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Abstract We have adapted t h e  theory  o f  Boehm-Yari s [J .  lie em. phys. 55,2620 
(1971)] and Jacobi-Csanak ~ h e m . ~ h ~ s . ~ e t t . 3 0 ,  367 (1975) l  to the  c a l c u -  
l a t i o n  o f  the  d i s p e r s i o n  energy o f  a cystem o f  two l i n e a r  molecules.The 
angle-dependent p a r t s  o f  t h e  Born ampl i tudes a r e  represented b y  r e a  1 
s p h e r i c a l  harmonics. Our r e s u l t s  a r e  a n a l y t i c a l  f o r  any i n t e r m l e c u l a r  
d i s t a n c e  and t h e i r  asympto t i c  behavior  reproduces t h e  c o r r e s p o n d i  ng  
usual  d i s p e r s i o n  energy. In t h e  i n t e r m e d i a r y  r e g i o n  (3.0 aos  R < 8.C a , )  
o u r  curves decrease much more s l o w l y  than t h e  corresponding curves o f  
the  usual  d i s p e r s í o n  energy. 

1. INTRODUCTION 

A good understanding o f  t h e  macroscopic c h a r a c t e r i s t i c s  o f  a 

g i v e n  substance rnay be ob ta ined  by t h e  knowledge o f  t h e  in te r- mo lecu la r  

p o t e n t i a l  energy, V('), o f  t h e  system made up by two o f  i t s  rnolecules. 

T h i s  energy i s  g i v e n  by t h e  express ion '  

where E(T) i s  t h e  system's t o t a l  energy when t h e  molecules cen te rs  a r e  

separated by a f i n i t e  d i s t a n c e  R, and 2E(L) i s  t h e  system's b i n d  i n g  

energy when i t s  molecules a r e  i n f i n i t e l y  separated. 

For t h e  H2-H2system t h e  i n t e r a c t  i o n  energy cons i s t ç  i n t h r  e e  

p a r t s 2  

where V (Vai) i s  t h e  va lence  ( o r  chernical) energy due t o  the r u p e r p o -  

s i t i o n  o f  t h e  wave f u n c t i o n s  o f  t h e t w o  molecules,  V ('") t h e  e l e c t r o -  

s t a t i c  i n t e r a c t i o n  energy between t h e  two quadrupoles formed b y t h e m o l -  

e c u l a r  charges and V t h e  d i s p e r s i o n  energy (due t o  t h e  c o r r e l a t i o n  be- 

tween t h e  e l e c t r o n s  o f  d i s t i n c t  qo lecu les )  . 
Work p a r t i a 1  l y  suppor ted by CAPES (Braz i  1 i a n  Government Agency) . 
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The techniques most o f t e n  used i n  t h e  c a l c u l a t i o n  o f  i n te r -mo l -  

e c u l a r  p o t e n t i a l s  f r e q u e n t l y  i n v o l v e  a  p e r t u r b a t i o n  theory.  I n  p a r t i c u -  

l a r ,  f o r  H 2 - H 2  system t h e  c a l c u l a t i o n  methods have been c o n t  i n u o u s l  y  

improved. 0èboer3 used t h e  p e r t u r b a t  ion  method, n e g l e c t  ing some rnul- 

t i p l e  cen te r  i n t e g r a l s  and was f o l l o w e d  by Margenau and ~ v e t t ~  w i t h  an 

approx imat ion i n c l u d i n g  a l l  i n t e g r a l s .  L a t e r ,  Mason and ~ i r s c h f e l d e r '  

pub l i shed  more e f f i c i e n t  rnethods f o r  m u l t i - c e n t e r - i n t e g r a l  c a l c u l a t i o n s  

and rnade new developments r e l a t e d  t o  H2-H2 i n t e r a c t i o n .  Kochanski and 

~ o u ~ e t ~  improved t h e  i n t e g r a l  c a l c u l a t i o n  s t i l l  more, i n c l u d i n g  b i - o r -  

thogonal o r b i  t a l  t reatments.  

The va lence and e l  e c t r o s t a t i  c energ i e s  may be o b t a  ined together 

by f i r s t  o rder  c a l c u l a t i o n s ,  w h i l e  t h e  d i s p e r s i o n  energy i s  due t o  sec- 

ond o rder  c o n t r i b u t  i ons 2.  

