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Abstract Instead o f  the usual c l a s s i c a l  spher i ca l  model o f  the  e l e c t r o n ,  
we develop a  t o r o i d a l  charge d i s t r i b u t i o n n i o d e l .  I t  i s  shown t h a t  t h e  
l a t t e r  model o f  the e l e c t r o n  i s  n o t  sub jec t  t o  i n s t a b i l i t i e s .  The model 
a l s o  a p p l i e s  t c  magnetic charges, enab l ing  us t o  cons ider  magnetic mon- 
opoles.  Some p o s s i b l e  connect ionç w i t h  o t h e r  c u r r e n t  t o p i c s  i n  t h e o r e t i -  
c a l  phys ics  a r e  p o i n t e d  o u t .  

1. INTRODUCTION 

I n - t h i s  paper we w i l l  he i n t e r e s t e d  m a i n l y  i n  developing a  c l a s -  

s i c a l  rnodel f o r  the space d i s t r i b u t i o n  o f  charge and c u r r e n t  o f  t h e e l e c -  

t r o n ,  airning t o  f i n d  s t a b l e  c o n f i g u r a t i o n s . F i r s t  o f  a l l ,  u s i n g  çornetech- 

niques o f  e x t e r i o r  a lgebra ,  we show t h a t  the s p h e r i c a l  shape i s  n o t  a  

s u i t a b l e  inodel f o r  the  e l e c t r o n .  Ins tead  o f  the  usual d i f f i c u l t i e s  en- 

countered i n  t h e  Loren tz  model, we have found some t o p o l o g i c a l  reasons t o  

d i s c a r d  the s p h e r i c a l  model. The unusual f e a t u r e  o f  t h i s  work i s  t h a t  a  

s imple t o r o i d a l  charge c o n f i g u r a t i o n  ensures s t a b i l i t y  f o r  a  g iven  d i s -  

t r i b u t i o n  o f  charges and c u r r e n t s ,  a v o i d i n g  the  drawbacks o f  the  spher i -  

c a l  rnodel. 

I n  s e c t i o n  2 we p resen t  the  mathematical formal ism w h i c h i s u s e d  

i n  t h i s  work. We s t a r t  f rom t h e  d e f i n i t i o n  o f  domains i n  Minkowski space, 

d e f i n e  forms and i n t e g r a t i o n  o f  forms and a r r i v e  a t  the  f i r s t  se t  o f H a x -  

w e l l  equat ions i n  t h e  con tex t  o f  e x t e r i o r  a lgebra .  

I n  s e c t i o n  3 ,  a im ing  t o  e s t a b l i s h  t h e  s e c o n d  s e t  o f  Maxwell 

equat ions,  we s t a r t  from a  symp lec t i c  symmetry argument. Wi th  the  equa- 

t i o n s  e s t a b l i s h e d ,  we app ly  them, choosing s u i t a b l e  boundary c o n d i t i o n s .  

Surface d i s c o n t i n u i t i e s  a r e  in t roduced .  

Next,  i n  s e c t i o n  4 ,  we study the  s t a b i l i t y  o f  su r face  d i s c o n -  

t i n u i t i e s  i n  the f i e l d s  and app ly  the r e s u l t s  f o r  a  h y p o t h e t i c a l  charged 

p a r t i c l e  which may be the e l e c t r o n .  No numer ica l  comparison a r e  rnade. I n  

s e c t i o n  5 we p a r t i c u l a r i z e  the above r e s u l  t s  f o r  some spec ia l  shapes. The 
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f i r s t  example i s  the  s p h e r i c a l  one. A d e t a i l e d  d i s c u s s i o n  on the  irnpos- 

s i b i l i t y  o f  hav ing  w e l l  d e f i n e d  d i s t r i b u t i o n s  o f  charge and c u r r e n t  i n  

a  s p h e r i c a l  rnodel i s  g i v e n  i n  terms o f  t o p o l o g i c a l  i n c o n s i s t e n c i e s .  The 

s p h e r i c a l  model i s  d iscarded  and the  t o r o i d a l  model i s  in t roduced .  Wi th  

t h i s  choice,  the  above d i f f i c u l t i e s  d isappear .  

I n  s e c t i o n  6, a  s e m i - q u a n t i t a t i v e  r e s u l t  i s  developed. I t  i s  

shown t h a t ,  f rom the p o i n t  o f  v iew o f  rneasuring e l e c t r i c  f i e l d s .  t h e  

spher i ca l  and t o r o i d a l  models a r e  alrnost e q u i v a l e n t .  For  some reasonable 

d is tance ,  such as t w i c e  o f  the  c l a s s i c a l  e l e c t r o n  r a d i u s ,  the  d e v i a t i o n  

between t h e  two f i e l d s  i s  n e g l i g i b l e .  Also, t h e t o t a l  energy o f a  to ro ida l  

e l e c t r o n  i s  es t imated  and a compacted t o r u s  i s  cons t ruc ted .  

I n  s e c t i o n  7 ,  we g i v e  some elernentary reasons s u p p o r t  i n g  t h e  

ex is tence  o f  magnetic monopoles. Bas ica l  l y ,  symmetry a r g u m e n t s  o f  the  

Maxwell equat ions a r e  invoked. The phys ics  o f  a  t o r o i d a l  magnetic mon- 

opo le  becomes i d e n t i c a l  w i t h  t h a t  o f  t h e  e l e c t r o n ,  

F i n a l l y ,  i n  s e c t i o n  8 we present  a  surnmary o f  r e s u l t s  and o f  

p o s s i b i l i t i e s  o f  the t o r o i d a l  model. A few exarnples o f  p o s s i b l e  connec- 

t i o n s  w i t h  o t h e r  f i e l d s  o f  t h e o r e t i c a l  phys ics  a r e  g iven .  Arnong these, 

perhaps the  rnost i n t e r e s t i n g  example c o n s i s t s  i n  r e p l a c i n g  a  v o r t e x  

model l i k e  Olesen-Nie lsen 's  by a  c losed  charged t o r u s .  Other connect ions 

w i t h  some r e l a t e d  t o p í c s  l i k e  Narnbu s t r i n g s  and t h e  i rnp l  i c a  t i o n s  on 

elernentary p a r t i c l e  phys ics  a r e  o n l y  rnentioned. They w i l l  b e t h e s u b j e c t  

o f  for thcorn ing papers. 

2, INTEGRATION AND FORMS 

Since i n  t h i s  paper we wi11 bemain lyconcerned  w i t h  i n t e g r a t i o n  

o f  forrns on Minkowski space M', l e t  us d e f i n e  our  ter rn ino logy.  

A  cornpact 3-dirnensional subset R o f  the  4-dimensional m a n i f o l d  

M' can be deconiposed i n t o  two d i s j o i n e d  cornponents: i n  t R wh i c h  has 

dirn = 3 and i s  c a l l e d  i n t e r i o r  domain and 29 which has dim = 2 and i s  

the  boundary o f  R. Both p a r t s  a r e  r e g u l a r  domains. I f  i n t  R i s  a  sirnple 

man i fo ld ,  i t  can be covered by a  s i n q l e  c o o r d i n a t e  systern. I n  genera l ,  

i n t  R rnust be covered by an a t l a s  (Qi, UiIi E I c o n s i s t i n g  o f  o v e r l a p -  

p i n g  c o o r d i n a t e  systerns, where 4 .  a r e  a p p l i c a t i o n s  t o  and U . a r e  open 
Z Z 

1 subsets. The index I s p e c i f i e s  the  f a m i l y  o f  c o o r d i n a t e  systerns . Next 
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we propose t o  c o n s t r u c t  the  i n t e g r a l  / F o f  an a r b i t r a r y  d i f f e r e n t i a l  

form F over  a. R 

L e t  us suppose t h a t  t h e r e  e x i s t s  a s p e c i a l  c o o r d i  n a t e  sys- 

tem (Go,LJ0) so t h a t  the r e s t r i c t i o n  o f  F t o  R vanishes o u t s i d e  @ o ( ~ o ) .  

