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Abrtract We c a l c u l a t e  t h e  phase diagrams o f  a  v a r i e t y  o f  decorated I  s i n g  
l a t t i c e s .  The competing i n t e r a c t i o n s  among the  d e c o r a t i n g  sp i  ns may i n -  
duce d i f f e r e n t  types o f  modulated o r d e r i n g s .  I n  p a r t i c u l a r ,  we consider  
t h e  e f f e c t  o f  an a p p l i e d  f i e l d  on t h e  phase diagram o f  t h e  two-dimen- 
s i o n a l  m c k  ANNNI model, where o n l y  t h e  o r i g i n a l  h o r i z o n t a l  bonds on a 
square l a t t i c e  a r e  decorated.  We then study some Brava is  l a t t i c e s  and 
Cayley t r e e s  where a11 bonds a r e  e q u a l l y  decorated.  The Brava is  l a t t i c e s  
d i s p l a y  a few s t a b l e  modulated s t r u c t u r e s .  The Cayley t rees ,  on the o t h e r  
hand, d i s p l a y  a l a r g e  number o f  modulated phases, which increases w i t h  
t h e  l a t t i c e  c o o r d i n a t i o n  number. 

1. INTRODUCTION 

An I s i  ng model 

i n t e r a c t i o n s  a long  one 

Next-Nearest-Neighbor I  

few years ' .  These s t u d i '  

w i t h  competing neares t  and next- nearest  ne ighbor  

s p a t i a l  d i  r e c t i o n ,  known as ANNNI model ( ~ x i  a  l 

s i n g ) ,  has been s t u d i e d  i n t e n s i v e l y  i n  t h e  l a s t  

es have revea led  a v e r y  r i c h  phase d iagram,d is -  

p l a y i n g  ~ i f s h i t z '  and mu l t iphase  p o i n t s 3 ,  and i n f i n i t e l y  many commen- 
4 

s u r a t e  and incommensurate phases . Understandably, themodel i s  v e r y d i f -  

f i c u l t  t o  s o l v e  even a t  t h e  mean- f ie ld  1 e v e 1 ~ ' ~ .  H u s e ,  F i s h e r  a n d  

yeomans7 in t roduced  a s i m p l e r  model t h a t  mimics, so t o  speak, t h e  t r u e  

ANNNI rnodel . The model , dubbed mock ANNNI model , i s a decorated I s i  ng 

model w i t h  competing i n t e r a c t i o n s  r e s t r i c t e d  t o  t h e  d e c o r a t e d  b o n d s  

a long one s p a t i a l  dimension. T h i s  m d e l  can be so lved  comple te ly  in terms 

o f  an a n i s o t r o p i c  nearest- neighbor  I s i n g  model. I n  two and t h r e e  dimen- 

s ipns ,  i n  ze ro  f i e l d ,  i t  exhbi t s  f i n i  t e l y  many modulated phases. 

I n  t h i s  paper we w i s h  t o  cons ider  some aspects  o f  the  problem 

t h a t  were l e f t  o u t  by Huse e t  aí7. We f i r s t  s tudy the e f f e c t  o f  a mag- 

+ On leave  f rom Departamento de F í s i c a ,  Un ive rs idade  Federa l  de Santa 

Ca ta r ina ,  ~ l o r i a n ó p o l  i s ,  SC,  B r a s i l  
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n e t i c  f i e l d  on the behavior o f  the two dimensional mock ANNNI model. 

Then we consider Bravais l a t t i c e s  and Cayley t rees where a l l  the bonds 

a re  equa l ly  decorated. Although these models are  admi t ted ly  somewhat 

removed from known physical systems, we be l ieve tha t  they add to  the 

theo re t i ca l  understanding o f  modulated s t ruc tures .  

2. BOND DECORATION AND EFFECTIVE COUPLING 

A decorated bond cons is ts  o f  two nodal spins, S .  = + 1 , located 
Z 

on the s i t e s  o f  a l a t t i c e ,  and n decorat ing spins, ai = ? I ,  l o c a t e d  

along the bond. The decorat ing spins i n t e r a c t  among thernse l  v e s  w i t h 

ferromagnetic nearest-neighbor (nn) coupl ings o f  s t rength  J, > O and 

next-nearest-neighbor (nnn) w u p l i n g s  o f  s t rength  J ,  = -KJ,.  The nodal 

spin, on the other hand, i n t e r a c t s  wi t h  the nn decorat ing s p i  n w i  t h  

ha l f  s t rength,  $ J,, and w i t h  the  nnn decorat ing spins w i t h  the same 

s t rength ,  J 2  = - KJ, (see f i g .  I ) .  