For two l i n e a r  molecules w i t h  non-over lapping charge d i s t r i b u -  

t i o n s ,  t h e  p e r t u r b a t i o n  theory,  by a  m u l t i p o l a r  expansion, s u p p l i e s  t h e  

f o l l o w i n g  r e s u l t  f o r  t h e  d i p o l e - d i p o l e  term o f  t h e  d i s p e r s i o n  energy2 '6 

1  w = - -  - C - C + C ) [sen Q1 sen Q cos (+ -+ ) d,d R 6 { ( C l o , 1 0  1 0 , l l  1 1 , i o  1 1 , l l  2 2  1 

where 0. and $i ( i = ]  ,2) a r e  t h e  angles assigned i n  f i g .  1  and C& 
Z 1rnlF2rn2 

d i s p e r s i o n  c o e f f i c i e n t s  d e f i n e d  i n  terms o f  t h e  d y n a m i c p o l a r i z a b i l i t i e s  

Using a  spher i c a l  tensor  formal  ism, p iecuch7 r e c e n t l y  s t u d i e d  

long range i n t e r m o l e c u l a r  i n t e r a c t i o n s  i n  a11 p e r t u r b a t i o n  o r d e r s .  Stone 

and ~ o u ~ h ' ,  a l s o ,  publ  ished genera l  express ions f o r  t h e  severa1 c o n t r  i -  

b u t i o n s  t o  t h e  d i s p e r s i o n  energy f o r  a  p a i r  o f  molecules i s  t e r m s  o f  

s p h e r i c a l  tensor  components. These au thors  expressed t h e  dependence o f  
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F i g .1  - The cen t res  o f  molecules 1 and 2 a r e  taken as t he  
coord ina te  o r i g i n  o f  two frarnes ( x l , y i , z l )  and ( ~ 2 ~ ~ 2 ~ 2 2 ) .  
(XYZ) i s  a  f ixed l abo ra to r y  frarne. Two r o t a t i o n s  described 
by the  Euler  angles ($1,81,0) and ($2,82,0) a l i g n  these 
molecule- at tached frames t o  t he  f i x e d  one. 
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t he  i n t e r a c t i o n  w i t h  t he  n io lecular  o r i e n t a t i o n  i n  terms o f  s ca l a r  ex- 

pansion func t ions ,  denoted by ~t~~~ For t h e  p r i n c i p a l  d i spe rs i on  en- 
lkj' 

ergy terrn, o f  a  system formed by two l i n e a r  molecules,  t he  Stone-Tough 

formal  ism f u rn i shes  a  r esu l  t equ i va l en t  t o  eq. ( 3 ) .  

I n  eq.(3) V - + -  when R +  O.  Then, t h a t  p o t e n t i a l  cannot be ap- 

p l i e d  f o r  i n t e r a c t i n g  molecules separated by small  d is tances.  T h i s  un- 

d e s i r a b l e  behaviour can be avoided by i n t r o d u c t i o n  a  damping f a c t o r s u c h  

t h a t  t he  p o t e n t i a l  becomes negl i g i b l e  f o r  small  R' 'I0. There i s ,  a lso ,a  

poss i b l y  more r a t i o n a l  a l t e r n a t i v e ,  t h a t  w i l  

our work: t he  a n a l y t i c a l  technique o f  Jacobi 

2. THE METHOD 

The Jacobi-Csanak technique dea ls  wi 

be adapted t o  the  case i n  

~sanak " .  

t h  t he  d i spe rs i on  i n t e rac -  

t i o n  between two c losed- she l l  atoms and was used by i t s  au thors  i n  ana- 

l y s i n g  the  p r i n c i p a l  term o f  t he  d i spe rs i on  p o t e n t i a l  o f  two i d e n t i c a l  

atoms (He-He) . Through an immediate general i z a t  i on  o f  t h i s  technique, we 

r e c e n t l y  s t ud i ed  the  d i spe rs i on  i n t e r a c t i o n  between two d i f f e r e n t c l o s e d  

- she l l  atorns ( H e - ~ e ) ' ~  and between an a tom and  a  l i n e a r  m o l e c u l e  

( I ie-Hz ) 1 3 .  

