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Abstract I n  general r e l a t i v i  t y ,  a  new lagrang ian  f u n c t i o n a i  f o r  uncharged 
Weyssenhoff f l u i d s  i s  proposed, s a t i s f y i n g  two s imp le  requi rements:  ( I) 
a l l  p r o p e r t i e s  o f  t h e  f i e l d  v a r i a b l e s  o c c u r r i n g  i n  the  lag rang ian  should 
be d e r i v a b l e  f rom t h e  s e t  o f  Euler-Lagrange equa t ions  a lone;  2nd ( I  I )  f o r  
every f i e l d  v a r i a b i e  o c c u r r i n g  i a  the  lag rang ian ,  t h e  c o r r e s p o n d i n g  
v a r i a t i o n a l  equa t ion  should be v a l  i d .  E i n s t e i n ' s  equat ions and the  equa- 
t i o n s  o f  mot ion  f o r  t h e  s p i n  a r e  der i ved .  Comparison wi t h  recen t  r e l a t e d  
papers i n  general r e l a t i v i t y  and E ins te in- Car tan  t h e o r y  i s  made,  and 
t o p i c s  f o r  f u r t h e r  research a r e  suggested. 

1. INTRODUCTION 

The lag rang ian  fo rma l i sm f o r  sp inn ing  f l u i d s  i n  g r a v i  t a t i o n a l  
1-12 

t h e o r i e s  has rece ived  cons iderab le  a t t e n t i o n  i s  recen t  years . D i f -  

f e r e n t  energy-momentum tensors  f o r  t h e  sp inn ing a a t t e r  havebeen ob ta ined ,  

a1 l approachi ng t h e  usual energy-momentum tensor  f o r  the p e r f e c t  f l u i  d  

i n  genera l  r e l a t i v i  t y  when the  s p i n  o f  t h e  m a t e r i a l  tends t o  zero.  

I t  i s  the  a im o f  the lag rang ian  method t o  i n f u s e  i n t o  a  s c a l a r  

f u n c t i o n a l ,  L ,  a l l  elements necessary t o  o b t a i n  the  equat ions o f  mot ion  

o f  a  g i v e n  phys ica l  system. The lag rang ian  i s  expressed i n  terms o f f i e l d  

v a r i a b l e s  &.(a) ,  and s a t i s f i e s  a  s e t  o f  v a r i a t i o n a l  equat ions z 

where b o t h  t h e  3 and t h e  subscr ip ted  comma symbols denote p a r t i a l d e r i v a -  

t i v e .  The v a r i a b l e s  &.(a) a r e  independent i n  t h e  process o f  p a r t i a 1  de- z 
r i v a t i o n .  I n  o r d e r  t o  have an i n t e l l i g e n t  garne, t h e  f o l l o w i n g  two s i m p l e  

r u l e s  seem e s s e n t i a l :  ( 1 )  a1 1 p r o p e r t i e s  o f  the  q u a n t i t i e s  Qi(s) 

presen t  i n  L can be d e r i v e d  f rom the  s e t  o f  eqs. ( I )  a lone;  ( I  I )  f o r  

every f i e l d  v a r i a b l e  &.(x) which appears i n  L, the co r respond ingequa t ion  
Z 

&L/&?. = O must be v a l i d .  As f a r  as we a r e  aware, every r e p o r t  a l r e a d y  2 
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presented on s p i n n i n g  f l u i d s  i n  curved spacetimes has missed e i t h e r  con- 

d i t i o n  ( I ) ,  o r  (111, o r  both.  

I n  t h i s  paper we propose a genera l  r e l a t i v i s t i c  lag rang ian  f o r  

s p i n n i n g  f l u i d s  which i s  extended, i n  t h e  sense t h a t  i t  s a t i s f i e s  b o t h  

r e q u i  rements ( I )  and ( I  I ) .  We a1 so d e r i v e  t h e  equa t ion  o f  mot ion  f o r  the  

g r a v i t a t i o n a l  f i e l d  ( ~ i n s t e i n ' s  equat ion)  and the  equa t ion  f o r  the  sp in ,  

and show t h a t  bo th  a r e  p h y s i c a l l y  p l a u s i b l e .  

F u r t h e r  on  i n  o u r  p r e s e n t a t i o n  we shal 1 need two s imple thermo- 

dynamical r e l a t i ~ n s " - ' ~ ,  

where E(P,S) i s  t h e  s p e c i f  i c  i n t e r n a 1  r e s t  energy (energy per  u n i  t o f  

mass), P i s  t h e  r e s t  m a t t e r  densi t y  (mass per  volume), s  i s  the s p e c i f  i c  

r e s t  en t ropy ,  P i s  p ressure  and !7' i s  temperature. Throughout t h e  paper 

we assume 8rG = c = 1 .  