The e f f e c t i v e  coupl ings between the nodal spins canbeobtained 

by performing the t race over the decorat i ng spi  ns (dedecorat ion  trans- 

formation). The harni l t o n i a n  f o r  the decorated bond i s  

0. Jeff 

Fig.1 - St ruc ture  o f  a decorated bond .  So l  i d  c i r c l e s  
denote nodal spins, S j ,  and hol low c i r c l e s  d e c o r a t i n g  
spins, ui. The bold I i n e  ind ica tes  the e f f e c t i v e  i n -  
te rac t i on  between nodal sp i  ns af t e r  the dedecoration o f  
decorat ing spins. 
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where, f o r  convenience, a, = S and 0, = SI. We de f i ne  the r e s t r i c t e d  

p a r t i t i o n  func t i on  f o r  the decorated bond as 

By ca r r y ing  ou t  the pa r t i a1  t race i n  eg. (2) we ob ta in  zSS' i n  the form 

Therefore, the e f f e c t i v e  coupling, Keff,  and the e f f e c t i v e  f i e l d ,  Beff,  

are given by the expressions 

I n  the case o f  zero external  f i e l d ,  H = O, we have Z* = 2-- , 
so tha t  Beff = O and 

Using the t rans fe r  m a t r i x  technique, Huse e t  a17 evaluated eq. (6) ex- 

p l  i c i t l y  f o r  the case o f  zero external  f i e l d .  For the sake o f  complete- 

ness we reproduce the i  r resu l  t s  below. W i  t h  
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C(T,K) = (1 - e - 2 K 1 ) / 2 e 2 6 K 1  

t h e  e f f e c t i v e  c o u p l i n g  between t h e  nodal sp ins  i n  ze ro  f i e l d  i s g i v e r  by 

tanh Keff = Bn/A, 

U n f o r t u n a t e l y ,  f o r  the  case o f  non-zero 

n o t  p o s s i b l e  t o  e v a l u a t e  eqs. ( 4 )  and (5) expl  i c  

ze ro  f i e l d ,  t h e  0-T t rans fo rmat ion  used by Huse 

e x t e r n a  

t l y .  Un 

e t  aZ7 

1 f i e l d ,  i t w a s  

1 i k e  t h e  ca:,e o f  

i s  o f  no a v a i l  

and we have t o  cope wi t h  a b x 4  t r a n s f e r  m a t r i x .  The r e s t r i c t e d  par; i  t i o n  

f u n c t i o n  g i v e n  by eq. (2) can be r e w r i  t t e n  i n  t h e  form 

where 

wi  t h  

and 

Assurning t h a t  t h e  4 x 4  m a t r i x  S can be d i a g o n a l i z e d  b y a  s i m i l a r i t y  t r a n s -  

fo rmat ion ,  
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where A i s  a  d iagonal  m a t r i x  o f  e igenvalues Ai, we have 
E 

I n  principie, eq.(21) can be computed w i t h o u t  d i f f i c u l t y  f o r  a r b i t r a r y  

n u s i n g  s tandard mathematical r o u t i n e s .  Eqs. ( 4 ) ,  (5) and (21) determine 

t h e  e f f e c t i v e  c o u p l i n g  cons tan t  K and t h e  e f f e c t i v e  f i e l d  Beff gen- e f  f 
e r a t e d  by t h e  d e c o r a t i n g  sp ins .  For  small  va lues o f  n ,  we haveperformed 

e x p l i c i t  c a l c u l a t i o n s  t o  o b t a i n  K and Be f f .  
ef f 

3. 'MIO DIMENSIONAL MOCK ANNNI MODEL IN A FIELD 

I n  the  two d imensional  mock ANNNI model o n  a s q u a r e  l a t t i c e ,  

o n l y  t h e  h o r i z o n t a !  bonds a r e  decorated accord ing  t o  the  scheme o f  f i g .  

1 .  The nodal sp ins  i n  t h e  v e r t i c a l  d i r e c t i o n  i n t e r a c t  f e r r ~ m a g n e t i c a l l ~  

w i t h  s t r e n g t h  J,> O .  A f t e r  t h e  dedecora t ion  t ransformat ion d iscussed i n  

t h e  p rev ious  sec t ion ,  t h e  m d e l  i s  t ransformed i n t o  an  a n i  s o t r o p i c  

nearest- neighbor  I s i n g  rnodel i n  a f i e i d .  A l though t h e r e  i s  no exact  ex- 

p ress ion  f o r  t h e  t r a n s i t i o n  temperature, t h e r e  i s  an a p p r o x i m a t e  e x -  

p r e s s i o n  due t o  MÜI l e r - ~ a r t m a n n  and ~i t t a r t z s .  They es t imated  t h e  i n -  

t e r f a c e  f r e e  energy between two domains o f  a  square l a t t i c e  I s i n g  à n t i -  

fer r i rnagnet  i n  t h e  presence o f  a  f i e l d .  The van ish ing  o f  t h e  i n t e r f a c e  

f r e e  energy determines t h e  c r i t i c a l  i i n e .  I n  t h e  presence case, s i n c e  