Then, o f  course, we d e f i n e  the  i n t e g r a l  

p a r a m e t r i z a t i o n .  

I f  we choose an i n e r t i a l  frame S on M~ w i t h  i n e r t i a l  c o o r d i  - 
0 1 2  nates (x ,x ,x , x 3) ,  we d e f i n e  a 3-dimensional submani fo ld  5 as a space 

s l  i c e  by 

c =  [ s E ~ *  I xa = c t O  I ( 2 )  

Thus, t; c o n s i s t s  o f  a11 the  s p a t i a l  p o i n t s  a t  a s p e c i f i c  t ime  

to. We say t h a t  (x1,x2,x3)  a r e  adapted t o  5. Now l e t  R be con ta ined  i n  

a space s l i c e  r e l a t i v e  t o  S. When i n t e g r a t i n g  over  R we must observe 

t h a t  the  r e s t r i c t i o n  o f  dxO (considered as a form) t o  R vanishes and 

the corresponding i n t e g r a l s  i n v o l v e  o n l y  t h e  space-ccmponents o f  t h e  

in tegrands .  
-f 

A t  each p o i n t  o f  M~ we d e f i n e  a system o f  u n i t a r y  v e c t o r s  (10, 
+ - + +  
I,,I2,I3} c o r r e s p o ~ d i n g  t o  t h e  f o u r  coord ina tes .  An i n f i n i t e s i m a l  d i s -  

placernent o f  a  p o i n t  P i s  g i v e n  by 

-f -f -+ -+ -f i 
dp = WOI, + W ~ I ~  + W'I, + 4 = I i 

i 
wi t h  i = 0 , l  , 2 , 3  and where w i s  t h e  form d e f i n e d  by 

I n  genera l  2 ,  rli = pi and A! a r e  f u n c t i o n s  o f  zk and xo. 
3 

b r e v i t y  we p u t  

Wi = ;.i + pi &O 

correspondi  ng t o  
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(Q) 
The 

I n  a  p a r a m e ~ r i c  d e s c r i p t i o n ,  when the  xk a r e  c o n s t a n t ,  a  p o i n t  

wi t h  d i  splacement g i v e n  by dk> = pi dro li d e s c r i  bes a cu rve  C:RIM'. 

t o t a l  i t y  o f  these curves c o n s t i t u t e s  a  congruence (C) 3 .  The con- 

gruence i s  d e f i n e d  as hav ing o n l y  one curve  pass ing through each p o i n t .  

The parameter x0 ( o r  to) f i x e s  t h e  p o s i t i o n  o f  the  p o i n t  on (C) .  On t h e  

o t h e r  hand, when to i s  cons tan t ,  as assumed above, the  d isp lacement  i s  
-t -i -t 

g iven  by dP = w I. and t h i s  s u f f i c e s  t o  determine 5. O f  c o u r s e ,  an 
Z 

observer  p laced  on cannot d i r e c t l y  measure t h e  d isp lacements on the  
+ 

normal t o  5 . I 0  i s  normal t o  5. 
I f  we use Car tan 's  mouing frame p o i n t  o f  v iew

4
,  we can take  

t h e  t r a j e c t o r i e s  o f  the  volume elements o f  R t o  which we a s c r i b e  a  den- 

s i t y  p* as fo rm ing  a  congruence d e f i n e d  by t h e  d i f f e r e n t i a l  equat ions 

a  
where ja = p p *  ( a  = 1 ,2 ,3) ,  the  r , p* being f u n c t i o n s  o f  xO,x' , x2, 

i i 
x3, w i t h  TI = w /&O, 

We d e f i n e  p* by imposing t h a t  on R, 

i s  an a b s o l u t e  i n v a r i a n t  i n t e g r a l  

b racke ts  correspond t o  t h e  e x t e r i '  

i n  t h e  Poincaré sense5. The square 

o r  p roduc t  i n  Car tan 's  n o t a t i o n .  An 

e l e g a n t  p r o o f  t h a t  p* can be taken as a  Jacobi  r n u l t i p l i e r  o f  system eq. 

(7)  and t h a t  t h e r e  e x i s t s  an i n v a r i a n t  form depending on t h r e e  i n t e g r a l 5  

o f  eq. (7 )  i s  developed i n  ~ o i s e a u ~ .  

An i n v a r i a n t  form has the e x t e r i o r  d e r i v a t i v e  equal t o z e r o .  

[F]' = O .  But [F]' be ing  zero,  by P o i n c a r é ' s  theorem, t h e r e  i s  an 

f i n i t y  o f  two-forms [A] such t h a t  E]' = [A]. T h i s  i s  e q u i v a l e n t  

say ing t h a t  
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One p a r t i c u l a r  express ion  f o r  [A] i s 6 :  

w h e r e  (B,E) a r e  the  cornponents o f  the e lec t romagnet i c  f i e l d  tensor. The 
CL 

usual Maxwell equat ions a r e  ob ta ined  by p u t t i n g  j = O (a = 1,2,3) and 
+ + 

P* = O .  T h i s  corresponds t o  hav ing the  s c a l a r  p roduc t  B.E = O and [A] 

an exact  e x t e r i o r  d e r i v a t i v e ,  i . e . ,  [A] = ul, w i t h  [a] ,  a l i n e a r  form. 
a 

The nex t  p o s s i b i l i t y  i s  t o  cons ider  j $ O and o * =  O .  I n  t h i s  case we 
-F -? + -F 

must a l s o  have E.B = O .  As we know, j r e s u l t s  perpend icu la r  t o  E, w i t h  

i t s  d i r e c t i o n  g i v r n  by t h e  i n t e r s e c t i o n  o f  t h e  two s p a t i a l  hyperplanes 

B 3 z 2  - ~~x~ + E' = O and B 1 z 3  - B ~ X '  + = O (11) 

-? 

The p o s s i b i l i t y  o f  hav ing  j $ O and p* $ O leads t o  the f o l -  

l ow ing  s e t  o f  Maxwell equat ion7-3 

+ 
d i v  B + ~ I T  p* = O 

+ ap* 
d i v j + - =  O a t  

I t  i s  i rnportant t o  no te  t h a t ,  u n t i l  now, no p h y s i c a l  hypothesis  

has been made on the  n a t u r e  o f  p*. I n  t h e  seque1 we w i l l  develop some 

models f o r  p* and wi I 1  cons ider  some p h y s i c a l  consequences of p* 0.  

When the  congruence d e f  ined by eq. (7) corresponds t o  t r a j e c -  

t o r i e s  o f  p*, i t  i s  easy t o  show t h a t  t h i s  cho ice  corresponds toap*/at=O. 

3. A SYMMETRY OF THE ELECTROMAGNETIC FIELD 

We can g i v e  a syrnplect ic  i n t e r p r e t a t i o n  t o  t h e  form [F] d e f  ined  
+ -+ t by E' and B corresponding t o  the  d e n s i t y  p* and t o  t h e  c u r r e n t d e n s i t y  J .  