To d e s c r i b e  t h e  s p i n  o f  t h e  m a t e r i a l ,  we s h a l l  a l s o  need an o r -  
I.ia thonorrnal t e t r a d  o f  v e c t o r s  h  (x), where LJ = 0,1,2,3 l a b e l s  the v e c t o r  

and a  = 0,1,2,3 l a b e l s  componentsl'. The t i i n e l i k e  v e c t o r  hoa i s  t h e  
a  

e u l e r i a n  f o u r v e l o c i t y  u o f  t h e  f l u i d ,  w h i l e  hla = a
a

, h2a = B a , h 3 ~  = y a  

a r e  spacel i k e  vec to rs .  The s p e c i f  i c  s p i n  tensor  s
ab 

o f  t h e  f l u i d  i s  re -  
C 

l a t e d  t o  aa and B v i a  

wher 

angu 

spec 

e K(X) i s  t h e  s p e c i f i c  s p i n  magnitude i n  t h e  r e s t  system ( i n t r i n s i c  

l a r  momentum per u n i t  mass). A l t e r n a t i v e l y ,  we cou ld  d e f i n e  , t h e  

i f  i c  s p i n  v e c t o r  accord ing  t o  

where E~~~~ i s  t o t a l  l y  an t i symmet r i c  w i t h  = +I. From t h e  o r t h o -  

g o n a l i t y  o f  the  t e t r a d  v e c t o r s  i t  i s  c l e a r  t h a t  t h e  f l u i d  s a t i s f i e s  t h e  

aux i  l i a r y  c o n d i t i o n  
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2. THE LAGRANGIAN DENSITY FUNCTIONAL 

We separate the  t o t a l  L i n t o  geometr ic  and ma te r i a l  components 

L =  L +L,,,,, w i t h  G 

where the r ' s  a r e  the C h r i s t o f f e l  symbols and the square brackets denote 

an t i symmet r i za t ion .  The extended mate r i a l  component o f  L i s  

a 
where the  subscr ip ted  semicolon means cova r i an t  d e r i v a t i v e ,  means u Q. 

,a 
f o r  Q an a r b i t r a r y  sca l a r ,  vec to r  o r  tensor  q u a n t i t y ,  and where t h e f u n c -  

t i o n s  h p ,  hs and XPv a r e  lagrang ian  mul t i p l  i e r s .  

AI 1 terms i n eq. (9) a re  a1 ready known i n t he  l i t e r a t u r e ,  except  

perhaps the  t h i r d  one (which we d iscuss l a t e r ) .  The f u n c t i o n a l  ~ ( 0 , s )  i s 

r e l a t e d  t o  the  s p e c i f i c  in te rna1  energy E ( P , S )  accord ing t o  

w h i l e  the  term KP(ua& -@&a) i s  t he  sp i n  k i n e t i c  energy densi t y  o f  the  
a 

f l u i d B " 2 .  The terms con ta i n i ng  the  va r i ous  h ' s  express geornetr ical,  k i n -  

emat ica l  and dynamical c o n s t r a i n t s  imposed on t he  system: those con- 
a a  a a  

t a i n i n g  hPv imply t h a t  u , a a ,  , Y form an orthonormal t e t r a d  (u  t ime- 

l i ke ,  the o the r s  spacel i k e ) ,  whi l e  t h a t  w i t h  A r e f l e c t s  the ma t t e r  con- 
P 
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~ e r v a t i o n ~ " ~ " ~ ,  and tha t  wi t h  As prohi  b i  t s  heat exchange between d i  f -  

fe ren t  par ts  o f  the f l u i d .  

F ina l  l y, the terrn 2n~'p'a - f3 a [ a ~ b j  seems t o  be nove1 i n  the 
La bl 

l i t e r a t u r e ,  and i s  i n te rp re ted  as the po ten t i a l  energy densi ty o f  spin 

o f  the f l u i d .  The value o f  the number n i s  t o  be eventua l ly  f i x e d  by 

exper i rnental is ts.  For s i rnp l i c i t y ,  a  term corresponding t o  the p a r t i c l e  

i den t i  ty16 i s  omi t t e d  i n  our presentat ion.  

