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Abstract The f l u x  o f  cosmic ray  p ro tons  i s  ca l cu l a t ed  i n  t he rea ldoma in .  
We discuss the p r e c i s i o n  o f  the  saddle p o i n t  method up t o  the  second de- 
r i v a t i v e  appl ied t o  t h i s  problem. 

1. INTRODUCTION 

The m a j o r i  t y  o f  pr imary cosmic ray  p a r t i c l e s  a r e  known t o  be  

protons.  Thei r behaviour takes a lead ing  p a r t  i n  cosmic ray propagat ion 

i n  the  atmosphere. 

The energy spectrum o f  protons can be ca l cu l a ted  by means o f  the  

Mel 1 i n  t rans fo rmat ion  and i t s  inversel  as 

where 

n(E,,,~,t) i s  t he  p r o b a b i l i t y  t h a t  a pr imary p ro ton  o f  e n e r g y  E ,  f a l l s  

down t o  the  atmospheric depth t where i t has the  energy E. A and K stand 

f o r ,  r espec t i ve l y ,  t he  constant  c o l l i s i o n  mean f r e e  pa th  and the  i ne l as -  

t i c i t y  o f  protons.  

I n  t h i s  paper, we c a l c u l a t e  t he  p ro ton  f l u x  i n  t he  r e a l  domain 

so t h a t  we can compute t he  numerical va lues exac t l y  a t e v e r y s t a g e  o f c a l -  

c u l a t i o n .  

2. CALCULATION OF PROTON FLUX 

We ca l  c u l a t e  t he  energy spectrum o f  protons n(Eo ,E,t) ,  assuming 

t ha t :  

a) the  pr imary cosmic rays a r e  a l  l protons;  
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b) the col l i s i o n  mean f r e e  path o f  protons i s  constant, and 

c)  the d i s t r i b u t i o n  o f  proton e l a s t i c i t y  i s  f l a t .  

n(E,,E,t) can be expressed as a sum o f  products o f  Pn(t) and j;(E,,E), 

where P ( t )  i s  the probabi l i t y  t h a t  a proton i n te rac ts  n-times i n  i t s  n 
passage i n  the a i r  and fn(E,,E) i s  the probabi l  i t y  t ha t  the pri!nary 

The probab 

sumption (b) as 

i l i t y  n(t) f o l  lows the Poissonian law under the as- 

The probabi l  i t y  fn(E,,E) may be expressed' as 

n- l 

I . . . j g ( i - ~ p , ) d ~ p ,  . . . ~ ( I - E / E ~ - ~ I ~ E / E ~ - ~  

E . g E  z i-l 

g(K)  fo r  the i n e l a s t i c i  t y  d i s t r i b u t i o n .  I f  we apply the Mel I i n  

format ion and i t s  inverse t o  eq. (41, we reach the s o l u t i o n  eq. I 

f l a t ,  we can simpl I f  the d 

in tegra t ion ;  l e t  

i s t r i b u t i o n  o f  e l a s t i c i t y  i s  

us int roduce a global  e las t  

where E. stands fo r  the proton energy a f t e r  the i - t h  i n t e r a c t  i o n  and 
Z 

t rans- 

(1 ) .  

i f y  t h i s  

i c i t y  G as 

and d e r i v e  the d i s t r i b u t i o n  o f  G, fn(G). 

For n=O, G has no meaning because there i s  no in terac t ion ;  we 

must t r e a t  t h i s  case especial l y .  For n= l  ( s i n g l e  i n te rac t i on ) ,  the as- 

sumption (c) d i r e c t l y  ind ica tes  tha t  f, (G) = 1 .  For n = 2,f,(C)=- I n  G. 

For n = 3 ,  f3(G) = (1/2). ( -  I ~ G ) ~ .  F i n a l l y  the d i s t r i b u t i o n  o f  G can be 

expressed as 
I 

O (C- i) f o r  n = O 
fn(G) = 

f o r  n > O 



Revista Brasileira d e  Fisica, Vol. 18, n? 2, 1988 

Combining eq. (3) and eq.(6) i n  tt ie way o f  eq.(2), we reach our 

s o l u t i o n  as 

03 

n(E0,E,t) = B - ~ / ~ ~ ( E - E , )  + 1 Pn(t) j fn(G) dG 6(E- GE,,) 
n= l 

- t / X  t 
n - l 

" [ a ~ n + ]  = e - t ' h ( ~ - ~ , )  + e - 1 
l E o  n=l  (n-i ) !n!  

where 

z = V' (4t/A) In(E,/E) 

and I,(z) i s  the modif ied Bessel f unc t i on  o f  order 1 .  

M u l t i p l y i n g  the energy spectrum o f  primary protons a t  t = 0, 

No(Eo)&,, by n(E,,E,t) and i n teg ra t i ng  w i t h  respect t o  E,, we can ca l -  

c u l a t e  the  d i f f  e r e n t i a l  proton spectrum N(E,t) . Here we assume 

then 

where ,Fl i s  the Kummer funct ion.  