F i r s t  o f  a11 we w r i t e  down t h e  Maxwell equat ions.  Next ,  we e s t a b l i s h  
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t h e  w e l l  known p r o p e r t y  t h a t  t h e r e  e x i s t  o n l y  t h e  two i n v a r i a n t s  

Now, i t  can e a s i l y  be shown t h a t  i f  we cons ider  the  ant isym- 

m e t r i c  m a t r i x  F which corresponds t o  t h e  form E] as a  r o t a t i o n ,  o n l y  

two nu11 s t r a i g h t  l i n e s  remain f i x e d .  These l i n e s  depend o n l y  on the  

above f i e l d  i n v a r i a n t s .  But these two i n v a r i a n t s  a l s o  remain unchanged 

by t h e  t rans fo rmat  ions 

(3 , + @/c , 3) (14) 

and 

( 3  , 2/e)  + ( - h ,  3 )  (15) 

The f i r s t  t r a n s f o r m a t i o n  i s  a  t r i v i a l  one. I t  corresponds t o  a 

s i n g l e  a x i s  exchange. The second t r a n s f o r m a t i o n  i s  v e r y  impor tan t .  From 

a  symp lec t i c  p o i n t  o f  v iew i t  can be w r i t t e n  i n  a  6-dimensional space: 

I t  i s  s t r a i g h t f o r w a r d  t o  w r i t e  the  new i n v a r i a n t  fo rm 14 ccor- 

responding t o  ( -2 /c ,  3). The Maxwell equat ions d e r i v e d  f rom [>] c o r r e -  
* t 

spond t o  a  new c u r r e n t  d e n s i t y  2 d i f f e r e n t  from J and t o  a  new charge 

d e n s i t y  p d i f f e r e n t  f rom p*. E x p l i c i t l y ,  these eqoat ions a r e  

d i v  3 - 4no = 0 

+ ap = o  d i v  z + - a t  

The s o l u t i o n s  o f  t h e  complete se t  o f  Maxwell equa t ions  a r e  ob- 

t a i n e d  as usua l ,  d e f i n i n g  t h e  p o t e n t i a l s  (Â,Â1) and (v,V1). Def i n i n g  
t + the  dependence o f  z and j on t h e  space c o o r d i n a t e  and t h e  boundary con- 

d i t i o n s ,  the  s o l u t i o n s  a r e  w r i t t e n  i n  terms o f  r e t a r d e d  p o t e n t i a l s  1 ° .  

The symmetry e x h i b i t e d  i n  t h e  d e r i v a t i o n  o f  t h e  Maxwell equa t ions  f o r  



~evi i ta Brasileira de F(sica, Vol. 18, n'? 2, 1988 

the  f i e l d s  and p a r t i c l e s  i s  v e r y  p e c u l i a r .  I t  a l ç o  a p p l i e s  t o  t h e  two 

q u a n t i t i e s  ( p ,  o * ) ,  showing t h a t  a t  the c l a s s i c a l  leve1 i t  i s  c m p l e t e f y  

imposs ib le  t o  d i s t i n g u i s h  between e l e c t r i c  and magnetic charges. We w i l l  

rnake use o f  t h i s  p r o p e r t y  l a t e r .  
+ - +  - + - +  

I t  i s  w e l l  known1° t h a t  when E, H o r  D, B have d i s c o n t i n u i t i e s  

on pass ing through some two-dimensional rnoving m a n i f o l d  0 i n  5 ,  theMax- 

w e l l  equat ions can be w r i t t e n :  

-+ + -+ -+ - + +  + 
where n i s  the  e x t e r i o r  n o r m a l , f i E =  E - Ei a n d 6 H = H  - H  w i t h t h e  e e i' 
s u f f i x e s  E! and i denot ing  e x t e r i o r  and i n t e r i o r  reg ions  o f  0 .  Fromthese 

+ 
equat ions we see t h a t  the re  w i l l  always be a magnetic d e n s i t y  i f  & E  i s  

n o t  tangent  t o  o. We a l s o  see t h a t  i f  we cons ider  a cont inuous medium 

l i k e  a conductor  o r  a  d i e l e c t r i c ,  supposing t h a t  i t s  e x t e r i o r  s u r f a c e i s  

a d i s c o n t i n u i t y  su r face ,  t h e  d i s c o n t i n u i t y  can be supressed a t  the  ex- 

pensesof adding some e l e c t r i c  and magnetic c u r r e n t s  t o  i t s  su r face .  O f  

course,  the  va lues  o f  these c u r r e n t s  a r e  g i v e n  b y  t h e  above Maxwell 
t equat ions.  I n  genera l ,  these c u r r e n t s  A z  and a r e  n o t  tangent  t o  a. 

I n  the  f o l l o w i n g  s e c t i o n  we w i l l  a p p l y  t h i s  reasoning t o  the  case o f  a  

c losed  s u r f a c e  embedded i n  5 :  i n  p a r t i c u l a r ,  t o  the  e l e c t r o n  sur face .  

4. EQUILIBRIUM OF A LAYER OF CURREMTS: THE ELECTRON 

I n  t h i s  s e c t i o n  we f o l l o w  the  d e t a i l e d  c a l c u l a t i o n  f o r  the  

charge d i s t r i b u t i o n  on t h e  e l e c t r o n  s u r f a c e  as g iven  by ~ o i s e a u ~ .  

I n  h i s  f i r s t  t h e o r y l l ,  Lo ren tz  proposed t h e  charge o f  t h e  e lec-  

t r o n  as d i s t r l b u t e d  over  a c e r t a i n  space, say over  t h e  whole volume oc- 

cup ied  by  t h e  e l e c t r o n ,  and considered the  volume d e n s i t y  as a c o n t i n u -  

ous f u n c t i o n  o f  the  coord ina tes ,  so t h a t  the  charged p a r t i c l e  has no 

sharp boundary. Indeed, i t  i s  surrounded by  a t h i n  fayer  i n  which the 

d e n s i t y  g r a d u a l l y  s i n k s  f rom t h e  v a l u e  w i t h i n  the  e l e c t r o n  t o  ze ro ,  But 

t h i s  hypo thes is  was n o t  s u f f i c i e n t  t o  e l i m i n a t e  t h e  i n f i n i t e  e l e c t r o n  

s e l f - e n e r g y  and the consequent e l e c t r o n  d i s s o c i a t i o n .  
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A f t e r  t h e  theory  o f  r e l a t i v  

t r o n  have been fo rmu la ted .  Di rac  has 

p o t h e s i s  o f  the  p o i n t  e l e c t r o n .  But 

c l a s s i c a l  l e v e l .  

,i t y ,  severa1 t h e o r i e s  o f  the  e l e c -  

arnended t h e  s i t u a t i o n  w i t h  h i s  hy- 

t h e  i n f i n i t y  has s u r v i v e d  a t  t h e  

Here, we mean t o  show t h a t  the  Maxwel 1 equat ions,  supplemented 

w i t h  t h e  terms corresponding t o  rnagnetic d e n s i t i e s  o f  charge and c u r -  

r e n t ,  can supply  a  h i n t  t o  so lve  a t  l e a s t t h e i n f i n i t e  se l f - energy  p rob -  

lem. These supplernentary terrns cou ld  be respons ib le  f o r  the  appearance 

o f  Po incare 's  n e g a t i v e  p ressure ,  l e a d i n g  thus t o  an e q u  i 1 i b r  i um con- 

f i g u r a t i o n .  

