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Abstract The modes, l ineshape and l i n e w i d t h  o f  an o p t i c a l  c a v i t y  h a v i n g  
an a b s o r p t i v e  medium p l u s  o u t p u t  coupl  i ng ,  a r e  i n v e s t i g a t e d .  Whi l e  s t a n -  
dard procedures i n c l u d e  t h e  losses  a f t e r  t h e  normal modes of t he  f r e e -  
f i e l d  have been d e f  ined,  i n  t h e  p r e s e n t  approach t h e  normal modes a1 ready 
c o n t a i n  t h e  f i e l d  losses .  I t  i s  shown t h a t  t h e  normal o f  t h e  l o s s v  cav- 
i t y  a r e  m a i n l y  determined by t h e  h i g h  r e f l e c t i n g d i e l e c t r i c w i n d o w  wh ich  
couples t h e  o p t i c a l  c a v i  t y  t o  t h e  o u t s i d e  w o r l d  and t h e  c o n t r i b u t i o n s  t o  
t h e  l i n e w i d t h ,  due t o  b o t h  s imu l taneous  l o s s  rnechanisms, a r e  n o t  a d d i -  
t i v e .  The development o f  a  l a s e r  theory  u s i n g  t h i s  l o s s y  c a v i  t y  i s  d i s -  
cussed. 

1. INTRODUCTION 

A  b a s i c  q u e s t i o n  wh ich  appears i n  l a s e r  theory  i s  concerned w i t h  

t h e  model o f  o p t i c a l  c a v i t y .  Laser t h e o r i e s  f o r  severa1 types  o f  o p t i c a l  

c a v i t i e s  have been developed. Two rnain models a r e  t h e  gas l a s e r  c a v i t y  

(where He-Ne l a s e r  i s  a  t y p i c a l  example) and t h e  c a v i t y  as a  l o n g  d i -  

e l e c t r i c  s l a b  (Rubi l a s e r  i s  t y p i c a l  example o f  t h i s ) .  

Whataver be t h e  case, conven t iona l  s e m i c l a s s i c a l  and quanturn 

t rea tmentsl  s i m u l a t e  t h e  r a d i a t i o n  l o s s  by i n c l u d i n g  a r t i f i c i a l  mechan- 

isms, s i n c e  they assume o p t i c a l  c a v i t i e s  t o  have i d e a l l y  r e f l e c t i n g m i r -  

r o r s .  So, s t r  i c t l y  speaking, these approaches g i v e  no i n f o r m a t i o n  on  the  

r a d i a t i o n  f i e l d  o u t s i d e  t h e  l a s e r  v a c i t y ,  s i n c e  t h e  c o u p l i n g  o f  t h e  op- 

t i c a l  c a v i  t y  t o  t h e  o u t s i d e  r e g i o n  r e q u i  res  t h e  presence o f  a  t ransmi  t- 

t i n g  window. 

On t h e  o t h e r  hand, more r e a l i s t i c  models o f  l a s e r  c a v i t i e s  have 

been i n v e s t i g a t e d .  Recen t l y2 ,  t h e  modes o f  a  l a s e r  c a v i t y  composed by a  

' l o n g '  d i e l e c t r i c  s l a b  w i t h  an a b s o r p t i v e  medium have been inves t iga ted .  

A l s o  r e c e n t l y 3 ,  an a1 t e r n a t i v e  rnodel has been in t roduced ,  which d e a l s  

w i t h  l a s e r  t rans rn iss ion  l o s s ,  through a  semi t ransparen t  m i r r o r s i m u l a t e d  

by a  t h i n  d i - e l e c t r i c  s l a b 4  p laced  a t  one end o f  t h e  o p t i c a l  c a v i t y .  How- 

ever ,  i n  a l l  these  (phenomenological o r  r e a l i s t i c )  models t h e  r a d i a t i o n  
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loss  i s  assumed to  be small so t h a t  t runca t i on  i n  pe r tu r  

and some a lgebra ic  manipulat ions leading t o  a n a l y t i c  sol  

lowabl e. 