The purpose o f  t h i s  paper i s  t o  extend the Jacobi-Csanak tech- 

n ique  t o  the  d i spe rs i on  energy study i n  the  system made up by two l inear  

rnolecules. That energy w i l l  be ob ta ined  through t he  equation"" '  

-f 
(w- = E- - E; a r e  exc i  t a t i o n  energ ies )  , where F-  ( q )  and F- ($1 a r e  n n 
j j 1 2 

Born ampl i tudes, r e f e r r  ing  respec t  i v e l  y  t o  t he  axis-systems (xl ,yi, zl) 
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and (x2,y2,z2)  o f  f i g .  1 .  Here n f (n,g,m). 

Since i t  i s  convenient t o  make the c a l c u l a t i o n  i n  t he  labora-  

t o r y  frame (where fi i s  a f ixed vec to r )  i t  i s  necessary t o  t rans fo rm t he  
-+ + 

coordenates o f  F-  (q) and F- ( q )  o f  references frames (xl,yl,z,) and (x2, 
?,z 1 n2 

y 2 , ~ 2 )  t o  (XYZ) by su i  t a b l e  r o t a t i o n  opera t ions .  

On the  o the r  hand, s i nce  i n  l i n e a r  molecules the  e l e c t r i c a l  

charge d i s t r i b u t i o n  i s  n o t  s p h e r i c a l l y  symrnetric, we must conven ien t l y  

change t he  f a ~ t o r i z a t i o n ' ~ " '  

which i s  appl i c a b l e  o n l y  t o  sphe r i ca l  symmetric systems. Here ~ ~ ( 9 )  i s  

an usual spher i c a l  harmonic. The radial  part o f  the  Born ampl  i t u d e  

F,%(q)  i s  g i ven  by15 

I n  eq. (8) $12 and $; are,  r espec t i ve l y ,  the  wave f unc t i ons  o f  the  ex- 

c i t e d  and ground s t a t e s  o f  a molecule w i t h  N e lec t r ons  and j g i s a  sphe- 

r i c a l  Bessel f u n c t i o n  o f  o rder  R. 

Since rea l  sphe r i ca l  harmonics form an adequate bas i s  f o r  sym- 

m e t r i c a l  ope ra t i on  groups i n  molecules w i t h  o n l y  one p r i n c i p a l  a x i s  1 6 ,  

we i n t r oduce  those f unc t i ons  t o  represent  t he  angular  par: o f  the  Born 

ampl i tudes i n  1 i near  molecul es". I n  terms o f  usual  spher i c a l  harmoni cs 

they a r e  def  ined as 

and 

Yj, o (i?) = Ygo (i?) . (9b) 

So, choosing coord ina tes  i n  accordance w i t h  the  geometry i n -  

d i ca ted  i n  f i g .  1 ard using, f o r  the  Born ampl i tudes, t he  f a c t ~ r i z a t i o n ' ~ ' "  



R e v ~ s t d  Brasileira de Física, Vol. 18, r i ?  2, 1988 

-+ 
F - ( q )  =F,,(s)Y~,(~) , 

n 

i t f o l  lows frorn eq. (5 )  t ha t  

where the upper indices 1 and 2 are  used t o  denote tha t ,  r e f e r r i n g  t o  the 

coord ina te  system (XYZ) , i t i s  necessary t o  express the angular pa r t s  o f  

the Born ampl i tudes f o r  the rnolecules a and @ (af fec ted as they are  

by the r o t a t i o n  operat ions) i n  terrns o f  angles rneasured i n  t h i s  reference 

frame. This can be accomplished by the fo l l ow ing  r o t a t i ~ n s ' ~  

and 

w i t h  the angles o f  YR m,(G) and YR (8) rneasured i n  the (XYZ) reference 
nmi 

frame. Iti t h i s  equati;n1 gIm are  elements o f  the Wigner f i n i t e  r o t a t i o n  

matr ices.  I n  t h i s  paper the  Euler angles $1 and 0, (m2 and 02) establ  i s h  
-+ 

the d i r e c t i o n  o f  the a x i s  o, z ,  (o, 2,) w i t h  respect t o  the  vector  R (see 

f i g . 1 ) .  

On the o ther  hand, tak ing  

and consider ing tha t  i n  the  (XYZ) reference frame 
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we have 

I n  the present paper, we w i l l  ca l cu la te  on ly  the p r i n c i p a l  term 

o f  the d ispers ion  i n te rac t i on ,  However, eqs. (13-(16) can a l so  beapp l ied  

t o  o ther  cont r ibu t ions .  