3. EULER-LAGRANGE EQUATIONS 

The independent quanti t i e s  Qi(x) i n  L are taken as the twelve 
a 

A's, the three scalars K, p, s ,  the cont ravar ian t  vector  components u , 
ela, ga, ya o f  the te t rad  and the covar iant  cornponents gab o f  the metric. 

We s t a r t  by consider ing the v a r i a t i o n a l  eq. ( I )  as appl ied t o  the 

lagrangian m u l t i p l i e r s .  For Q = A and As they c l e a r l y  g i ve  
P 

where the subscr ipted cornma means pa r t i a1  de r i va t i ve ,  wh i l e  f o r  Q = 1 
PV 

they g i ve  

o r  equ iva lent ly  r) hPahvb = gab, where both \v and qpv are  theconstant  
Iiv 

Minkowski rnetr ic  d iag(+ l ,  - 1 ,  -1, -1). A few simple r e l a t i o n s  d e r i v e d  

from eq. (13) are  l a r g e l y  used, such as 

The equations ~L/s? = O i s  a lso  t r i v i a l ,  g i v i n g  A hPa = 0; 
P 3 

since the vectors hVa are  l inea r l y  independent, i t f o l  lows t h a  t t h e  

fou r  c o e f f i c i e n t s  A a re  n u l l .  
P  3 

The equation Q/6K = O b r ings  a  r e l a t i o n  between k ine t i candpo-  

t e n t i a l  energy densi t y  o f  spin, 
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Kpciaba = n~~~~ 

(hence o n l  y  n>O g i v e s  pos i  t i v e  k i n e t i c  energy) , whi l e the  var  i a t i o n a l  

equa t ion  f o r  t h e  s p e c i f  i c  en t ropy  s g i v e s  t h e  e v o l u t i o n  o f  t h e  thermasy: 

To o b t a i n  eq. (161, use i s  made o f  eqs. (101, (2) and ( 8 ) .  

The equa t ion  corresponding t o  6a is a good deal  more labor ious,  

and g i v e s  

f rom the  independence o f  u a, a, Ba, i t  then f o l l o w s  t h a t  

a' A~~ = -í2x2p2 + ~ p a  B ~ =  O , 2X12 = - í i p ,  ( i  8) 

and eq.(17) s i m p l i f i e s  t o  

a 
I r istead o f  work ing o u t  t h e  equa t ion  S L / @  = O by b r u t e  f o r c e  

a 
(as was done f o r  6a ) ,  we n o t e  t h a t  t h e  lag rang ian  ( 9 )  i s i n v a r  i a n t  

under t h e  s imul  taneous in terchanges a ++ 6, 1 2, K -t -K ; from eqs. 

(18)- (19)  we then have 

The c a l c u l a t i o n s  concern ing W6ua = O a r e  aga in  long,  and g i v e  

w h i l e  t h e  equa t ion  6L/6p = O i s  t r i v i a l  and g ives  
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if we now take the inner product o f  eq. (22) w i t h  u
a 

and use eqs. (23) 

and (15) we f ind the expression o f  X , o o 

4. EINSTEIN'S EQUATION; SPIN EQUATION 

The c a l c u l a t i o n  invo lv ing  the equation &/6g = O are consider- ab 
ab ly  long, so a  compromise conciseness/c lar i ty  must be set  i n o u r p r e s -  

en ta t ion .  We t ranscr ibe  below on l y  the f i n a l  expression o f  6/6gab,  as 

appl i ed  separately t o  each re levant  term i n  eq. (9). One resul  t i s  widely 

known, and gives the E ins te in  tensor 

The o ther  pa r t i a1  r e s u l t s  a re  

e (a b)ei, - - (DF + 2 n ~ ~ p ' ) u ~ u ~  - 2epu s c . * , P  

Co l l ec t i ng  terms, E i n s t e i n ' s  e q u a t i o n  f o r  t h e  s p i n n i n g  

Weyssenhoff f l u i d  f i n a l l y  emerges: 



Revista Brasileira de Flsica, Vol. 18, n? 2, 1988 

I t  i s  i n s t r u c t i v e  t o  compare eq. (31) w i t h  s i m i l a r  g r a v i t a t i o n a l  

f i e l d  equat ions encountered i n  t h e  l i t e r a t u r e .  I n  s t u d y i n g  s p i n n i n g  

f l u i d s  i n  t h e  genera l  r e l a t i v i t y ,  Ray and S m a l ~ e ~ ' ~  found a r e s u l t  s i m i -  

l a r  t o  o u r  eq. (311, b u t  i n  t h e i r  paper t h e  terms w i t h  K 2 p 2  a r e  lack ing ;  

t h i s  i s  n o t  s u r p r i s i n g ,  s i n c e  t h e i r  l ag rang ian  a l s o  l a c k s  terms i n  K2p2. 