L e t  us take  3R as  t h e  boundary s u r f a c e  o f  the  e !ec t ron .  Theex-  

t e r i c r  a p p l i e d  f i e l d  i s  n u l l .  The o n l y  f i e l d  va lues  t o  be considered,  
-+ -+ * -+ 

name l y  E e ,  H e ,  ze  and j a r e  t o  be c r e a t e d  by t h e  e l e c t r o n  i t s e l f .  I n  
e -4 -+ 

t he  externa1 r e q i o n  t o  a R ,  we have H  = O and Ee # O .  We h a v e  a  1 s o  
+ -+ e 
Ee // n t o  30. The Maxwell equa t ions  can be read as 

i )  e x t e r n ù l  r e g i o n  t o  a R  

+ -+ -+ t 
r o t  Ee = 0, d i v  Ee = O,  H  = 0 ,  z = 0 ,  

-? 

e e 3, = 0 

i i )  i n t e r i o r  r e g i o n  ( i n t  R )  

-+ -+ -4 f 
r o t  Hi = 0 ,  d i v  Hi = O ,  E. = O ,  zi = 0 ,  

t 
J i  = 0 

Z 

-+ + 
These equat ions rnean t h a t  E and H. a r e  c o n s e r v a t i v e .  

+ -i e - + z +  -+ -+ 
On aR we have E - 6 E  = O and H .  + 6 H  = O .  O f  course,  n.6H=0. e z 
The charges and c u r r e n t s  on aR a r e  g iven  by 

Since t h e  e l e c t r o n  i s  s t r i c t l y  e l e c t r i c  we have 

a n d  d e f i n e  the  p o t e n t i a l  V :  
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% = & [  
The e q u i l i b r i u r n  c o n d i t i o n  on 

A a n  i s  13 I = J H ~ J .  
-+ +e 

The c u r r e n t  d e n s i t y  6i and t h e  f i e l d  Hi a r e  tangent  t o  a R  and 
+ + 1 Hi. Appl y  i n g  a -ir/2 r o t a t i o n  around n ,  we g e t  

The most rernarkable f a c t  about these equat ions i s  t h a t  t h e  

speed corresponding t o  the  c u r r e n t s  on a R  is,  equal t o  c .  Also,  we con- 
t -+ 

c lude  t h a t  z and H a r e  o r thogona l  v e c t o r s  l y i n g  on the  envelopes o f t h e  

or thogonal  congruence o f  curves C1 and C 2  on a R .  

To so lve  the  problern comp le te ly ,  we must c a l c u l a t e t h e d e n s i t y  

0 on a R .  I t  i s  c l e a r  t h a t  when pass ing through a R  t h e  p o t e n t i a l  V i s  

cont inuous w i t h  d iscon t inuous  normal d e r i v a t i v e .  A t  a  p o i n t  M on a R  we 

have 

COS J, 1%) = - 4-irp (M) = 2 l J a n  p ( p )  - da 
an e r 2 P 

PM 

thus 

1 COS Ji 
P(M) - 2;; JJaQ P(P) -- da = O 

r2 P PM 
+ + 

where ?i i s  t h e  i n t e r i o r  normal t o  ao, $ i s  t h e  ang le  between n and r PM 
which i s  the  d i s t a n c e  v e c t o r  PM. 

Express ion ( 2 6 )  i s a homogeneous Fredholm equat i o n  whi ch  has 

a unique so lut ion i2 a p a r t  f rom a m u l t i p l i c a t i v e  cons tan t  f a c t o r .  The 

s o l u t i o n  i s  ob ta ined  i f  t h e  t o t a l  charge i s  g iven:  

The boundary a R  can be paramet r i zed  by two f a m i l i e s  o f  o r t h o -  
-+ + -+ 

gonal curves Ci and C*, tangent  t o  t h e  u n i  t a r y  v e c t o r s  I 1  and 1 2 .  1 3  

-+ 
i s  p a r a l l e l  t o  n.  Thus, t h e  i n f i n i t e s i m a l  d isp lacements o f  the  p o i n t  M 

a r e  

= w1 1, on CI 
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-+ 
c& = w 2  I2 on C2 ( 2 9 )  

-+ 
But w1 f l  arid w2 I2 a r e  i n t c g r a b l e 2  w 1  = v' h' and w 2  = v2 dx2, w i t h  

(v', v') f u n c t i o n s  o f  (z', x2). A!ong C2 t h e  c u r r e n t  i s  cons tan t  = d o .  

Consequently,  the  c u r r e n t  i s  or thogonal  t o  the  l i n e s  o f  e q u i d e n s i t y  o f  

the  e l e c t r i c  cbarge o f  C2 on a Q  2nd i s  tangent t o  t h e i r  o r thogona l  

t r a j e c t o r i e s  C1.c~ a r e  e l e c t r i c  e q u i p o t e n t i a l  l i n e s .  T h u s  

and 

I n t e g r a t i n g ,  we get  

Vi = 4~ v 2  6 p h 2  = h 6 ; ( ~ )  + cons tan t  
C2 

Wi th X' = cons tan t ,  t h i s  r e s u l t s  i n  

F i n a l l y ,  

(%IQ = cons tan t  + 

= cons tan t  + 

= cons tan t  - 

-+ 
where n i s  t h e  e x t e r i o r  normal,  Q 

between the  normal and the  v e c t o r  

normals a r e  reversed,  g i v i n g  r i s e  

5. THE ELECTRON SHAPE: SPHERE OR TORUS? 

i s  a  p o i n t  on 2 0  and $ i s  t h e  ang le  

PQ. For charges o f  opposi t e  sign, the 

t o  ~ o s i  t i v e  o r  r iega t i ve  charges cn a R .  

The classic,al p i c t u r e  o f  an e l e c t r o n  i s  a  n e g a t i v e l y  charged 

small sphere. The charge i s  u n i f o r m l y  d i s t r i b u t e d  throughout  the  sphere 

The c u r r e n t  f u n c t i o n  i s  eas i  l y  c a l c u l a t e d  by a s s m i n g  a p o l a r  c o o r d  i - 
na te  system and s e l e c t i n g  an a r b i t r a r y  system o f  o r thogona l  cu rves  C1 
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and C,. As s t a t e d  i n  s e c t i o n  2, ou r  3-dimensional subset f i  i s  a  r e g u l a r  

domain. When the  domain i n t  f i  i s  a  s imple m a n i f o l d ,  i t  can be covered 

by a  s i n g l e  c o o r d i n a t e  system. Also,  by Car tan 's  lemma, 3R i s  a  r e g u l a r  

2-dimensional domain w i t h o u t  boundary: 3 a R  = O .  But t h i s  i s  n o t  t h e c a s e  

f o r  a  s p h e r i c a l  e l e c t r o n .  The sphere i s  a  compact t o p o l o g i c a l  space, 

s ince  i t  i s  a  bounded c losed  subset o f  R 3 .  I t  i s  i m p o s s i  b l e  t o  cover 

the  sphere w i t h  a  s i n g l e  c o o r d i n a t e  system s ince  s2  afi i s  n o t  a  sim- 

p l e  m a n i f o l d .  

I n  terms o f  the  curves C1 and C,, t h i s  t o p o l o g i c a l  c o n d i  t i o n  

i m p l i e s  i n  a  s e r i o u s  drawback.C, andC, a r e  d e f i n e d  so  t h a t  a t  a l l  
-+ + 

p o i n t s  on a f i  the  f i e l d s  Ei and Hi a r e  un i fo rm.  We can n o t  have any s i n -  

g u l a r i t y .  I f ,  f o r  i ns tance ,  we take  as c u r r e n t  l ines t h e  o r t h o g o n a  l 
-+ 

c i r c l e s  t o  a  d iameter  PP', t h e  f i e l d  Hi which i s  tangent  t o  the rner id ian  

through M w i l l  n o t  be determined a t  the  po les  PP'. T h i s  f a c t  shows t h e  

i m p o s s i b i l i t y  o f  hav ing a  l a y e r  o f  s p h e r i c a l  c u r r e n t s  i n  e q u i l i b r i u r n .  