The conventional laser  theory - w h i l e  a r t i f i c i a l  

b a t i v e  se r ies  

u t i ons  a re  a l -  

l y  s imula t ing  

the r a d i a t i o n  loss due to  the laser  beam t h a t  emerges f rom the laser  

c a v i t y  - i s  ab le  t o  a t t a i n  some resu l t s ,  such as the laser  threshold 

and the energy balance i n  a proper way. The correctness o f  t h i s  ap- 

proach i s  supported by the f a c t  t h a t  d i f f e r e n t  ( a r t i f i c i a l )  loss mech- 

anisms lead t o  equ iva lent  r e s u l t s 5 .  Thus, t he  usual procedure i s  jus-  

t i f  ied by c la iming an i s e n s i t i v e  nature  t o  d e t a i l s  o f  the  loss mech- 

anism. Although i t  s i m p l i f i e d  the treatment and leads t o  some co r rec t  

resu l t s ,  the conventional procedure i s  no t  e f f i c i e n t  up t o  u l t i m a t e  

consequences s i  nce some ques t ions a re  1 ef t unanswered, as f o r  exampl e: 

why i s  the laser  1 i ne  so narrow6? Does the laser  threshold correspond 

to  a phase t rans i  t i o n 7?  So, t h i s  inequival  ence o f  models ( the rea l  i s t i c  

and the convent ional)  leads one t o  i nves t i ga te  the i n f  luence on the nor- 

mal modes o f  the  laser  cav i  t y  when the two (simul taneous) loss mech- 

anisms a r e  present i n  the  lossy cav i t y .  Here the absorbing medium i s  

nei  ther  a s imu la t i on  o f  the  transmi t t e d  l i g h t  beam, as occurs i n  the 

serniclassical t reatment6,  nor i s  i t  simulated by f i c t i c i o u s  loss-reser- 

v o i r s ,  as i s  the case i n  the quantum t h e ~ r y " ~  but  instead i t  i s  as- 

sumed as being a rea l  105s-mechanism, i n  a d d i t i o n  t o  the loss  due t o  

the  t ransmission throughout t he  window. 

Contrary t o  usual treatments which deal w i t h  'bare  modes', i.e, 

t he  modes o f  t he  f ree- f  i e l d ,  i n  t h i s  paper we w o r k  w i  t h  a k i  nd o f  

'dressed-rodes' , namely, t he  cavi  t y  modes i n  presence o f  an absorp t ive  

medium. We a l so  i nves t i ga te  the composite l ineshape and l i new id th  tha t  

resul  t f rom the two processes (transmiss ion  loss  and absorpt ion  loss)  . 
I n  order  t o  a t t a i n  mathematical s i m p l i f i c a t i o n s ,  we consider the losç 

mechanisms as having smal 1 magni tude6. 

I n  sec t i on  2, we summarize the r e s u l t s  f o r  the normal mode 

spectrum o f  a c a v i t y  having a t h i n  d i e l e c t r i c  s lab  a c t i n g  as a semi- 

t ransparent m i r r o r  i n  t he  absence o f  an absorbing medium. The reader 

w i l l  f i n d  f u r t h e r  d e t a i l s  i n  ref ,3.  I n  sec t i on  3, t he  absorbing medium 

i s  included ins ide  the cav i t y ,  i n  order  t o  i nves t i ga te  the in f luence 
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o f  both e f f e c t s  on the normal modes o f  t h e  system. Sect ion 4 contains 

the conclud ing remarks. 

2. EMPTY CAVITY WITH OUTPUT COUPLING 

A.  Cavi t y  Model 

The model cons is ts  o f  two para1 l e l  p la tes  one o f  which i s  to-  

t a l  l y  r e f l e c t i n g ,  located a t  z = $ and the o ther  i s  a semi t ransparent 

p l a t e  (a t h i n  d i e l e c t r i c  s lab)  located a t  z = 0, h a v i n g  very small 

thickness w i t h  l a rge  d i e l e c t r i c  constant q. The model i s  a n a l y t i c a l l y  