J ,  > O and Keff may be nega t i ve ,  we have t o  cons ider  a two-dimensional 

I s i n g  metamagnet i n  a f i e l d .  The two metamagnetic domains a r e  i l l u s -  

t r a t e d  i n  f i g .  2. The c r i t i c a l  l i n e  f o r  a  m e t a m a g n e t w i t h v e r t i c a l  coup- 

1 i ng  Jy > O and h o r i z o n t a l  coupl i n g  JH < O i n  t h e  presence o f  an e x t e r -  

na1 f i e l d  H i s  then g i v e n  by 

The corresponding express ion  f o r  t h e  mock ANNNI model i s  
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F ig .2  - TMO metarnagnetic doma i n s  
separated by an i n t e r f a c e  (do t ted  
1 i ne) . 

where 

and B ,  B e f f  and Keff  a r e  g iven ,  r e s p e c t i v e l y ,  by eqs. (191, (5) and ( 4 ) .  

The f a c t o r  2 i n  f r o n t  o f  Beff comes i n  because each nodal sp inbe longs  t o  

twa decorated bonds. 

F ig .3  shows t h e  phase diagram o f  t h e  twa-dimensional mock ANNNI 

model i n  ze ro  f i e l d  f o r  n = 5 and J ,  = J , .  The r n o d u l a t e d  p h a s e s  a r e  

l a b e l  l e d  by q = q/2n, where q i s  t h e  main wave number o f  t h e  s p a t  i a1 1 y 

modulated magnet i za t ion  s t r u c t u r e  (see s e c t i o n  V o f  Huse e t  ~ 2 . ~ 1 .  F i g s .  

4 and 5 show t h e  (T,H) phase diagrams corresponding t o  t h e  c ross  s e c t i o n s  

o f  t h e  g l o b a l  phase diagram f o r  K = 0.393 and K = 0.75, respec t i ve ly .No-  

t i c e  t h a t  t h e  phases 6 = O and 1/6, f o r  which Keff > 0, cannot  s u r v  i v e  

i n  presence o f  a f i e l d .  

Huse et a t 7  have shown t h a t  the  p r i n c i p a l  wave numbers a r e g i v e n  

by 

and 

where L i s  any i n t e g e r .  Therefore,  f o r  a g i v e n  n, o n l  y t h e  m o d u l  a t e d  

phases wi  t h  t h e  p r i n c i p a l  wave number o f  t h e  form = (2k+ l ) /2 (n+ l )  , L = 

= 0,1, . . . . , C(n-1)/4], w i l l  s u r v i v e  i n  presence o f  a f i e l d .  W i t h  t h e  ex- 

c e p t i o n  o f  t h e  1/4 phase, these modulated phases d i s p l a y  a b u b b l e - l i k e  

shape i n  t h e  (T,K,H) space, and i n  t h e  (T,H) p lane  t h e  phase boundar ies 
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F i g . 3  - Zero f i e l d  phase diagrarn o f  
t h e  two dirnensional rnockANNNI rnodel 
fo r  J o  = J ,  and n =  5. 

L 0 . 3 5  \ F] 
~ i g . 4  - T vs H phase diagrarn o f  t h e  two- 

% dirnensional rnock ANNNI model f o r  n = 5 , 
Y J,, = J 1  and K = 0.393. 

I 0.32 
0.0 0.1 0.2 0.3 

- H/J, -+ 

I 
5 0.5r\ 1 F i g . 5  two-d irnens - T vs i o n a l  H phase mock ANNN diagram I rnodel o f  f o r  the  
+m n = 5, J ,  = J 1  and K =  0 .75 .  
Y 

I .I 

0.1 a5 
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show a r e e n t r a n t  c h a r a c t e r .  These r e s u l t s  a r e  remin iscen t  of the  f i e l d  

behavior  o f  t h e  ANNNI model s t u d i e d  i n  t h e  rnean-f i e l d  approx imat ion 9.  

4. ISOTROPICALLY DECORATED BRAVAIS LATTICES 

I n  t h i s  s e c t i o n  we ana lyse  t h e  behavior  o f  some B r a v a  i s l a t -  

t i c e s  where a l l  t h e  bonds a r e  decorated accord ing t o  t h e  scheme o f  f i g .  

