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Abstract We propose a quantum membrane wave func t  ional  descr ib ing  the 
i n t e r a c t  ion  between a co lored SU(N,) membrane and a quan t i zed  Yang- 
M i l l s  f i e l d .  A d d i t i o n a l l y ,  we deduce i t s  associated wave equation i n  
the  t l H o o f t  Nc- 1 i m i t .  

1. INTRODUCTION 

I n  r e c e n t  y e a r s  r e p r e s e n t a t i o n s  f o r  Quantum Chromodynamics 

as extended ob jec t s  have been pursued by severa1 a ~ t h o r s " * ' ~ ' ~  . Among 

these, the  representa t ion  o f  t he  meson wave func t i ona l  by the  quantum 

ampl i tude o f  a c losed t r a j e c t o r y  o f  a colored p a r t i c l e  i n  t he  vacuum 

of a pure Yang-Mil ls f i e l d  has s t rong l y  suggested the equivalence be- 

tween QCD (SU(-1) and a dynamic o f  s t r  ingsl ' * .  

I n  t h i s  b r i e f  r epo r t ,  we propose t o  rep lace t h e  o n e- d  imen-  

s iona l  c losed t r a j e c t o r y  i n  t he  above quantum ampl i tude by a two-di- 

mensional membrane (surface) possessing c o l o r  degrees. Thus, we deduce 

(formal l y )  i t s  associated membrane wave equat ion  i n  the t lHoof t  topo- 

l o g i c a l  l i m i t  o f  l a rge  number o f  co lo rs  Ne = +-. 

2. THE MEMBRANE WAVE FUNCTIONAL 

Let  us s t a r t  our ana l ys i s  by cons ider ing  the  problem o f  as- 

s o c i a t i n g  a wave func t i ona l  f o r  a membrane C possessing SU(N) c o l o r  

degrees o f  freedom i n t e r a c t i n g  w i t h  an externa1 quant ized Y a n g- M i l  I s  

f i e l d  A&x). 

The colored membrane i s  charac ter ized by two f i e l d s :  f i r s t ,  

by the  usual (bosonic) vec tor  p o s i t i o n  x ~ ( s ) ,  S E D  (V = 1 ,  ..., D, where 

D i s  the  space-time dimension) , and second, by the  membrane c o l o r  v a r i -  

ab le  g ( < )  which i s  an element i n  the  fundamental representa t ion  o f  the  

SU(N) group. Here, we have f ixed the  two-dimensional f l a t  domain D t o  

be the rec tang le  
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The c l a s s i c a l  a c t i o n  f o r  t h i s  membrane i s  n a t u r a l l y  g iven by5 

where r wz Cs3 denotes the  two-dimensional Wess-Zumino func t i ona l .  I t s  

existence, together wi t h  t he  in teger  m i n  the  above w r i  t t e n  0-model, 

the  a c t i o n  o f  g ( S ) ' s  a f f  l o r d  us t o  consider the  more s u i t a b l e  fe rmion ic  

equ iva lent  a c t i o n  

where the  two-dimensional D i  rac  f i e l d  q(5)  belongs t o  the  fe rmion ic  

fundamental SU(N) representa t  ion. 

A t  t h i s  po in t ,  the s imples t  a c t i o n  tak ing  i n t o  account t h e i n -  

t e r a c t i o n  w i t h  the  externa1 non-Abelian f i e l d  i s  g iven by* 

The complete c l a s s i c a l  i n te rac r i ng  a c t i o n  (eqs. ( I a ) ,  (2) and 

( 3 ) )  i s  i n v a r i a n t  under the gauge t ransformat ions 

Before tu rn ing  t o  the  conç t ruc t i on  o f  a  quantum wave f u n c -  

t i o n a l  f o r  the  above system, i t  i s  i n s t r u c t i v e  t o  remark t h a t  eqs. ( l a ) ,  

* ( f o r  a  d i f f e r e n t  framework see r e f  .7) 
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Revista Brasileira d e  Física, Vol. 18, no 3, 1988 

