected i n  eq.(6). Almost a11 

o r b i t s  i n  phase space a r e  the re fo re  bound t o  i n v a r i a n t  t o r i .  However, 

no t  a l l  these t o r i  belong t o  the  same fami ly.  
1 

We have s tud ied the  t y p i c a l  case where w 2  = 1 and ai -6 - A  
( i n  t h i s  instance, b # O and the  o the r  bij's = 0). Fig.1 shows leve1 

4, "  
curves o f  the  Hami l tonian f o r  a  f i x e d  va lue  o f  J p .  The c losed curves 

depicted a r e  the  sec t ions  o f  i n v a r i a n t  t o r i .  They come i n  two fami l ies:  

The r o t a t i o ? ? ?  extend from 81 = O t o  81 = 2w; they a r e  centred on the  

o r i g i n ,  here extended i n t o  the J 1  = O ax i s .  The Zibrat<ons o r  i s l and  

t o r i  a r e  centred on s t a b l e  p e r i o d i c  o r b i t s .  The two f a m i l i e s  o f  t o r i  

a r e  bounded by the  separa t r ices  o r  unstubííe manifoííds m a  na t i ng f rom 

unstab le  p e r i o d i c  o r b i t s .  The ex is tence o f  p a i r s  o f  p e r i o d i c  o r b i t s ,  

a r i s i n g  from the pe r tu rba t i on  o f  a  s i n g l e  f a m i l y  o f  t o r i ,  i s  a  conse- 

quence o f  t he  Po incaré-Bi rkhof f  theoreml. The resonant reg ion  i s  t h a t  

o f  the  i s l and  t o r i .  

3. QUANTIZATION 

I f  a l l  the t o r i  i n  the c l a s s i c a l l y  i n teg rab le  system belonged 

t o  a s i n g l e  f am i l y ,  t he  eigenenergies would be w e l l  approxirnated by im- 

proved vers ions o f  the Bohr-Sommerfeld quan t i za t i on  r u l  es2. These a r e  

canon i c a l  

systems ( 

(10). But 

l y  i nva r i an t ,  so they would cover the  quan t i za t i on  o f  a l l  t he  

1 )  which can be transformed i n t o  the  hamil ton ian eqs. (8) o r  

the e igen leve ls  o f  eq. (10) f o r  a  f ixed v a l  u e  o f  J2  , a r e  
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F i g  . 1 - Leve1 curves o f  the  c1 as- 
s i c a l  Hamiltonian eq. (10) f o r  the  
same constants as used f o r  ca l -  
c u l a t i n g  energy l eve l s  i n  t a b l e  
1. 

' s t rong l  y dependent on tunnel 1 ing, according t o  previous w r k 6 :  there  i s  

interna1 tunne l l  ing o f  the t h i n  i s l and  t o r i  ( the  motion may s k i p  a t u r n  

i n  the 82  windings by jumpfng across the separat r ix )  and the re  i s  tun- 

n e l l  ing between the t o r i  which envelop the resonance. 

The resul  t s  o f  the  tunne l l  ing 'theory f o r  systems wi thone degree 

o f  freedom, i n  the aforementioned ana lys is ,  were found to  be I n  excel- 

l e n t  agreement w i t h  those obtained by d iagona l lz ing the semiclassica'l 

matr i x  

which can be der ived from the Wigner-Weyl representat ion7. These are  

j u s t  the  m a t r i x  elernents f o r  a s i n g l e  I so la ted  b lock  o f  t he  f u l l  Hamil- 

tonian mat r ix ,  which may be cons idered separatel y because o f  clasSIca1 

In teg rab i l  l t y :  f o r  each quantized eigenvalus o f  Jz, we have a d i f f e r e n t  

b lock.  The semiclasslcal  eigenenergfes thus obtained a re  a l s o  canonl- 

c a l l y  l nva r lan t ,  1.e. a11 c l a s s i c a l  systems w i t h  the same normal form 

wi 11 correspond t o  t h e  same quant i zed energy 1 evel s - prov ided tha t  i t 



Revista Brasileira de Ffsica, Vol. 18, nP 3,1988 

i s  v a l i d  t o  use action-angle var iables i n  the presence o f  resonanttun- 

n e l l  ing. 