described by a d i e l e c t r i c  p e r m i t t i v i t y  as 

where Q determines the  transparency o f  the  window, E, i s  t h e  vacuum 

p e r m i t i v i t t y  and 6 ( z )  i s  t he  D i rac  6- funct ion .  , 

B. Normal Mode Spectrum 

The normal f i e l d  modes Uk(z) a r e  found by so lv ing Maxwe 

equations wi t h  proper boundary condi t ions .  The de ta i  1 s 'of the ca  

l a t i o n  a re  given i n  ref .3.  For monochromatic waves o f  c i r c u l a r  

l l ' s  

I cu-  

f re-  

Maxwelll s equation g i v e  a wave-equation governing the above electromag- 

net  

sub 

c f i e l d  i n  the e n t i r e  cav i t y ,  z E (-W, R., as 

d2uk(z) /dz2 + UOEO + $ (Z ) ]W~U~[Z )  = O; uk = ck 

e c t  t o  the boundary cond i t ions  uk(z) = O ,  a t  z = R, and 

Vk(O+) = uk(o-) 

v$ot) - ~ $ 0 - 1  = -~k~u,(o) 
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where the d iscon t inu i t y  i n  eq. ( 5 )  ar ises from the Dirac 6 - funct ion i n  

eq. (3) . 
The so lu t ions o f  eq. (31 have the  form 

Apply ing the boundary condi t ions t o  these solut ions we get  

s i n  b k  - ( d 2 )  Lk s i n  k P  (7) 

where 

Set t ing t m  tan(kll) i n  eqs.C7), (8) we f ind ,  a f t e r  some a l -  

gebraic manipulations 

The funct ion L; has peaks a t  the points 

where Ao% >> 1 means tha t  one assumes a semi transparent window having 

low transrnission. The peak values o f  Li are given by 

(d2) k k ( t o n Q  - 1 + ia:, - A:, , (1 2) 

w i t h  the peak half-widths 

AtR  = I1 n- . (13) 

By making su i tab le  approximatíons i n  order t o  so lve eq . ( l l l  we f i nd  (see 

r e f  .3)) ,  i n  the neighbourhood o f  

wk = won  = (nn + A,&/A 
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where uon i s  t he  resonant frequency associated w i t h  t h e n - t h  Fox-Li qua- 

simode (n - 106 >> l i n  the o p t i c a l  dornainl and 

plays the r o l e  o f  the  bandwidth o f  t he  laser  cav i t y ,  w i t h  A,, depending 

on >1 

A o n  = nnn/!L >> i . (16) 

The expression f o r  M: shows a Lorentz ian 1 ineshape wi  t h  1 ine- 

w id th  r which depends on the window transparency according t o  eq.( l5) .  n 
~ e m i c l a s s i c a l ~  and quantume laser  theor ies  using t h i s  lossy ca- 

v i  t y  have been recen t l y  developed and the  reader i s  re fe r red  t o  r r f s .  3 

and 8 f o r  f u r t h e r  d e t a i l s .  

3. CAVITY WITH ABSORPTIVE MEDIUM PLUS OUTPUT COUPLING 

A - Cavi t y  Model 

Let  us. consider the  o p t i c a l  c a v i t y  model, as prev ious ly  t reated 

i n  sect ion  2, w i  t h  a l l  the  i n t r a c a v i  t y  reg ion ( the space z 6 [O, 11) f il- 

led w i t h  a homogeneously d i s t r i b u t e d  absorbing rnedium. So, i ns teado f  eq. 

(I), the c a v i t y  model i s  a n a l y t i c a l l y  descr ibed by the d i e l e c t r i c  per- 

mi t t i v i  t y  

E(Z) = @ (-2) + na (2) + ~ e ( z ) e ( e - ~ ) ]  , (I 7) 

w h e r e ~ ~ ,  6 (z ) ,  have t h e s a m e s i g n i f i c a n c e a s  i n s e c t i o n 2 ,  6(z)  i s  

the Heaviside s tep- funct ion  and E i s  the d i e l e c t r i c  constant o f  the ab- 

sorbing medium. 