Our ca l cu la t i ons  a re  performed i n  atomic un i t s :  a.u. o f  length  

(bohr) = a o  = 4 n ~ ~ h ~ / ( r n , e ~ )  = 5 .2917~10-~~ rn ;  a.u. o f  energy ( h a r  t r e e )  

Eh = ft2/(mea2) = 4.35981 x 10- l8  J .  
o 

3. CALCULATION 

The p r i n c i p a l  term (d ipo le- d ipo le)  i s  obtained by tak ing  i n  eq. 

(13) 9, = R = 1 
1 2  

A) Calcu la t ion  o f  V 
1 0 , l O  

Frcin eqs. (141, (9b) and (15) we ob ta in  
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where 

On the other hand, f rom eq. (12) we have 

J2 y(k)  = [- - 
1 o 2 sen Qk e-imk) Y 1 ~ 1  (5) + (c05 ok) ~ ~ " ( 5 )  

+ [$ sen ok e imkJ~ 1,-1 (5) 

where k = 1, 2 and represent the  angles t h a t  spec i fy  the d i r e c t i o n  o f  
+ 

the vector  i n  the XYZ a x i s  system. Moreover, using eqs.(20) and (19) 
( L  L + 0 and the r e l a t i o n  (4.34) o f  reference 19, we conclude t h a t  f,,: ,, 

only  f o r  L = 0, 2 and L '  = 0, 2 .  Then, weob ta in  the r e s u l t s  (B2), (83)  

and (84) (see append i x  B) . 
Moreover, frorn eq.(18) i t  fo l l ows  tha t  

Now, we w i l l  rnake use o f  the approxirnation where the rad?:aZpar-b 

of the Born ampl i t ude  [eq. (811 i s  replaced ( f o r  R=l) by the p r i n c i p a l  

term o f  the correspond ing ser ies o f  ~ s a n a k - ~ a ~  l o r l 5  

pSl (q) = a 6  ~ç , 
(a' + q2) 

where ( i n  a.u.) 

(I being the i on i za t i on  energy o f  the molecule and W one o f  i t s  exc i -  

t a t i o n  energies) and D i s  the t r a n s i t i o n  d ipo la r  c o e f f i c i e n t ,  d i r e c t l y  
s 

re la ted  t o  the corresponding osci  1 l a t o r  s t rength  f ( f o r  k 1  and m=O) 
skm 
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bY1? 

Introducing eq.(22) in eq.(16) (with L = L' = O ,  L  = O and L ' =  

= 2 and L = 2 and L' = O, L = L' = 2) and substituting the results into 

eq. (21) we have 

-. ( R )  (R) $ ( O  v2) + &)(R))' fl0 (2,2) ] 
10.10 r 1 0  ' 

where 

On the other hand, using eqs. (6) and (241, def ining the fre- 

quency-dependent polar izabi t ies asz0 

and introducing the dispersion coefficients by eq,(4), we have 

Then, eq. (25) takes the fina 1 form (61). 

6) Calculation of V,,,,, 

In this case, we take in eq.(14) ml = O and R, = R 2  = m2 = 1 .  

Then, using the procedures and definitions of the preceding sub- section 

and the relat ions" 



Revista Brasileira de Ffsica, Vol .  18, fl? 2, 1 9 8 8  

and 

we o b t a i n  eq. (85). 

Ca l cu l a t i on  o f  V and V 
11,IO 11,11 

S t a r t i n g  from eq. (14) and working i n  the same way as we d i d  i n  

the  p rev ious  cases, eqs. ( ~ 9 )  -(816) r esu l  t. 

I t  i s  wor th n o t i n g  t h a t  the  coe f f  i c i e n t s  Ck rn R rn i n  eqs. (81) 
1 1 ,  2 2 

(B5), (89) and (813) a r e  ob ta ined  from eq. (4) and t ha t  the  f unc t i ons  

K ( ~ ) ( R )  (L = 0,2) a r e  g iven  by eqs. (AI)  and (A2). 

D) A p p l i c a t i o n  t o  the  H,-H, system 

For s u f f i c i e n t l y  l a r g e  values o f  R, i t  r e s u l t s  from eqs.(Al) and 

( ~ 2 )  tha t 

K(O)  (R) + O and K(') (R) -+ j / (a12  R ~ )  . 

In t roduc ing  these 1 imi t s  i n t o  eqs. (BI), (85) ,  (69) and (813) and s u b s t i -  

t u t  ing the  r esu l  t s  thus ob ta ined  i n t o  eq. (17) we have 

where we have used t he  l e t t e r  W t o  i n d i c a t e  the  form o f  our  energy i n t h e  

asymptot ic  reg ion .  