The s p h e r i c a l  d i s t r i b u t i o n  i s  s u b j e c t  t o  a second d i f f i c u l t y .  

Tak ing a c losed  curve  Y on a f i ,  Y w i l l  d i v i d e  a R  i n t o  two d i s t i n c t  do- 

rnains Dland D,. I f  Y i s  taken as a  l i n e  o f  magnetic f i e l d  C,, the  cur-  

r e n t  f l o w i n g  f rom nl t o  D, can n o t  r e t u r n  t o  D,. I f  Y i s  n o t  c losed ,  
+ 

g i v i n g  thus a  u n i f o r m . f i e l d  Hi, i t  must have two l i m i t  p o i n t s .  The 

or thogonal  t r a j e c t o r i e s  must be c losed :  t h i s  impl i e s  t h a  t t h e  1 i m i  t 

p o i n t s  a r e  p o i n t s  o f  indeterminacy o f  t h e  c u r r e n t .  

We conclude t h a t  i t  i s  imposs ib le  t o  have a  un i fo rm s p h e r i c a l  

l a y e r  o f  e l e c t r i c  c u r r e n t s  i n  e q u i l i b r i u r n ,  w i t h  a  s t a t i o n a r y  mot ion on 

i t .  Our s p h e r i c a l  model o f  the  e l e c t r o n ,  a l though  d i f f e r i n g  d r a s t i c a l l y  

from the  Loren tz  model i n  two aspects :  e x i s t e n c e  o f  a l a y e r  o f  d iscon-  

t i n u i t y  and moving charges, a l s o  i s  uns tab le .  

L e t  us now dwe l l  on another  model which i s  n o t  s u b j e c t  t o  such 

i n s t a b i l i t i e s .  Our su r face  o f  r e v o l u t i o n  w i l l  be taken as t h a t  o f  the  

t o r u s  S' x 5''. I n  t h i s  case, t h e  i n s t a b i l i t i e s  noted above disappear.0ur 

t o r u s  wi l l have a x i  s  Oz and equator  p lane  (OZ, OLJ) . A po i  n t  Q on t h e  

t o r u s  has semi- polar  coord ina tes :  a = az imuth o f  t h e  p lane  Q Ou, d i s -  

tance f rom Q t o  Oz, z = e l e v a t i o n .  

By symmetry, the  equicharge l i n e s  a r e  p a r a l l e l  on t h e  o r t h o -  

gonal p lanes t o  Oz. The c u r r e n t  l i n e s  a r e  the  mer id ians .  T h i s  c u r r e n t  
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d i s t r i b u t i o n ,  a l though  i n  a q u i t e  d i s t i n c t  

d e s c r i p t  i o n  o f  a t ype  I l ~ u ~ e r c o n d u c t o r ~ ~ .  

f i n e d  i n  s e c t i o n  2 ,  t h e  i n f i n i t e s i m a l  d i s p  

c o n t e x t ,  resembles t h e v o r t e x  

Re tu rn ing  t o  o u r  forms de- 

lacement o f  a p o i n t  Q can be 

w r i t t e n  as 

-+ -+ + 
where (K ,K ,K ) a r e  o r thogona l  u n i t  v e c t o r s .  Wi th  these n o t a t i o n s ,  the  

1 2 3  
Poisson equa t ion  f o r  t h e  p o t e n t i a l  becomes 

w i t h  = O and h' = cons tan t  i n  t h e  externa1 r e g i o n .  On t h e  to rus ,  i f  
+ 

we take  da i n  the  p o s i t i v e  sense o f  K,, we ge t  f o r  t h e  c u r r e n t u f l o w i n g  

through an element w2 = R da o f  a para1 l e l  o f  r a d i u s  R  ( l e n g t h  = 27r R )  

w i t h  M taken on t h e  p a r a l l e l .  We see t h a t  

% = & aM + cons tan t  

On t h e  o t h e r  hand, t h e  g r a d i e n t  o f  W i s  

Cornbining t h i s  r e s u l t  w i t h  t h e  corresponding v a l u e  o f  pM, we 

g e t  t h e  f o l l o w i n g  v a l u e  f o r  t h e  f i e l d  s t r e n g t h  H. on the  boundary 3.Q: 
Z 

W. = 2pa + cons tan t  
Z 

W = o  e 

Obviously ,  a t  a  p o i n t  Q be long ing  t o  i n t  S2, H.  w i l l  be o r t h o -  
Z 
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gonal t o  the  m e r i d i a n  p lane  &Ou. On aR 

For t h e  charge d i s t r i b u t i o n  on aR when the  e x t e r i o r  f i e l d  i s  

n u l l ,  we ge t  

2 ~ l  iM (42)  

For t h e  e l e c t r i c  f i e l d  

The t o t a l  e l e c t r i c  charge i s  i -L ,  

To c a l c u l a t e  doMwe change t h e  c o o r d i n a t e  system. On aR we use as co- 

o r d i n a t e  l i n e s  the  mer id ians  and t h e  p a r a l l e l s .  Wi th  t h i s  p r o c e d u r e ,  

ca re  must be taken t o  avo id  hav ing the  inner  r a d i u s  o f  the  t o r u s  greater 

than the  o u t e r  r a d i u s .  T h i s  p o s s i b i l i t y ,  a l though  i n t e r e s t i n g ,  c o u l d  

lead  t o  s e r i o u s  t o p o l o g i c a l  d i f f i c u l t i e s  f o r  ou r  purposes. The m e r i d i a n  

equa t ions  R = f(s) and z = z(s), w i t h  s  taken as an a r c  element on t h e  

c losed  mer id ian .  The s u r f a c e  element on R i s  R d a d s .  Thus: 

w i t h  S  equal t o  the  per imete r  o f  t h e  rner id ian.  

From t h e  charge densi t y  

- e 
PM = a + cons tan t  

we deduce 

and 

2e W. = - a + cons tan t  
so 

At  t h e  e x t e r i o r  o f  the  t o r u s  we g e t .  
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Wi th  t h i s  equa t ion  o u r  problem i s  comp le te ly  so lved w i t h  sev- 

era1 i n t e r e s t i n g  p h y s i c a l  p r o p e r t i e s  t o  be uncovered i n  t h e  model. Thus, 

a  su r face  o f  r e v o l u t i o n  aR o f  c losed  m e r i d i a n  s e c t i o n  c a n  p r o v i d e  a  

s imple example o f  a  l a y e r  w i t h  e l e c t r i c  (o r  magnet ic)  c u r r e n t s  i n  e q u i -  

l i b r i u m .  At  t h e  e x t e r n a l  r e g i o n  t h e r e  i s  an e l e c t r i c  f i e l d .  T h i s  l a y e r  

can represen t  an e l e c t r o n .  

6. THE EXTERNAL ELECTRIC FIELD: COMPARISON BETWEEN THE TOROIDAL ELECTRON 
AND THE POINT ELECTRON 

Unl i k e  t h e  e a r l y  t h e o r i e s  i n v o l v i n g  s p h e r i c a l  s y m m e t r y ,  here 

we c a l c u l a t e  the  e x t e r n a l  e l e c t r i c  f i e l d  o f  a  t o r o i d a l  e l e c t r o n .  The 

e l e c t r i c  p o t e n t i a l  a t  a  p o i n t  & e x t e r n a l  t o  aR i s  

I f  we take  Q on t h e  c i r c u l a r  m e r i d i a n  w i t h  cen te r  A  

wi t h  4 be ing  t h e  ang le  (Ay,AP). 