It may not be possible t o  v e r i f y  completely the v a l i d i t y  o f  

the semiclassical matr ix (11). Fortunateiy i t  i s  easy to  do so i n  the 

simple case when the Hamiltonian eq. (3) al;eady has the form eq. (41, 
wi thout requi r ing any intermediate transforniation. The quant izat ion o f  

eq. (2) can then be interpreted as the d e f i n i t i o n  o f  the creat ion and * 
ann ih i la t ion  operators ;+ and a from the standard coordinate and mo- 

men tum operators: 

They obey the c m u t a t i o n  r e l a t l on  

The corresponding hami 1 tonian opetator i s  then jus.t the polynomial 

Using the harmonic o s c i l l a t o r  representation Ini, nn>, such that  

w i th  s im i la r  expressions f o r  n,, we obta in  the Hamiltonian mat r i x  
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w h e r e  h .  c .  stands f o r  t he  her rn i t ian  conjugate t e m .  

The Hami l tonian i s  nondiagonal i n  t h i s  representat ion,  which 

means t h a t  i t  does no t  cornmute w i t h  e i t h e r  o f  t he  o s c i l l a t o r s  used i n  

the  bas is .  However i t  can be e a s i l y  v e r i f  ied t h a t  t he  Hami 1 ton ian  does 

commute w i  t h  the  opera tor  

corresponding t o  t he  c l a s s i c a l  a c t i o n  J z w i t h i n  a small constant .  Thus 

J 2  i s  an i n t e g r a l  o f  the  motion, j u s t  as i n  c l a s s i c a l  dyna rn i cs .  By 

t ransforming the  base t o  e igenstates o f  J 2 ,  we can t h e n  r e d u c e  t h e  

Hami l tonian rnat r ix  t o  a b lock  s t r u c t u r e  and hence consider the eigen- 

values o f  i n d i v i d u a l  blocks. 

To do t h i  s  we d e f i n e  the  operator  

a1 so i n  accordance wi  t h  eq. (9). I d e n t i f y i n g  the  eigenvalues o f  and J 2  

as nh and mfi respect ive ly ,  we then have the  r e l a t i o n  between quanturn 

numbers 

nl = r n  , n, = m-sn (19) 

Thus, d e f i n i  ng the s t a tes  

we o b t a i n  the  hamil ton ian m a t r i x  

f o r  each f i x e d  m. The number n need no t  be an in teger  - f o r  eq.(19) t o  

prov ide  a1 1 the in tegers  n,, n has t o  be a r a t i o n a l  number j/r. Le t  

j = no < r ;  then the Hamiltoniarn m a t r i x  (21) o n l y  couples Ino/r,m> t o  
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other  s ta tes  I~+n,/r,rn>, where N i s  an integer.  The condi t i ons  f o r  n, 
t o  be an in teger  now requires tha t  m = M-sno/r, where M i s  a l so  an in-  

teger. 

l n  any case, f o r  each ( f r a c t i o n a l )  m we o b t a i n  a unlque b lock  

o f  t he  Hamiltonian ma t r i x .  Each b lock  i s  t r i d iagona l  and, though in-  

f i n i  te ,  the lower eigenvalues i n  n can be computed p rec i se l y  by t run-  

ca t i ng  the block. 

The main purpose o f  t h i s  work i s  t o  compare the eigenvalues o f  

a b lock  o f  the  exact Hamiltonian ma t r i x  (21) w i t h  those o f  the semi- 

c l a s s i c a l  Hamiltonian ma t r i x  (11). Each element o f  the l a t t e r  has t o  

be computed w i t h  J2 and J l  f i x e d  a t  h a l f  t h e i r  quantized values: 

h 
J ,  = (n ,  + , 

Again we ge t  

the form 

a b lock  s t r u c t u r e  f o r  eq. ( I  l ) ,  w i t h  each b lock  i n  

Thus the approximate semiclassical  mat r ix ,  whose eigenvalues 

a r e  known t o  co inc ide wi  t h  those provided by tunnel l ing theory, has the 

same diagonal elements as the exact mat r ix ,  bu t  q u i t e  d i f f e r e n t  o f f -  

diagonal elements. 