I n  t h e  E ins te in- Car tan  theory  (an a l t e r n a t i v e  theory  o f  g r a v i -  

t a t i o n  w i t h  n o n s y m e t r i c  connec t ion )17 ,  t h e  s p i n n i n g  f l u i d  s t u d i e d  i n  

t h e  m a j o r i t y  o f  works i s  t h a t  o f  t h e  Weyssenhoff type. I n  those works, 

a  canonica l  energy-momentum tensor  f o r  t h e  f l u i d  i s  developed, ins tead  

o f  the  m e t r i c a l  energy-momentum as i s  done i n  t h i s  paper .  I n t e r e s t i n g l y  

enough, t h e  g r a v i t a t i o n a l  f i e l d  equat ions ob ta ined  i n  those spacetimes 

w i t h  t o r s i o n  c l o s e l y  resemble o u r  eq. (31) ob ta ined  i n  t h e  r i  e m a n n i a n  

spacetime; t h e  equat ions would c o i n c i d e  i f  n were equal t o  -I, w h i c h  

however would imply  a nega t i ve  k i n e t i c  energy o f  s p i n  accord ing t o  eq. 

(15). 

Another co inc idence  deserves mention, now concern ing theequat ion 

o f  mot ion  f o r  t h e  s p e c i f i c  s p i n  çab. To o b t a i n  i t ,  we i n i t i a l l y  t a k e t h e  

d o t  d e r i v a t i v e  o f  eq. (3)  and use = O (eq. ( 2 0 ) ) ;  we nex t  use eqs. (19) 

and (21) r e w r i  t t e n  i n  the  form ( f o r  Kp # O)  

and f i n a l l y  o b t a i n  

g b  = 2u bSbJ Cf i  
C 

T h i s  genera l  r e l a t i v i s t i c  equa t ion  o f  rnot ion i s  i d e n t i c a l  t o  i t s  counter- 

p a r t s  encountered i n Riemann-Cartan-Weyssenhoff f o r m u l a t i o n s 4  5 ' 8 '  

Since eq.(33) does n o t  depend on n, measurements o f  t h e  t i m e  

development o f  s
ab 

a r e  useless t o  f i x  the  v a l u e  o f  n.  However, t h e  mo- 

t i o n  o f  a  p a r t i c l e  i s  s e n s i t i v e  t o  the  energy-momentum pb ( s o u r c e  o f  

g r a v i  t a t i o n ) ,  wh ich  i s  s e m  f rom eq. (31) t o  depend on n ;  an a p p r o p r i a t e  

i n v e s t i g a t i o n  o f  geodesic mot ions can then determine the  v a l u e  o f  n ,  an 

i n t e r e s t i n g  t o p i c  which never the less  l i e s  beyond t h e  scope o f  the  p re -  

sen t  a r t i c l e .  
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5. WHAT IS LEFT OPEN 

The purpose o f  t h i s  paper has b e m  accomplished, i n  t h a t  an ex- 

tended genera l  r e l a t i v i s t i c  lag rang ian  t rea tment  f o r  a  Weyssenhoff f l u i d  

was presented.  The paper p e r m i t s  f u r t h e r  ex tens ion  i n  v a r i o u s  d i r e c t i o n s :  

F i r s t ,  s i n c e  s p i n n i n g  f l u i d s  o f  non-Weyssenhoff types a r e  a l s o  

considered i n  t h e  l i t e r a t u r e 1 7  (sometimes e l e c t r i c a l  l y charged and mag- 
4- 6 

n e t i z e d  ) ,  they a r e a l s o a w a i t i n g  f o r  a n e x t e n d e d  lag rang ian  t r e a t m n t .  

Second, g r a v i t a t i o n a l  t h e o r i e s  o t h e r  than genera l  r e l a t i v i t y  

have been a l t e r n a t i v e  nes ts  f o r  sp inn ing  f l u i d s ,  so they a l s o  deserve a 

complete ly  m e t r i c a l  l ag rang ian  approach (as opposi t e  t o  a composi t e  met- 

r i c - c a n o n i c a l  l ag rang ian  approachl7) .  