6 - Normal Mode Spectrum 

Next, we consider the  normal modes f o r  the  combined system con- 

s t i t u t e d  by an o p t i c a l  c a v i t y  having an absorp t ive  rnedium pluç output  
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coupling t o  the outside world. The electromagnetic f i e l d  i n  the en t i r e  

op t i ca l  cavi ty, def ined i n  the region 6 (-W, t] , i s  governed by the 

wave equation 

t, - o E ( z ~  a 2 ~ ( z ,  t) = O ,  
a2 ôt2 

where ~ ( z )  i s  given i n  eq. (17). 

The rad ia t ion  f i e l d  can be w r i  t t en  as an expansion i n  terms o f  

normal modes o f  the 'universe' as 

O 

and i t s  subs t i tu t ion  i n t o  eq. (18) leads t o  

where wk i s  the c i r c u l a r  frequency f o r  monochromatic waves i n  eq. 

The normal mode funct ions U k ( z )  are s ta t ionary so lu t ions o f  eq. 

(20) subject to  the boundary condit ions ~ ~ ( 2 )  = O a t  z = and 

Eq. (21) means that  the e l e c t r i c  f i e l d  i s  continuous a t  thewindwplaced 

a t  z = O and eq.(22) shows a d iscon t inu i t y  i n  the magnetic f i e l d  re- 

la ted t o  the 'he ight '  o f  the d i e l e c t r i c  bump, represented by the Dirac 

8- funct ion i n  eq. (17). As can be seen, these houndary condi t ions are the 

same as those obtaioed i n  the previous sect ion (see eqs. (41, ( 5 ) ) .  
Thus, considering the two d i f f e r e n t  r e g i o n s  z 6 [O,R] and 

z 6 (--,O] o f  the op t i ca l  cav i ty ,  eq. (201 can be w r i t t e n  for  the in- 

terna1 reqion as 
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the label (i) stands f o r  the interna1 region: ê CO,~ ] .  So, eq. (23) 

describes the f i e l d  modes ins ide the cav i t y  and 

w i th  

k;,) = $(,)/c2 ; 

the label ( o )  re fe rs  t o  the outside region,z ê (-",O] and eq. (24)  

stands f o r  the wave equation governing the f i e l d  modes outside thecav- 

i t y .  

(23 

the 

t r Y  

The normal modes are s ta t ionary solut ions o f  Maxwell's wave eqs. 

) and (24) sa t i s fy ing  the boundary condi t ions (21) and (221, plus 

addi t ional  condi t ion that  Uk(g) = O.  Under these c o n d i  t i o n s ,  we 

so lu t  ions o f  eqs. (23) and (24) as 

where the quant i t ies  Ek(i), i k (  ) and k are complex functions. Ap- 
( i  

p l y ing  the boundary condit ions (21) and (22) to  the solut ions (25) we 

obta in  

- 
w i  t h  Mk = k i / k o ,  K = k(i)/k(O1 and A = *k(ol, as def ined i n  the 

previous sect ion (see eq, (9)). 

Mu 1 t i p l  y ing eqs. (26) and (27) by i t s  corresponding compl ex con- 

jugate the expression f o r  the 1 ineshape funct ion R fo1 lows, a f t e r  a 
k 

minor algebra, 
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-- 
s i n  k(..)R 

where the bar and C.C. mwn complex conjugate operation. 

We s e t  K = K '  + i K "  and cons i d e r  t h e  absorptive medium 

i n  such a way tha t  K" << 1 and the assumption cktt = rn, which means 
(i 

that  the loss due t o  the absorptive medium i s  cornparable w i t h  the loss 

due to  transmission throughout the d i e l e c t r i c  window. This l a t t e r  as- 

sumption leads (cf. eq.(15)) to  

k y i ) k  % rnUe = << 1 . (29) 

Hence, we may approximate 

and, a f t e r  convenient manipulations, we ob ta in  from eq. (28)  

where the approximation K' - - k' (i)/k(,) - 1 has been used and 

I t i s  worthwhile not ing tha t  f o r  k" = O (absence o f  absorp- 
(i) 

t i v e  medium) eq. (31) recovers the resul t given i n  eq. (14) o f  previous 

sect ion. 