( 2 )  and (3) are  the membrane general i za t i ons  o f  the  analogous formulae 

i n  the  one-dimensional s t r i n g  case, where the  c o l o r e d  s t r  i ng i s  de- 

scr ibed by the  p o s i t i o n  vec tor  X (o) and the  one-dimensional compl e x  
lJ 

fermion (~rassmanian)  f i e l d  (0 (o) ,  0*(o) 1 i n  the S U ( N )  fundamental re-  

presenta t ion .  The associated a c t i o n  i s  

where { A  ) denotes the  Hermit ian generators o f  t he  SU(N) L i e  algebra. I 
I n  t h i s  s t r i n g  case, a quantum wave func t i ona l  i s  g i v e n  by 

the  f o l  lowing path i n t e g r a l 8  

which leads t o  the wel I-known Vi lson Loop f a c t o r  def ined by the closed 

s t r i n g  {X (o ) ) .  The complete quantum wave func t i ona l  i s  def  ined by the  

average <;$(O) , A ~  (x)]> where <> denotes the  p a r t i  t ion func t  ional  o f  

t he  pure Yang-Mil ls theory. 

We s h a l l  now use eq. (6) t o  propose the f o l  lowing f u n c t  i o n a  l 

i n t e g r a l  as a quantum wave func t i ona l  f o r  a SU(N) co lored membrane C 

i n t e r a c t i n g  w i t h  the  quantum vacuum o f  a SU(N) Yang-Mil ls theory: 

No t i ce  tha t  our above p r o p o s e d  memb'rane p h a s e  f a c t o r  

T ~ ~ O ' ~ ~ ( $ [ C ] )  i s  a 2 x 2 m a t r i x  i n  t he  f l a t  domain D (a = 1,2). 
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I n  order  t o  deduce a closed wave func t i ona l  f o r  the  quantum 

average < ~ r ~ ~ ~ ~ ~  ($[Z] ) >  i n  the  1 i m i  t Nc = +w, we proceed as i n  the  

s t r i n g  case"2 by s h i f t i n g  the  A (X) f i e l d  va r i ab le ,  which by i t s  turn, 
Fi 

produces the  f o l  lowing resul  t (h :  = im (Y'N~) < a) 
' f + m  O 

where the  spl  i t  membranes C and C(,) a re  respec t i ve l y  def ined by the 
(1) 

r e s t r i c t i o n  o f  the  mapping X (<i,<') f o r  the  ( s p l i t )  domains 
lJ 

I t  i s  now convenient t o  r n u l t i p l y  both sides o f  eq.(8) by the  

membrane cu r ren t  dens i t y  

J (x) = s (D) (X - x,, (;,i) aaxu ( E , : )  
(a) 

and i n t e g r a t e  ou t  t he  r e s u l t  r e l a t i v e  t o  t he  space-time v a r i a b l e  X. So, 

we ge t  the  resu l  t 

I n  order  t o  w r i t e  the  le f t- hand s i d e  o f  the  above r e s u l t  i n  a 

form s i m i l a r  t o  the  membrane wave equation, we use the  r e l a t i o n s  
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By s u b s t i t u t i n g  eq. ( l0b) i n t o  eq.(g), we ob ta in  our. proposed 

membrane vers ion o f  t he  s t r i n g  Migdal-Makkenko wave e q u a t  i o n  (compare 

wi t h  eq. (91, r e f .  2, and eq. (71, r e f  .4). 

To summarize, we propose a membrane vers ion of t he  s t r i n g  Mig- 

da1 -Makkenko loop wave equat ion i n  SU(m) , 

The author i s  g r a t e f u l  t o  the  Caltech High Energy G r o u p f o r t h e  

warm h o s p i t a l i t y ,  espec ia l l y  R.Rohm f o r  c a l l i n g  the  author 's  a t t e n t i o n  

t o  the e a r l i e r  use o f  t h e  proposed i n t e r a c t i o n  term eq. (3)  i n  r e f .  9. 
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Resumo 

Considerando a interação en t re  uma membrana possuindo carga co- 
l o r i d a  SU(N,) e o vácuo quânt ico na t e o r i a  de Yang-Mil ls SU(N,), dedu- 
zimos uma versão t i p o  membrana para a equação de Migdal-Makkenko na QCD 
(SU (00) . 