L e t  us c a l  l R = O&, R' = OP and Y the  ang le  (OP, O&). W i  t h  t h i  s  

n o t a t i o n  

We a l s o  assume R > Ri, w i t h  R' be ing  t h e  g r e a t e s t  p o s s i b l e  
o 

v a l u e  o f  R'. Oeveloping !/r = I/r, we g e t  
FQ 
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where the I,,, a r e  Legendre po lynomia ls .  S u b s t i t u t i n g  i n t o  the  i n t e g r a l ,  

we q e t  

Per forming t h e  i n t e g r a t i o n  

da d$ d-r 
R' (P) 7- 6p COS y - v~ = -jla;p -r - R; an 

Since t h e  o r i g i n  A i s  a t  the  c e n t r e  o f  g r a v i t y  

11 ai; 
R' c o s y  da = O 

Then 

The corresponding f i e l d  i s  

By choosing a  m e r i d i a n  symmetr ic r e l a t i v e  t o  t h e  p lane  Oz = O and c a l -  

l i n g  

we g e t  

where r i s  t h e  co r respond ing  v a l u e  o f  y (r = O z ,  O&). For a  c i r c u l a r  

m e r i d i a n  ( c i r c u l a r  t o r u s )  we have 



Revista Brasileira de Física, Vol. 18, ri? 2, 1988 

where a and b  a r e  t h e  o u t s r  and t h e  i n n e r  r a d i i ,  r e s p e c t i v e l y .  
-f 

The f i e l d  E i s  on t h e  m e r i d i a n  p lane.  I t s  component norma? t o  

R = O& i s  e a s i l y  c a l c u l a t e d  by t a k i n g  t h e  d e r i v a t i v e  w i t h  respec t  t o  r 
o f  t h e  p o t e n t i a l  V 

-+ 
The tangent  o f  the  ang le  between the  f i e l d  E and O& i s  

2 (2a2 - b 2 )  s i n '  r 
t a n  E = - B 

(3  c0s2 i - I ) )  
R2 

Taking i n t o  account a l l  c a l c u l a t e d  t e r n s ,  t h e  externa1 e l e c t r i c  

f i e l d  o f  a  t o r o i d a l  e l e c t r o n  can be w r i t t e n  as 

I t  i s  e a s i l y  seen t h a t  f o r  ] / R < <  an a r b i  t r a r y  s m a l l  number 

which can be, f o r  i ns tance ,  the  inverse  o f  the  c l a s s i c a l  r a d i u s  o f  the  

e l e c t r o n ,  i t  becornes hard t o  d i s t i n g u i s h  e x p e r i m e n t a l l y  ( o n l y  measuring 

the  f i e l d )  the  t o r o i d a l  e l e c t r o n  froni a  p o i n t  e l e c t r o n  l o c a t e d  a t  the  

o r i g i n ,  The g r e a t e s t  d e v i a t i o n  f o r  t h e  f i e l d  i s  found when r = n/4 

I f  a = b ,  t h i s  equa t ion  r e s u l t s  
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For b = R o / 2 ,  where R. i s  t h e  c l a s s i c a l  e l e c t r o n  r a d i u s l O ,  t h e  

f i e l d  measured a t  a  d is tance ,  say R = 2 R 0 ,  t h e  d e v i a t i o n  o f  theobserved  

f i e l d  from t h a t  o f  t h e  p o i n t  e l e c t r o n  amounts t o  l e s s  than 1%. 

The c e n t r e  o f  g r a v i t y  can be taken a t  r e s t .  We no te  t h a t c h o o s -  

i n g  t h i s  p a r t i c u l a r  r e f e r e n c e  frame, t h e  e l e c t r o n  energy moc2 can be 

wr i t t e n  

m 0 c 2  = (66) 
R 

I n  the  i n t e r n a l  r e g i o n  = O 

But t h e  e l e c t r o n  s u r f a c e  i s  a  c i r c u l a r  t o r u s .  We assume i t s  

s e c t i o n  as hav ing r a d i u s  r a t  a d i s t a n c e  a f rom the  o r i g i n .  Thus, s ince  

an 

i n f  

i ng l e s s  i n f i n i t e  se l f - energy  o f  the  e lementary p a r t i c l e  i s  r e  

t h e  f a c t  t h a t  such a p a r t i c l e  must be considered as p o i n t l i k e .  

Accord ing t o  e lect rodynamics,  the  e l e c t r o n  would have 

i n f i n i t e  s e l f - e n e r g y  s i n c e  t h e  p o t e n t i a l  = e / R  o f  i t s  f i e  

i n i t e  a t  t h e  p o i n t  R = O.  But the  occurrence o f  t h e  phys ica  

t o  have 

I d becomes 

1 l y  mean- 

l a ted  t o  

Thus, 

when we go t o  s u f f i c i e n t l y  small  d i s t a n c e s  we g e t  i n t e r n a l  c o n t r a d i c -  

t i o n s .  Formula (68) shows t h a t ,  a t  l e a s t  fo r rna l l y ,  t h e  e lec t romagnet i c  

se:f-energy o f  the  t o r o i d a l  p a r t i c l e  can be equated t o  t h e  r e s t  energy 

sess ing a 

o f  o r d e r  

u t  an 

f ,  on 

c e r t a  

e 2 / ~ ,  

s e r i o u s  d ivergence 

t h e  o 

n r a d  

Thus 

t h e r  hand, we cons ider  a s p h e r i c a l  e l e c t r o n  aspos- 

i u s  R, ,  then i t s  s e l f - p o t e n t i a l  energy would be 

, f rom 

e 2 / ~ ,  - rn C' 

we g e t  

T h i s  r a t i o  determines t h e  l i m  i t  o f  a p p l i c a b i l i t y  o f  e lect rodynamics t o  



Revista Brasileira de F lsica, Vol. 18, no 2, 1988 

the  c l a s s i c a l  e l e c t r o n l O ,  

Now, eq. (68) can be w r i  t t e n  as 

where r = r / a .  L e t  us  f i n d  the  two parameters o f  t h e  t o r u s ,  r and a, 

w i t h  the  obv ious c o n d i t i o n  R, = a + r .  T h i s  a m u n t s  t o  say t h a t  a = r = 

= R o / 2 .  

I n  a11 m e r i d i a n  p lanes.  each c i r c u l a r  m e r i d i a n  o f  r a d i u s  R o / 2  

has the  o r i g i n  as a  comnon p o i n t  w i t h  t h e  o p p o s i t e  mer id ian .  We can say 

t h a t  we have compacted the  t o r u s  t o  have i t  con ta ined  i n  a  sphere o f  

r a d i u s  Ro .  

7. A POSSIBLE CLASSICAL MAGNETIC MONOPOLE 

I n  s e c t i o n  3 we have shown t h a t  i t  i s  p o s s i b l e  t o  pass frm one 

se t  o f  Maxwell equa t ions  t o  t h e  o t h e r ,  o n l y  by a p p l y i n g  the t rans fo rm-  
-+ -+ 

a t i o n  (H,$) -+ ( - H , E ) .  i n  o u r  t o r o i d a l  model t h i s  i s  e q u i v a i e n t  t o  s tudy-  
-+ -i 

i n g  a  c u r r e n t  l a y e r  where E  = O  i n  the e x t e r n a l  r e g i o n  and H.  = O  i n  
+ e -+ Z 

t h e  i n t e r n a 1  reg ion .  E1 g e t s  tangent  t o  aR and He i s  or thogonal  t o  aR. 