I n teg ra t i ng  N ( E , ~ )  w i t h  respect t o  E, we can ca l cu la te  the i n-  

tegra l  proton spectrum N(>E,t) as 
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e-Y - X y+l 
N ( > E , ~ )  = N, - e 

Y 

3. DISCUSSIONS 

As t he  appearance o f  t he  two k inds  o f  resu l  t s  eqs. ( I )  and (7) 

i s  q u i t e  d i f f e r e n t ,  i t  may be meaningful t o  check t heequ i va l enceo f  t he  

two . 
The f 

fo rmat ion  and 

And t h e  second 

i r s t  term o f  eq. (7) can be expressed by t he  Mel 1 i n  t rans-  

i t s  inverse  as 

term o f  eq. (7) can be expressed as 

Combining e q s . ( l l )  and (12), we can f i n d  t he  equivalence o f  eqs . ( l )  and 

(7) .  The d e t a i l s  o f  equivalence check a r e  found i n  r e f  .2. S t a r t i n g  from 

eq. (1) under t he  assumption ( c ) ,  we a l s o  reach the r esu l  t s  eqs. (9) and 

(10) * 

Here we compare the  numerical va lues a t  t he  stages o f  eqs. ( I )  

and ( 7 ) .  The s o l u t i o n  (7) can be ca l cu l a ted  exac t l y .  I n  f i g .  I, the  quan- 

t i t y  n(Eo,E,t) i s  shown as a f u n c t i o n  o f  E d i r e c t l y  i n  log- log scale,  i n  

the  case o f  E ,  = 1000 TeV and t/A = 1, f o r  our  r e s u l t  and f o r  t h e r e s u l t  

o f  eq. (1) .  The l a t t e r  was computed approximatel y  by means o f  t he  saddl e 

p i n t  method up t o  the  second d e r i v a t i v e 3 .  As t he  t ~ o  . so l  u  t i o n s  a r e  

equ iva len t  t o  each o the r ,  the  d i f f e r e n c e  seen i n  the  two computat ional  

r e s u l t s  comes from the  approximat ion app l i ed  t o  compute t he  complex i n -  

t e g r a l .  We n o t i c e  i n  the  f i g u r e  t h a t  the  simple-minded a p p l i c a t i o n  o f  

the  saddle p o i n t  method g i ves  numerical va lues about 10-20% h ighe r  than 

our  exact  values. 

4. CONCLUSIONS 

We have ca l cu l a ted  the  cosmic r ay  p ro ton  f l u x  a n a l y t i c a l l y  i n  

the  r e a l  domain, so t h a t  we can compute t he  numer ica l  va lues exac t l y  a t  
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Fig.1 - Grapth o f  the quant i  t y  n(Eo,E,t) versus E i n  
the case E. = 1000 TeV and t / h  = 1 .  The s o l i d  l i n e  
i s  f o r  the resu l  t of eq. (7) and the broken one f o r  
the resul  t o f  eq. ( 1  ) computed by means o f  the çad- 
d l e  po in t  method up to  the second de r i va t i ve .  

every stage o f  the  ca l cu la t i on .  Our r e s u l t  may h e l  p i n  g r a s p i n g  the 

physical  meaning o f  each term i n  the  so iu t i on .  Also, the comparison be- 

tween the treatments i n  the rea l  and the complex domains ind ica tes  tha t  

we should pay an a t t e n t i o n  t o  the prec is ion  problem i n  computing some 

process o f  the s o l u t i o n  o f  the complex i n teg ra l .  
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Resumo 

Calcula-se, no campo rea l ,  o f l u x o  de prótons dos ra ios  cósmi- 
cos. Discute-se a precisa0 do método do ponto de se la  a t é  a segunda de- 
r ivada i nc lus i ve  apl icado a este problema. 

Note Added 

A f t e r  submi t t ing  t h i s  work f o r  pub l i ca t i on ,  we l e a r n t  t ha t  N .  

G.Boyadzhyan, A.P. Garyaka and E . A .  Mamidzhanyan had reported, i n  Sov. 

J.Nucl .Phys. 34, 67 ( l 9 8 l ) ,  the energy spectrum of protons as 

f o r  the case 

where W(E,Eo) i s  the energy d i s t r i b u t i o n  o f  protons fo r  each c o l l  i s ion .  

However, we found tha t  t h i s  r e s u l t  was incor rec t .  The co r rec t  so lu t i on  

f o r  a > - 1 should be w r i t t e n  i n  the rea l  dornain as 

(N.3) 

( ~ . 3 )  coincides w i t h  eq.(7] when we put  a = 0. 

The equivalente of ( ~ . 3 )  and eq. (I) under the condi t i o n  o f  ( ~ . 2 )  

can be checked i n  a s i m i l a r  way as we d i d  i n  the sec t ion  3. We a r e  gra-  

te fu l  t o  Prof. H.M.Portella f o r  having ca l l ed  our a t t e n t i o n t o t h e  above 

-ment ioned r e f  erence. 