The l ineshape funct ion Ik 1 has peaks a t  the po in ts  
k 
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which shows that  the peaks have t h e i r  locat ions unchanged (see eq. (I l)), - 
whi le  the peak values o f  l ~ ~ / ~  are now given by 

I n  the 1 i m i  t a + O ( i .e . ,  k "  -+ 0) the foregoing resul t c o i n c i d e s  (4 
w i t h  eq. (12). 

Subst i tu t ing eq.(34) i n t o  eq.(31) we f i n d  the normalized l i ne -  

shape funct ion - 
r, 

where the subst i t u t i on  ( t - l /A )  i n  eq. (31) by ~(w~,-w,,)/c has been done - 
(c f .  eqs. A .13 ,  A .14  i n  ref .3) and the new bandwidth r, i s  given ( i n  

terms o f  the ' o l d '  bandwidth r,) by 

The foregoing r esu l t  shows that  the mode funct ions ( ~ ~ 1 '  has a 

Lorentzian prof  i l e  wi t h  1 ine width T, which depends on the window trans- 

parency r, and, also, on the loss magnitude o f  the absorpt ive medium. 

It i s  in te res t ing  to  invest igate these dependencies i n  l i m i t  

cases: f i r s t l y ,  we consider the case k"(i) = O (absence o f  the absorp- 

t i v e  medium) which gives 

This lineshape funct ion has a Lorentzian p r o f i l e  which means tha t  the 

line-broadening mechanism i s  o f  homogeneous type and the l inewidth has 

a value r,as expected (see eq.(14)). On t heo the r  hand, i n  the l i m i t  

o f  an i dea l l y  r e f l e c t i ng  rnirror, {.e., i n  the 1 i m i t  A+ the loss due 

t o  transmiss íon disappears and eq. ( 3 6 )  g ives 

C 
ck" 

1 ~ ~ 1 '  -- M; E -+. ( i )  (39) 
A - + -  
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which a l so  has a Lorentz ian p r o f i l e  and the  absorp t ive  rnedium i n t r o -  

duces a homogeneous broadening, wi t h  1 inewidth given by ck;. 

4. COMMENTS AND CONCLUSION 

t i ons  we o b t a i n  a fundamental equation which governs 

(eq. ( i8 ) ) .  This equation o f  motion obv ious ly  d i f f e r s  

when we consider the normal modes o f  an empty o p t i c a  

(3 ) ) .  However, the  boundary condi t i ons  a re  not  modif 

o f  a d i s s i p a t i v e  medium ins ide  the laser  c a v i t y  ( c f .  

We have invest iga ted the  normal modes o f  an  o p t i c a l  c a v i  t y  

having output  coupl ing plus an absorp t ive  rnedium. From Maxwel I ' s  equa- 

the rad ia t ion  f i e l d  

f rom tha t ob ta  i ned 

1 cav i t y  (see eq. 

ied  by the inclusion 

eqs. (211, 

and ( 41 ,  (5) ) .  

The normal modes a re  g 

E k ( i ) ,  f i k ( o )  and k a re  comp 
( i )  

par ison o f  eqs. (14) and (361, 

vec tor  k introduces an 'add 
( i  

widths,  as expected. 

ven by eq. (25), where t h e  quant i  

ex funct ions.  As can be seen, by 

the imaginary pa r t  k" o f  the ' (i) 
t i o n a l '  broadening i n  the mode 1 

(22) 

t i e s  

corn- 

wave 

i ne- 

For an absorp t ive  medium having comparable 1 0 ~ s  i n  magnitude 

w i t h  t h a t  due t o  t ransmission throughout the semitransparent mirror,we 

v e r i f y ,  according t o  eqs . ( l l )  and ( 3 4 ) ,  t h a t  the  l i n e s h a p e  f u n c t i o n  

] % I Z  has peaks a t  the  same posi  t i o n s  as those o f  M: obtained f o r  t h e  

l ineshape f u n c t i o n  o f  the modes i n  the empty c a v i t y  o f  sec t i on  2. Also, 

there  i s  a l ine-broadening when the  absorp t ive  medium i s  included in -  

s i d e  the  cav i t y .  However, the  l i new id th  F t ha t  r e s u l t s  from the com- 
n 

p o s i t i o n  o f  both  loss-mechanisms does not  e x h i b i t  an a d d i t i v e  character 

(see eq. (37)) and the composite I ineshape does n o t  emerge as a truecon- 

vo lu t i on ,  as one f i n d s  f o r  example i n  the  atomic case when two Lorent-  

z ian 

s o r p t  

ted , 

t l y  r 

ine-broadening mechanisms a r e  presentlO. 