4. COMPUTATIONAL RESULTS 

The eigenvalues f o r  the semiclassical  and the exact Hamiltonian 

ma t r i x  have been cornputed near a s i x t h  order resonance. Thecorrespond- 

ing  c l a s s i c a l  mot ion whould the re fo re  be t y p i c a l  o f  resonances whose 

order i s  greater  than fou r 2.  The s i x t h  order resonance has, however, 

some computational advantages which were used i n  reference 6. Thus we 

have 
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Otherh 

and a1 

and the  constant  a c t i o n  

1 W 1 = T - X ,  W p = l  , 

se the choice o f  pararneters was 

X E  6-3 , a =  6 - l 3  , b = 6-6/2 
4 3 0  

(25) 

o ther  c o e f f i c i e n t s  b . .  were chosen t o  be zero. The f u r t h e r  'v 
choice o f  

P1 = 0.9917 

brought the resonant energy o f  t he  unperturbed system ( w i t h  a = O) t o  

E =  1284.83. I t  i s  near t h i s  energy t h a t  the  e f f e c t  o f  t unne l l i ng  be- 

comes important. I n  t a b l e  1 we have subtracted ou t  the  term u 2 4  from 

the Hami 1 tonian, so t h e  resonant energy becomes E 5 -0.475292 ( a  # O). 

Thus the resonant c l a s s i c a l  energy i s  c lose t o  the  f i f t e e n t h  quan tum 

energy l eve l .  For t h i s  reason we on ly  e x h i b i t  the t h i r t y  lowest levels,  

f o r  which convergence was obtained by t runcat ing the ma t r i x  a t  8W80. 

I n  general we o b t a i n  an agreement between the s e r n i c l a s s i c a l  

l eve l s  and the  l eve l s  o f  the  exact m a t r i x  t o  w i t h i n  an order o f  1 0 - ~ ,  

whereas the spacing f o r  t h i s  b lock  i s  o f  order 1 0 ~ ~ .  T h i s  c o n t r a s t s  

s t rong ly  w i t h  the  s i  t u a t i o n  f o r  Bohr-Sornmerfeld quant iza t ion ,  w h i c h  

was found6 t o  be i n  e r r o r  by the same order  o f  magnitude as the l eve l  

spacing i n  the resonant energy. The lowest cornputed l eve l s  a r e  i n  good 

agreement wi  t h  the Bohr-Sommerfeld l eve l s ,  corresponding t o  i s 1 ands 

surrounding the s t a b l e  pe r iod i c  o r b i t .  

6. CONCLUSION 

Though we have not  tested the  e f f e c t s  o f  making fu r the rcanon i -  

ca l  t ransformat ions on the eigenvalues o f  the Hami 1 tonian, we h a v e  

v e r i f i e d  t h a t  t he  s ingu la r  t ransformat ion t o  a c t i o n - a n g l e  v a r i a b l e s  

does no t  s i g n i f i c a n t l y  a l t e r  t he  eigenenergies i n  the c l a s s i c a l l y  re- 
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Table 1 - 30 lowest levels of the Hamil tonians eqs. (l4)and (23), with 
constants specif ied by eqs. (24)- (27). 

a) Exact Matrix b) Semiclassical Matrix 

- 0.528903 - 0.528906 
- O. 524276 - O. 524278 
- O. 519769 - 0.519772 
- O. 51 5386 - 0.515388 
- 0.511131 - 0.511133 
- O. 507006 - 0.507008 
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sonant region.  I n  t h i s  reg ion t u n n e l l i n g  i s  a s t rong e f f e c t ,  wherefore 

the evidence i s  t h a t  i t  i s  l e g i t i m a t e  t o  use a c t i o n  angle var iab les  i n  

the study o f  resonant tunnel l ing. 
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Resumo 

Sabe-se que aproximação semiclássica da Mecânica ~ u â n t i c a  são 
invar ian tes  com relação a tra?sformaçÕes camônicas c láss icas ,  apesar de 
estas não serem em gera l  isomorf icas a transformações u n i t á r i a s  em ~ e c â -  
n ica  Quânt ica.  No entanto, esta regra não é a p r i o r i  ex tens ive l  a e f e i -  
tos envolvendo tunelamento, já estes própr ios  e f e i t o s  podem ser semiclas- 
sicamente pequenos. Uma c lasse importante de t rans fo rmações  canÔn i c a s  
t r a z  o sistema-para va r i áve i s  de-ação-angulo, o que f a c i l i t a  o estudo de 
tunel amento ~ r o x i m o  a uma ressonancia c láss ica .  Ver i f icamos numer i camen- 
t e  que os n í v e i s  de auto-energias de um sistema ressonante calculados em 
uma base de o s c i  lador  harmõnico estão em bom acordo com os va lores  semi- 
c láss icos  obt idos  a t ravés do uso de va r i áve i s  de ação-ângulo. 