Taking i n t o  account these r e s t r i c t i o n s ,  we a r r i v e  a t  

The l a y e r  becomes o f  pure magnetic o r i g i n .  For  the  p o t e n t i a l s ,  

Maxwel l ls  equat ions a r e  reduced t o  

-+ -+ 
E = grad V and H = grad W (70) 

w i t h  corresponding express ions a t  the  e x t e r n a l  r e g i o n  

tU = O  and A W = O .  

-+ -+ -+ 
On aR we have 62 = - Ei and 6 H  = H e .  W i  t h  these c o n v e n t  i o n s ,  

+ - f +  
we see t h a t  (H,E,~)  can be taken as an o r thogoca l  i n v e r s e  frame o f  r e f -  

+ 
erence. We pass from the  d i r e c t i o n  o f  Ei t o  t h a t  o f  j by a  n e g a t i v e  ro -  

t a t i o n .  
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I t  i s  easy t o  see t h a t  on a R  the  e q u i l i b r i u m  c o n d i t i o n  r e s u l t s  

The 'g lobal  s e t  o f  equat ions t o  be f u l f i l l e d  on the  b w n d a r y  

w i l l  be 

and, f i n a l l y  

We w i l l  d e f i n e  the  p o t e n t i a l  correspondíng t o  a  s i n g l e  l a y e r o f  

To be more s p e c i f i c ,  we say t h a t  t h e  

a r e  l i n e s  o f  e q u i d e n s i t y  p* = cons tan t  and t h e  

or thogonal  t r a j e c t o r i e s .  

The o t h e r  r e s u l t s  a r e  i d e n t i c a l  w i t h  

the  condi t i o n s  o f  exchanging W and V and chang 

ines o f  t h e  e l e c t r i c  f i e l d  

c u r r e n t  l i n e s  a r e  t h e i r  

he e l e c t r i c  case, w i t h  

ng t h e  s i g n o f t h e c h a r g e .  

These a r e  the  c o n d i t i o n s  t o  be s a t i s f i e d  by the  charge d i s t r i -  

b u t i o n s  t o  a r r i v e  a t  t h e  K o t t l e r - L o i s e a u  c l a s s i c a l  model f o r  the  e l e c -  

t r o n  ( o r  magnet i c  monopole) . 

8. CONCLUSIONS 

Throughout t h i s  work we have assurned c l a s s i c a l  phys ics ,  i . e . ,  

e lect romagnet ism.  We have at tempted t o  g i v e  a  somewhat q u a l i t a t i v e  p i c -  

t u r e  o f  work i n  which people have been engaged, concern ing the  i m p l i c a -  

t i o n s  o f  d e s c r i b i n g  the  c l a s s i c a l  d i s t r i b u t i o n s  i n  terms o f  some geo- 

rne t r i ca l  symmetries. We have been encouraged i n  t h i s  work by the  pos- 

s i b i l i t y  t h a t  such a  se t  o f  models g i v e  a  n a t u r a l  e x p l a n a t i o n  o f  the  

s t a b i l i t y  o f  some e lementary systems, such as t h e  e l e c t r o n .  

Our work has been e n t i r e l y  based on t h e  i n t e r c h a n g e a b i l i t y  o f  
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the  f i e l d s  E and H w i t h  the  corresponding passage f rom t h e  e l e c t r i c d e n -  

s i t y  p t o  t h e  magnet ic  d e n s i t y  p* . ln  s e c t i o n  2 we have p r e f e r r e d  t o  use 

some symp lec t i c  geomet r i ca l  arguments ins tead  o f  t h e  usual  Riemann i n -  

t e r p r e t a t i o n  o f  a  f u n c t i o n  o f  complex v a r i a b l e s .  Our i n t e n t i o n  was t o  

show c l e a r l y  t h e  r o l e  p layed  by t h e  Maxwell i n v a r i a n t s .  Besides t h i s ,  

the e x t e r i o r  c a l c u l u s  employed i n  r n a t r i x  n o t a t i o n  s t r o n g l y  suggests t h e  

symp lec t i c  i n t e r p r e t a t i o n .  

The q u e s t i o n  as t o  whether the  s p h e r i c a l  e l e c t r o n  o r  t h e  t o -  

r o i d a l  e l e c t r o n  i s  t h e  more fundamental rnodel can be f o r m u l a t e c i  i n  a  

d i f f e r e n t  way. From t h e  p o i n t  o f  v iew o f  s t a b i l i t y  t h e  s p h e r i c a l  e l e c -  

t r o n  must be r e j e c t e d .  Our s p h e r i c a l  e l e c t r o n  d i f f e r s  f rom t h e  Loren tz  

e l e c t r o n  e s s e n t i a l l y  by hav ing e l e c t r i c  c u r r e n t s  on t h e  sur face ,  moving 

a t  the  speed o f  l i g h t .  Thus, i t  c o u l d  be argued t h a t  a  s u r f a c e  d i s -  

c o n t i n u i t y  r e p l a c i n g  a  massive d i s t r i b u t i o n  rnust overcome t h e  p r o b l e r n  

o f  se l f - energy  d ivergence.  Roughly speaking, t h i s  occurs .  But another  

drawback, o f  a  pure geornetrical- topological o r i g i n  a r i s e s :  i t  becomes 

impossib le  t o  s p e c i f y  the  charges and c u r r e n t s  a t  a l l  p o i n t s o n t h e  sur-  

face. T h i s  l a t t e r  d i f f i c u l t y  has l e d  us  t o  adopt the  t o r o i d a l  e l e c t r o n  

o f  Loiseau, T h i s  model has v e r y  i n t e r e s t i n g  p r o p e r t i e s :  t o p o l o g i c a l l y ,  

the domain i n t  (5'' x s')  i s  homeornorphic w i t h  the  p o i n t  group SL(~,R). 

T h i s  group i s  s i n g l y  connected, causing thus t h e  connectedness o f  t h e  

to rus .  A s i n g l e  c o o r d i n a t e  system covers the  domain R. W i t h  t h e  c u r r e n t  

f l o w  l i n e s  l y i n g  i n  p lanes c o n t a i n i n g  the  a x i s  Oz o f  t h e  t o r u s ,  t h e  

t o r u s  becomes e q u i v a l e n t  t o  an i n f i n i t e  so leno id  wrapped round Oz w i t h  

t h e  ends j o i n e d  toge ther .  Consequently, we have a t rapped f l u x  i n  t h e  

i n t e r i o r  o f  t h e  t o r u s .  I n  t h e  e x t e r i o r  reg ion ,  no rnagnetic e f f e c t c a n b e  

de tec ted ,  Never the less,  a  l a r g e  magnetic energy can be s t o r e d  w i t h i n t h e  

t o r o i d a l  e l e c t r o n .  T h i s  can a l s o  be seen when t h e  i n n e r  r a d i u s  o f  t h e  

t o r u s  becomes zeró.  