1 .  The c r i t i c a 1  l i n e  i n  t h e  ( T , K )  p lane  i s  then  g i v e n  by 

where Te i s  the  c r i t i c a l  ternperature o f  t h e  o r i g i n a l  (non- d e c o r a t e d )  

model. The va lues o f  w, f o r  some r e p r e s e n t a t i v e  Bravais  I a  t t  i c e s  a r e  

g iven1° i n  t a b l e  1. The a n t i f e r r o m a g n e t i c  t r i a n g u l a r  and f c c  l a t t i c e s  

a r e  f r u s t r a t e d .  Therefore,  these cases wi 1 1  be discussed separa te l  y  a  t 

t h e  end of t h i s  s e c t i o n .  F i g s .  6 and 7 show t h e  phase diagrams o f  t h e  

model on a sc l a t t i c e  f o r  n = 5 and n = 6. We can argue t h a t  these two 

Tab le  1-Values o f  w, f o r  some Brava is  l a t t i c e s .  

lattice 

honeycomb 

square 

diamond 

SC 

bcc 

triangular 

fcc 
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PARA 

Fig.6 - Phase diagram o f  t h e  
isotropically decorated sc lat- 
tice for n=5. No bubbles exist. 

Fig.7 - Phase diagram of the 
isotropical ly decorated sc lat- 
tice for n=6. Only one bubble 
exists. 
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cases e s s e n t i a l l y  exhaust t h e  t o p o l o g i c a l l y  d i s t i n c t  phasediagrams t h a t  

a r e  p o s s i b l e  f o r  any Brava is  l a t t i c e s  and a r b i t r a r y  n. To t h i s  end we 

examine what happens i n  t h e  v i c i n i t y  o f  t h e  p o i n t  T=O, &=O, where a l l  

t h e  c r i t i c a l  l ines  apparen t l y  converge. More p r e c i s e l y ,  we a p p r o a c h  

t h i s  p o i n t  w i t h  K 1 6  h e l d  f i x e d .  L e t  us d e f i n e  

Then, i n  t h i s  1 im i t, we have 

and i t i s  p o s s i b l e  t o  compute eq. (15) as a  f u n c t i o n  o f  t h e  parameter a. 

F i g s .  8 and 9 show tanh K as a  f u n c t i o n  o f  a f o r  v a r i o u s  va lues o f  
ef f 

n. I t  i s  i n t e r e s t i n g  t o  observe t h a t  a l l  cu rves  meet a t  the  p o i n t K e f f O  

and a=2. Th is  i m p l i e s  t h a t  t h e  fer romagnet ic  phase boundary i s  t h e  same 

regard less  o f  the  number o f  d e c o r a t i n g  sp ins .  Obvious ly ,  the  c o n d i t i o n  

f o r  c r i t i c a t y  i s  met o n l y  a t  t h e  p o i n t s  where t h e  curves i n t e r s e c t  t h e  

h o r i z o n t a l  l i n e s  +wc. The f o l l o w i n g  conc lus ions  then f o l l o w  f o r  t h e  sc 

and bcc l a t t i c e s .  For odd o r  even va lues o f  n t h e  phase d  i a g r a m s  a r e  

t o p o l o g i c a l l y  e q u i v a l e n t  t o  those shown i n  f i g .  6 and 7, r e s p e c t i v e l y .  

For  the  diamond, square and honeycomb l a t t i c e s ,  on  t h e  o t h e r  hand, we 

conclude t h e  f o l l o w i n g .  For odd n ,  t h e  phase diagrams a r e  t o p o l o g i c a l l y  

t h e  same as i n  f i g .  6. For  even n ,  t h e  phase d  iagrams a r e  t h e  same as i n  

f i g .  7 w i t h  t h e  absence o f  bubbles. For t h e  fe r romagnet i c  t r i a n g u l a r a n d  

f c c  l a t t i c e s  t h e  va lues  o f  w a r e  g i v e n  i n  t a b l e  1 .  I n  t h e a n t i f e r r o m a g -  
C 

n e t i c  case t h e r e  i s  no phase t r a n s i t i o n  due t o  the  f r u s t r a t i o n  e f f e c t s ,  

and we have w = +I. Therefore,  f o r  n = 4R+3 and 4R+4 t h e  phasediagrams 
C 

a r e  t o p o l o g i c a l l y  i d e n t i c a l  t o  those o f  f i g s .  6 and 7, w h e r e a s  f o r  

= 4R+1 and 4R+2, where R  = O , \ ,  ..., no modulated phase i s  p o s s i b l e .  