We no te  t h a t  the  usual  form o f  t h e  d i spe rs i on  energy o f  a sys- 

tem o f  two l inear  molecules can be reproduced by subs t i  t u t i n g  i n  eq. (31) 

the  r esu l  t s  conta ined i n  eqs. ( ~ 4 ) ,  (88), (812) and (816). 
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I n  f i g u r e s  2, 3 ,  4 a n d  5 we show a summary o f  our  r e -  

s u l t s  f o r  f o u r  d i f f e r e n t  r e l a t i v e  o r i e n t a t i o n s  f rom two hydrogen mol-  

ecules.  We have se lec ted  two d i f f e r e n t  va lues f o r  t h e  a p a r a m e t e r :  

1.370 a.u. (corresponding w i t h  t he  X+ D t r a n s i t i o n )  and 1.549 a.u. ( r e-  

f e r r i n g  t o  the  average e x c i t a t i o n  energy, ca l cu l a t ed  by V i c t o r  and Dal- 

garno21).  As d i spe rs i on  c o e f f  i c i e n t s  we use those o f  ~ e ~ e r ~ ' :  C I 

1 0 , l D  

= 2.972 a.u.,  C = C = 2.189 a.u. and C = 1.620 a.u. . ln  
1 0 9 1 1  1 1 , l O  1 1 9 1 1  

t h e  same f i g u r e s  we a l s o  show t he  corresponding values o f  t h e  u s u a l d i s -  

pers ion  energy [eq. (311 . 

4. ANALYSIS OF THE RESULTS 

From f i g u r e s  2, 3, 4 and 5 we deduce t h a t :  

a) I n  t he  asymptot ic  reg ion  (R 2 8.0 a o )  the  dependence o f  our  r esu l  t s  

r e l a t i v e  t o  t he  parameter a i s  n e g l i g i b l e .  

b) I n  the  in te rmed ia te  reg ion  (3.0 ao < R < 8.0 a,) our  curves decrease 

i n  va lue  f a r  more s l ow l y  than the corresponding graphs f o r  the usual 

d i spe rs i on  energy and the  dependence o f  our  r e s u l t s  on t h e  parameter 

a i s  no longer  negl  i g i  b l e .  Th i s  dependence grows con t inuous ly  wi t h  

decreasing values o f  R. 

c) The dependence o f  our  r e s u l t s  on t he  angles (01,@1) and (82,@2) which 

e s t a b l i s h  t h e  r e l a t i v e  o r i e n t a t i o n  o f  the two molecules i s  f a i r l y a c -  

centuated. For example, f rom t he  com~ar ;son  o f  the  f i g u r e s  2 and 5 

f o r  a = 1.370 a.u. and Ii = 6.0 a we have 
O '  

On the  o the r  hand, i t  i s  easy t o  v e r i f y  t h a t  eqs. (17 

(85), (89) and (813) a r e  a n a l y t i c a l  f o r  a1 1 R-values and t h a t  

duce t o  t he  usual va lues i n  the  asymptot ic  reg ion .  I n  t h i s  way 

s u l t s  may be use fu l  i n  t he  study o f  problems such as rnolecule- 

s c a t t e r i n g  and equat ions o f  s t a t e  o f  compressed s o l i d  hydrogen 

9 (611, 

they r e -  

our  r e -  

rnolecule 

The author  i s  g r a t e f u l  t o  Pro fessors  Kare l  Frans Van den Bergen 

and Manoe l i to  Ma r t i ns  de Souza f o r  h e l p f u l  ass is tance  i n  t he  w r i t i n g  o f  

t h i s  work. 
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F i g . 2  - ( a )  Values o f  Vd d @ )  
[eq.(17)1 f o r  a=1.370a.u9. and 
0,=02=0! (b) The same as i tem 
(a) a =1,549 a .u .  . (c) Va! ues 
o f  W (R) [eq.(3)] f o r  0i=02 
= oOd'fci) The same as i tem 
(c)  bu t  w i  t h  those c o e f f  i c i e n t s  
c a l c u l a t e d  i11  r e f . 6 .  