F i n a l  l y ,  the  outcome K=O o f  t h e  p resen t  paper (eq. (20)) impl i e s  

t h a t  every element o f  f l u i d  ma in ta ins  una1 te red  t h e  m a g n i t u d e  o f  the  

s p e c i f i c  s p i n  a long i t s  w o r l d l  ine, which i s  a  r a t h e r  r e s t r i c t i v e  k i n d  of 

mot ion  f o r  the  f l u i d .  As a m a t t e r  o f  f a c t ,  t h e  c o n s t r a i n t  K = O seems t o  

be a comnonplace i n  the  l i t e r a t u r e ,  e.g. i n  re fs .4- 6,  8 ,9 ,  12.Lagrangians 

p r e d i c t i n g  motions w i t h  K n o t  n e c e s s a r i l y  nu11 a r e  thus h i g h l y  d e s i r a b l e .  

Thanks a r e  due t o  t h e  re fe rees ,  f o r  a  number o f  s u g g e s  t i o n s  

whi ch h e l  ped t o  genera l  i ze t h e  o r  i g i  na1 typescr  i p t  

REFERENCES 

1 .  Yu.N.Obukhov and V.A.Korotky, Class.Quantum Grav. 4, 1633 ( 

2. J.R.Ray and L.L.Smal l e y ,  Phys.Rev. D35, 1185 (1987); Gen.Re 

18,  549 (1986). 

3. L.L.Smalley, Phys .Le t te rs  113A, 463 (1986); Phys.Rev.DS2, 3124 (1985). 

4. R.Amorirn, Phys. Rev. D31, 3099 (1985). 

5, R.Amorim, Phys. L e t t e r s  104A, 259 (1984). 

6. R.de R i t i s ,  M.Lavorgna, G.P la tan ia  and C.S to rna io lo ,  Phys. Rev. D31, 

1854 (1985). 

7. R.de R i t i s ,  M.Lavorgna, G.P la tan ia  and C.S to rna io lo ,  P h y s .  L e t t e r s  

95A, 425 (1983). 

8. R.de R i t i s ,  M.Lavorgna, G.Platania and C.Stornaio lo ,  Phys.Rev. D28, 

713 (1983). 



Revista Brasileira de Flsica, Vol. 18, no 2, 1988 

9. J.R.Ray and L.L.Sma1 l e y ,  Phys. Rev. D27, 1383 (1983). 

10. J.R.Ray and L.L.Smal ley,  Phys. Rev. L e t t e r s  49, 1059 ( i982) ;  E 5 0 ,  

623 (1983). 

11. J.R.Ray and L.L.Smalley, Phys. Rev. D26, 2615 (1982). 

12. J.R.Ray and L.L.Smalley, Phys. Rev. D26, 2619 (1982). 

13. J.R.Ray, J. Math. Phys. 1 3 ,  1451 (1972). 

14. F. Hal bwachs , ~hPheorie Rezativiste des F l u i d a  Ü S p i n  (Gau t h i  e r- V i  1 - 
l a r s ,  Par is ,  1960). 

15. J.R.Ray, Acta Phys. Poionica 30, 481 (1966). 

16. See r e f  . I 3  and papers quoted t h e r e i n  on the  L i n  d i f f i c u l  t y .  

17. F.W.Hehl, P.von der Heyde, G.D.Kerl ick and J.M.Nester, Rev.Mod.Phys. 

4 8 ,  393 (1976) and references t he re i n .  

18. W.Arkuszewski , W.Kopczyiski and V.N.Ponomariev, Ann .  I ns  t . Henr i  

Poincaré A21, 89 (1974). 

19. J .Duarte de O l i v e i r a ,  A.F.F.Teixeira and J.Tiomno, Phys. Rev. D 34, 

3661 (1986) . 

Resumo 

Propomos uma nova func iona l  lagrangeana para f l u i d o s  de Weys- 
senhoff com sp in ,  em r e l a t i v i d a d e  g e r a l ,  s a t i s f a z e n d o  d u a s  ex igênc ias  
simples: ( I )  a de que todas as propriedades das v a r i á v e i s  de campo que 
ocorram na lagrangeana possam ser  ob t i das  exclusivamente a p a r t i r  das e- 
quações de Euler-Lagrange, e ( I  I) a de que se j a  vá1 i da a equação v a r i a -  
c i ona l  correspondente a cada va r i áve l  de campo que oco r ra  na lagrangeana. 
As equações de E i n s t e i n  e equações de movimento para o s p i n  são ob t i das .  
Comparamos nossos resu l tados  com s im i l a res  em r e l a t i v i d a d e  ge ra l  e em 
Einste in-Cartan,  e sugerimos tóp icos  merecedores de pesquisas ad ic iona is .  