There i s  a  d ivergence i n  the  t o t a l  energy o f  the  e l e c t r o n  whose 

source i s  n o t  o f  Coulomb o r i g i n ,  b u t  i t  comes from t h e  f a c t  t h a t  a11 

l i n e s  o f  t h e  t rapped f l u x  a r e  compressed w i t h i n  a  v a n i s h i n g  area.  T h i s  

v e r y  p e c u l i a r  h i g h l y  e n e r g e t i c  c losed  c i r c u l a r  s t r i n g  can serve as a  

s t a r t i n g  p o i n t  f o r  many t h e o r e t i c a l  specu la t ions ,  

One p o s s i b i l i t y  i s  t o  r e l a t e  t h i s  c o n f i g u r a t i o n  w i t h  t h e  Nambu 
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s t r i n g  assuming t h a t  i n  space-time t h e  sur face  o f  d i s c 6 n t i n u i t y  can be 

represented by M e r c a t o r ' s  p r o j e c t i o n  as a rubber  band. I f  t h e r e  i s  a  

meaning t o  t h i s  analogy, t h e  s t r i n g  should n o t  be thought  o f  as a math- 

emat ica l  l i n e  b u t  as an o b j e c t  hav ing some th ickness .  A s p e c i a l l y  s h o r t  

s t r i n g ,  corresponding t o  t h e  compacted t o r u s ,  should have about thesame 

l e n g t h  and th ickness .  

I n  recen t  years,  w i t h  t h e  r e s u r r e c t i o n  o f  the  farnous e a r l y  1931 

paper o f  ~ i r a c " ,  t h e  idea o f  a  magnet ic  monopole reappered. The i ssue  

can be r a i s e d  a s  t o  whether the e x i s t e n c e  o f  a  p e r f e c t l y  l o c a l i z e d  mag- 

n e t i c  monopole can lead  t o  an e f f e c t  which has passed unno t i ced  u n t i l  

now15. There i s  no b a s i c  o b j e c t i o n  t o  t h e  e x i s t e n c e  o f  magnetic mono- 

po les ;  t h e i r  f i e l d s  as considered here were deduced f rom l e g i t i m a t e  Max- 

w e l l  equat ions.  Never the less,  we have n o t  used quantum mechanics and i t  

has been shown quantum mechan ica l l y  t h a t  i f  magnetic monopoles e x i s b t h e  

magnitude o f  the  elernentary u n i t  p o l e  would have t o  be r e l a t e d  t o  the 

inverse  o f  the  e lementary charge by a c o n s t a n t  f a c t o r .  I n  t h e  GUT 

model l 6  t h e  monopole charge i s  70 t imes l a r g e r  than the  e l e c t r i c  charge 

and t h i s  f a c t  should a l t e r  ou r  es t imates  rnade i n  the  e l e c t r o n  case" . 

To c l o s e  t h i s  d i s c u s s i o n  we would l i k e  t o  p o i n t  o u t  some fea-  

t u r e s  o f  t h e  t o r o i d a l  c o n f i g u r a t i o n  which c o u l d  serve as a m o t i v a t i o n  

f o r  f u t u r e  i n v e s t i g a t i o n s .  

Consider o u r  t o r o i d a l  e l e c t r o n  as a c losed  s t r i n g  w i t h  f l u x  Q 
o 

pass ing  through t h e  mer id ians .  For t h e  c u r r e n t s  i n  dynamical e q u  i l i b -  

r ium, a cons tan t  magnetic f i e l d  H, w i l l  be c r e a t e d  i n s i d e  the  s t r i n g .  

Each c i r c u l a r  m e r i d i a n  has r a d i u s  h as above. The f l u x  @ w i l l  be g iven  

by 

The magnetic energy s t o r e d  per u n i t  l e n g t h  i s  

For the  e n t i r e  t o r u s  we ge t  
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Using the  r e s u l t s  o f  s e c t i o n  6 we can make an est i rnate o f  t h e  

magnetic energy and o f  t h e  rnagnetic f i e l d  f l u x  con ta ined  i n  t h e  compac- 

ted t o r u s  

~ u t  a = b = R /2. Then 
O 

Thus, f rorn eq.  ( 7 9 )  we deduce 

T h i s  f l u x  corresponds t o  t h e  most s t a b l e  e n e r g y  w i  t h i  n  t h e  

l i m i t s  o f  c l a s s i c a l  e lect romagnet ism,  Correspondingly ,  t h e  maximum pos- 

s i b l e  magnetic f i e l d  f o r  a  t o r o i d a l  e l e c t r o n  i s  

O b v i o u s l y , t h e r e s u l t i n g  eqs. ( 7 9 )  and ( 8 0 ) a r e  s i g n i f i c a n t l y a l t e r e d  

i n  the  quantum framework. 

From eq. ( 7 7 )  we see t h a t  we can d i m i n i  sh t h e  energy o f  a  mag- 

n e t i c  t o r o i d a l  s t r i n g  w i t h  a cons tan t  f l u x  by spreading o u t  t h e  s t r i n g .  

I f  o u r  compacted t o r u s  i s  t h e  most s t a b l e  c o n f i g u r a t i o n  f o r  the  e l e c-  

t r o n ,  we can n o t  a l t e r  b w i t h o u t  a l t e r i n g  a and the  c o n d i t i o n  R. = a+b. 

Probably, t h e  spreading does n o t  occur .  

I n  a t ype  I 1  superconductor i t  i s  the  M e i s s n e r  e f f e c t  which 

p reven ts  the  magnetic f l u x  f rom spreading o u t .  O f  course, t h e  magnetic 

theory  o f  t ype  I I superconductors has n o t h i n g  t o  do w i t h  o u  r mode 1 . 
Never the less,  some t o p o l o g i c a l  ideas e x t r a c t e d  f rom t h a t  t h e o r y  c o u l d  be 

u s e f u l  f o r  suggest ing some p o s s i b i l i t i e s  i n  our  theory .  

Here, we o n l y  ske tch  some ideas on type  I I s u p e r c o n d u c t o r s .  

When we pass a c r i t i c a 1  a p p l i e d  f i e l d  s t r e n g t h  B ,  s u p e r c o n d u c t i v i t y  w i l l  

n o t  be cornplete ly  dest royed b u t  r a t h e r ,  the  magnetic f i e l d  w i  11 p e n -  

e t r a t e  i n t o  t h e  meta l  i n  form o f  t h i n  magnetic s t r i n g s ,  o r  v o r t i c e s .  

The f l u x  being quan t i zed ,  i t  i s  shown t h a t  a  v o r t e x  s t r i n g  w i t h  a mul-  
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tiple flux has 

It is unstable, meaning that there can be no exact ground 

state. But, as in the sine-Gordon model one can construct approximative 

ground states consi sting of n widel y separated Niel sen-Olesen vortice2'. 

Nevertheless, a string-like excitation such as the Nielsen-Olesen vor- 

tex cannot itself represent a physical particle since it has infinite 

energy due to its infinite length. So, if the N-O vortex is going to be 

physically relevant we must find a way to terminate it. N-O includes a 

monopole at an endpoint of the string and an anti-monopole at the other 

endpoint. Our model could offer an alternative to this approach:wesug- 

gest the hypothesis of considering an infinite solenoid as equivalentto 

a toroidal configuration. This configuration can be electron-like or 

monopole-like. The boundary conditions at infinity are replaced by cyc- 

lic conditions. 

Of course, relativistic effects would be taken into account, 

The challenge of the toroidal model for elementary particles in 

the future would be to find new techniques 

lems to some interesting questions like the 

quarks and the interaction between closed s 

for relating the above prob- 

conf i n  i n g  potent i a 1 for 

trings19. 
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Resumo 

Ao invés do modelo esférico clássico usual do elétron, nós de- 
senvolvemos um modelo com distribuição toroidal de carga. Mostramos que 
este Ültimo modelo não fica sujeito a instabilidades. O modelo também se 
aplica a cargas magnéticas, o que nos permite a consideração de modelos 
de monopolos magnéticos. Algumas possíveis conexões com outros tÕp i cos 
recentes de f 7s ica teórica são também mencionadas. 