I n  the  l i r n i t  k" -+ 0, which impl ies  the absence o f  the  ab- 
(i) 

ve medium, we have z = O and eq. (35) y i e l d s  i', = r,, as expec- 

n the  l i m i  t o f  a very h igh  va lue o f  A', which leads t o  a perfec- - 
f l e c t i n g  m i r r o r  placed a t  z = O, we ob ta in  l' = ck" n (n) ' The in -  

termed i a t e  case, where r, = ck"(,) (both loss-mechan isms having the 

samernagnitude) y i e l d s  f n =  (2 lV2  rZ, which shows t h e  n o n - a d d i t i v e  

character  o f  the  two simultaneous Lorentz ian loss-mechanisms. 
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We would l i k e  t o  emphasize t h a t  a l ase r  theory inc lud ing these 

two simul taneous loss  mechanisms (transrnission l oss  and a bso  r p  t i o n  

loss)  can be developed i n  a s t ra igh t fo rward  analogy w i t h  t h a t  o f  r e f .  

3, by d e f i n i n g  a new (and c l a s s i c a l )  c o l l e c t i v e  v a r i a b l e  

where ik i s  given by eq. (35) and ~ ~ ( t )  i s  t h e  s lowly  varying component 

o f  the  e l e c t r i c  f i e ld ,  o r ,  a1 t e r n a t i v e l y ,  f o l  lowing re f .8  by def  i n i n g  

a new (and quantum) c01 l e c t i v e  operator 

+ 
where Ck(z) i s  g iven i n  eq. (25) and a k ( t )  i s  t he  photon c rea t i on  oper- 

a to r .  E-(z, t )  stands f o r  the  negat ive frequency p a r t  o f  the  e l e c t r i c  

f i e l d  operator.  

The above mentioned analogies a re  supported by t h e  f o r m a  1 

i d e n t i  t i e s  between the c01 l e c t i v e  v a r i a b l e  (operator) o f  r e f  . 3  ( r e f  .8) 

and the new c o l l e c t i v e  v a r i a b l e  (operator)  def  ined i n  eq. (40) (eq. (41)). 

Whi l e  the normal modes Uk(z) g iven i n  eq. ( 6 )  are  bare  modes, 

i .e., modes o f  the  f r e e- f  i e ld ,  the normal modes Ük(z) g iven by eq. (25) 

are  dressed-modes, i .e. , the  modes i n  the presence o f  an absorpt i v e  

medium. How t o  ob ta in  dressed-modes o f  an o p t i c a l  c a v i t y  tak ing i n t o  

account the presence o f  a l i n e a r  a c t i v e  medium, having i n  mind the de- 

velopment o f  a l ase r  theory i n  a c a v i t y  w i t h  h igh transmission- loss, i s  

the  next  s tep which i s  under i nves t i ga t i on .  
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Resumo ' 

Investigamos os modos, de forma de l i n h a  e largura,  de uma ca- 
vidade ó t i c a  contendo um meio absorvente e acoplamento externo. Enquan- 
t o  procedimentos usuais incluem a perda da cavidade após estarem def  i- 
nidos os modos de campo 1 i v re ,  neste a r t i g o  os modos normais já contêm 
a perda do campo. Mostramos que esses modos são pr inc ipa lmente  deter-  
minados pela i n f l u ê n c i a  da jane la  altamente. r e f l e t o r a  - qug acopla a 
cavidade, fracamente, com o meio e x t e r i o r  - e as ~ o n t r i b u i ç õ e s  ã l a r -  
gura de 1 i nha são in f luenc iadas pelos do i  $ mecanismos de perda, não sen- 
do porém aditivos. O desenvolvimento de uma t e o r i a  de l ase r  usando es- 
sa cavidade ó t i c a  6 d iscu t i do .  