& 
@ e,- 0: 9,- 90° ond $@- 0 , - 0 ~  

F ig .3  - ( d )  Values o f  Vd d(?) 
[eq.(17)] f o i  a = 1 .3709a.u., 
Oi=O , 02=90 and $ 2 - $ 1  = o 0 .  
(e) The same as i tem (d) f o r  
a = 1.549 a.u.. ( f )  Values o f  
~d d(K) [eq. (311 foro 01 = O', 

90 and 62-@I= 0 . ( f  ') The 
s i m e a s  i tem '  ( f j b i l t  w i t h  t b s e  
c o e f f  i c i e n t s  c a l c u l a t e d  i n  ref. 
6. 
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~ i ~ . k  - (g) Values o f  Vd 
[eq. ( l7 ) ]  f o r  a= 1 .37O 3 .  u ., 
81=82=900 and + L - @ ~ = O ~ .  (h) 
The same as i tem (g) f o r  a = 
= 1.549 a.u.. ( i )  Values of 

(8) [eq. (311 f o r  81 = e 2  = 
and I$~-+~=OO. ( i ' )  i h e  

same as i t e m  ( i )  b u t  w i t h  
those c o e f f  i c i e n t s  c a l c u l a t e d  
i n  r e f . 6 .  

+ - F ig .5  - ( j )  Values o f  V d d ( ~ )  
[eq. (1711 f o r  a = 1.370 'a.u., 

- 0 ~ = 8 2 = 9 0 ~  and +2-+,=90~. ( k )  
The same as i tem ( j )  f o r  a = 

- = 1.559 a.u. .  (L)  Values o f  
wd ;i?) [eq. (311 f o r  0 i =  82 = 
= 40 and +2-+1 = 9 0 °  (L' )  Tl ie 
same as i tem (L) b u t w i t h  those - 
c o e f f i c i e n t s  c a l c u l a t e s  i n  ref. 
6. 



Revista Brasileira de Flsica, Vol. 18, no 2, 1988 

APPENDIX A - Integrais K("(R) 

From t h e c a l c u l a t i o n  o f  i n teg ra l s  def ined i n  eq.(26), the f o l -  

lowing expressions resul  t" 'I7 

APPENDIX B - Summary of our rerults 

We ob ta in  the fo l l ow ing  r e s u l t s  f o r  the V terms i n d i -  

cated i n  eq. (17). We have 
Riml 3112m2 

where 

x (-2 cos cos 0, + sen 01 sen O2 cos ($2 $1) )I 
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and 

2 
f(Os O)  . r(sen 0, 8, C ~ S ( @ , - @ , )  - cos 0, sen 0 ,) + (seno, ~ e n ( @ , - @ , ) ) ~  , 

1 0 ' 1 1  L I 

and 

p d )  = (sen O, sen O, cos (4,-4,) - 2 cos 0 ,  cos 0,)' + 3 cos20
1 

+ 1 , 
1 0 , 1 1  

(88) 

We a lso  have 

where 
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cos 01 sen 0 2  cos ($2-41) - sen o1 cos 02) 
1 1 9 1 U  

+ (sen 0 2  s e n ( $ ~ - $ ~ ) ) ~  

and 
I 

(812) 
Finally we have 

+o, 0) 

11,ll 
=  OS 0, cos O COS($ -$ ) + sen Ol sen 02) + (tos 0, sen($ -$ ))2 

2 2 1 2 1 

and 

f(2'2) 11,11 = (sen ol sen Q2 cos - 2 COs @I o, 2 

- 3 cos2 0, - 3 c0s2 0 2 +  4 . 
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Resumo 

A Geria de Boehm-Yaris .I.Chem.Phys. 55, 2620 (1971)] e Jaco- & bi-Csanak k h e m . ~ h ~ s . ~ e t t .  30, 3 7 (1975)) é adaptada ao c á l c u l o  da e- 
ne rg i a  de d ispersão em um sistema contendo duas moléculas 1 ineares.  As 
par tes  angulares das ampl i tudes  de Born são representadas por funçõesde- 
nomi nadas harmônicos es fé r i cos  r e a i s .  Os resu l tados  o b t i d o s  são anal i t i - 
cos para todas as d i s t â n c i a s  e, na reg ião  a s s i n t õ t i c a ,  r e p r o d u z e m  a 
energ ia de .d ispersão usual .  Na reg ião  interrnediár i a  ( 3 . 0  a, < R < 8.0 a,), 
nossas curvas decrescem bem mais lentamente que as correspondentes cur-  
vas da energ ia de d ispersão  usual .  