What i s  t h e  s t r u c t u r e  o f  t h e  ordered phases? I n  t h e  case o f  two 

s u b l a t t i c e  systems, the  r e s u l  t s  o f  eq. (25) o f  Huse e t  a17 can s t i  I 1  be 

used t o  l a b e l  t h e  d i f f e r e n t  o rdered  phases, a1 though q cannot  have the  

s t r a i g h t f o r w a r d  meaning o f  a wave number s i n c e  t h e r e  i s  no p r e f e r r e d  

d i r e c t i o n  o f  modulat ion.  Rather, ;= 1 / A  i s  the  i n v e r s e  o f  t h e  wave 

number as one progresses f rom one nodal s p i n  t o  another  i n  any d i r e c -  

t ion.  
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~ i ~ . 8  - Graphs o f  tahn Xeff ver-  

sus a = e 
-26K1 i n  the l i m i t  6 ,  

P 0 ,  f o r  even values o f  n. 

I 
.c 

Fig.9 - Graphs o f  tanh Xeff ver- 
-4- 
a> 

Y sus a = e -26K1, i n  the l i m i t o ,  
, QOO 

C P O ,  f o r  odd values o f  n. 
O 

4- 

1 -0.20 

-Q40 I I I I 
0.00 1.00 2.00 3.00 4.00 5.00 
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5. DECORATED CAYLEY TREES 

I n  t h i s  sec t ion  we examine Cayley t rees  where a11 the bonds a re  

decorated according t o  the scheme shown í n  f ig .1 .  The c r í t i c a 1  tempera- 

t u re  o f  the Cayley t ree  associated w i t h  the spontaneousorder ingof  the 

innermost region i s  g iven byl' 

where z i s  the coord inat ion  number. The obvious but  i n t e r e s t i n g  f a c t  i s  

t ha t  the  c r i t i c a 1  temperature can be made' a r b i t r a r i l y  I a rge  simply by 

increasing the coord i nat ion  number. Eqs. (29) and (261, together wi t h  

the graphs i n  f i g s .  8 and 9, show tha t  the increase i n  thecoord inat ion  

number tends t o  s t a b i l i z e  a l a rge r  number o f  modulated phases. Forpar -  

t i c u l a r  values o f  n we can f i n d  numerical ly  the minimum c o o r d i n a t  i o n  

number z (4) f o r  the occurrence o f  the  modulated phase q.  For example, n 
we have z , ( i )  = 24, z, ($)  = 21 and z,(&) = 283. I t  i s  c l ea r  t ha t  a 

q u i t e  h igh  coord inat ion  number i s  necessary t o  produce a phase diagram 

wi t h  many bubbles. 

I n  the case o f  the two-dimensional rnock ANNNI model, on l y  the 

modulated phases w i t h  p r i n c i p a l  wave numbers o f  the form = ( 2 %  + I ) /  

/ 2 ( n +  I ) ,  II = 0,1, ...,C( n-1)/4], surv ive  i n  the presence o f  a f i e l d .  

These phases e x h i b i t  cha rac te r i s t i ca l  l y  bubble 1 i k e  forms i n  the (T ,K ,H)  

space. I n  the case o f  i so t rop i ca l  l y decorated Bravais l a t t i c e s ,  on ly  a 

few modulated s t ruc tures  are  s tab le  even f o r  a l a rge r  numbernof decor- 

a t i n g  spins. F i n a l l y ,  i n  the case o f  the decorated Cayley trees, the 

nurnber o f  s tab le  modulated s t ruc tu res  i s  a f unc t i on  o f  thecoord inat ion  

number z .  Larger values o f  z tend t o  s t a b i l i z e  a l a rge r  number o f  d i f -  

f e ren t  modulated s t ruc tures .  
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Resumo 

Calculamos os diagramas de fases de diversas redes de I -s ing de- 
coradas. As interações compet i t ivas en t re  os spins de d e c o r a ç ã o  podem 
induz i r  d i f e ren tes  t i pos  de ordenamentos modulados. Em p a r t i c u l a r ,  con- 
sideramos o e f e i t o  de um campo sobre o diagrama de fases do modelo f a l -  
so-ANNNI bidimens ional  , em que apenas são decoradas as l igações horizon- 
t a i s  da rede quadrada o r i g i n a l .  Estudamos logo em seguida diversas re-  
des de Bravais e árvores de Cayley com todas as l igações igualmente de- 
coradas. As redes de Bravais possuem poucas es t ru turas  moduladas está- 
ve is .  Por ou t ro  lado, as árvores de Cayley possuem um grande número de 
fases moduladas, que aumenta com a coordenação da rede. 


