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Abstract T h i s  work i s  i n  c o n t i n u a t i o n  o f  our  p rev ious  papers [ ~ a l  I a  and 
Al-Saqabi:  t h i s  j o u r n a l ,  V o l .  16, pp.145-156, 1986; K a l l a :  Mathematical 
S t r u c t u r e s ,  Computat ional Mathematics - Math. Mode l l i ng  2, So f ia ,  1984, 
p.216-2~9].  By u s i n g  t h e  d i  f f e r e n c i n g  technique, we express general i zed  
e l l i p t i c - t y p e  i n t e g r a l s  i n  terms o f  c o n f l u e n t  hypergeometr ic f u n c t i o n s .  
The method o f  s teepest  descent i s  employed t o  o b t a i n  r e l a t i o n s  between 
KV(k,m), sU(k,v) and incornplete gamma f u n c t i o n s .  We t a b u l a t e  these e l -  
1 t p t i c - t y p e  i n t e g r a l s  by u s i n g  s u i t a b l e  formulae. Some known r e s u  l t s  
f o l l o w  as p a r t i c u l a r  cases o f  ou r  formulae e s t a b l i s h e d  here. 

I n  a recen t  paperl, the  au thors  have s tud ied  a fami l y  o f  i n t e -  

g r a l  s  

where O $ k < 1, ~ e ( u )  > - and m i s  a  non-negat ive i n t e g e r .  For m = O 

and = j ,  a p o s i t i v e  i n t e g e r  

where 

O < k < 1, a  fami 1 y  o f  i n t e g r a l  s  considered by Eps te in  and Hubbel 12.such 

i n t e g r a l s  a r e  found i n  t h e  a p p l i c a t i o n  o f  t h e  Legendre polynomia l  expan- 

s i o n  method3 t o  c e r t a i n  problems i n v o l v i n g  computat ion o f  the  r a d i a t i o n  
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field off-axis from a uniform circular disc radiating according to an 

arbitrary distribution law. 

Kal la4 and .Kal Ia, Conde and Hubbel l have def ined and studied 

certain class of generalized elliptic-type integrals. The former are 

def i ned as 

and 

where K(X) and E(X) are the complete ell iptic 

second kind respectively [6, p.295; 7, p.587]. 
In the previous paper, we obtained a 

for small vatues of k, and established its rel 

pergeometric function. Asymptotic expansions, 

integrals of tlie first and 

series expansion of K (k,m) 
Fi 

ationship with Gauss' hy- 

valid in theneighbourhood 

of k
2
=1 and some recurrence relations were given. 

1.n this work, we continue our study of the family of integrals 

eq.(l) andeq.(4). Aswill alsoappear in the following sections, the 

families of integrals K (kp) and S (k,v) are related to an interesting 
Fi !J 

class of transcendental functions. By an appeal to the di ff erenci ng 

technique, developed for improvi ng the convergence of seri es8, we es- 

tablish their relation with the confluent hypergeometric functions 7 ' 9  ' 
1 0 1 1 1  , The method of steepest descent is used to obtain relations with 
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incornplete gamma f u n c t i ~ n s " ~  , Some p a r t i c u l a r  casesarementioned. 

A nurnber o f  r e s u l t s  ob ta ined  e a r l i e r  by Eps te in  and Hubbel12 f o l  l o w  as 

spec ia l  cases o f  o u r  forrnulae. We t a b u l a t e  S ( k , ~ )  by us ing  i t s  s e r i e s  u 
expansion. We al.so compute K ( k , m )  us 

P 
our  p rev ious  paper. 

I t  i s  i n t e r e s t i n g  t o  observe 

here and i n  our  p rev ious  paper f o r  K 
1i 

t o  a r b i t r a r y  va lues  o f  m. 

ng two formulae, e s t a b l i s h e d  i n  

t h a t  many formulae e s t a b l  i s h e d  

k ,m)  (m; i n teger )  , can be extended 

2. THE DIFFERENCING TECHNIQUE 

The behaviour  o f  s e r i e s  expansions can be improved by us ing  a 

technique developed e a r l  i e r  by Eps te in  and ~ r e n c h '  f o r  improv ing the wn- 

vergence o f  s e r i e s .  The technique i s  t o  express t h e  g iven  i n t e g r a l  i n t h e  

f o l  l ow ing  form 

where p ( 8 )  i s  an i n t e g r a b l e  f u n c t i o n  o v e r  the  i n t e r v a l  a h B S b ,  and 

i s  a su i  t a b l e  approx i rnat ion t o  f (0 ) .  

I n  o u r  case, 

= ( I  -k2 
COS , A = + + 

h ( k 2 c o s 8 )  A (X + 3) ( k 2  cos 0) 
= e  + 2 (k2cos 6 ) '  e 

Hence a good approx imat ion  f o r  f (0)  can be 
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and consequen t l y , 

Using the t ransformat ion cos e = 1-2w and a  binomial expansion, we ob- 

t a i n  a f t e r  some s imp l i f i ca t i on ,  

by an appeal t o  the i n teg ra l  representat ion f o r  the c o n f  l u e n t  hyper- 
9 , 1 0 , 1 1  geometric f unc t i on  
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Now, l e t ' s  consider 

= Il - I2 - I 3  , say . 

Further ,  

a  r e s u l t  given e a r l i e r  by K a l l a  and Al-Saqabil . 

we get  

S i m i l a r l y ,  we have 

Hence 
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Thus 

where R(m,k,p) and ~(rn,k,p) are given by eq.(15) and eq. 122) r e s p e c -  

t i v e l y ,  

Pa r t i cu la r  Case: For m=O, eq. (15) reduces t o  

where I, and Il are the modi f ied Bessel funct ions o f  the f i r s t  k i nd lO ' " ,  

To ob ta in  eq. (24) from eq. (15), we have used the fo l lowing r e s u ~ t s ' ~  
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(Y-a-l)O + a@(u+l) - ( Y - I ) @ ( Y - I )  

Fur ther ,  we observe f rom eq.(22) ,  t h a t  m=O, V =  j ,  an i n t e g e r ,  leads 

S. (24) and . (27) a r  

Hubbel 12 .  

e i n  agreement w i t h  t h e  r e s u l t s  o f  E p s t e i n  and 

3. KCc(k, m) IN TERMS OF INCOMPLETE GAMMA FUNCTIONS 

L e t  

hence 

Expanding ~ ( 9 )  i n  M a c l a u r i n  s e r i e s ,  we observe t h a t  a11 t h e  odd d e r i -  

vat?ves o f  ~ ( 9 )  van ish  a t  t h e  o r i g i n  'and we can w r i t e  

then 
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Let  

then 

If  we w r i t e  t = hB/r and i e t  

X 

then 

I A  - (u+ã)  2m n t  - t 2  
K (k,m) = a ( ~ ) - '  (1-k2)  cor (*I e u 
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Using the result 

m " -2m ' I (Er) cos 2rA cos A. = 2 (,) + 2 
r=l 

we can wr i te 

" A m c0 
2 n  2j - 2-2m (2) I t2p e-t2 dt + 21-2m 1 (2m ) 1 (T) ((2j)!j1. 

m-r 
o r j=O 

1 
v(p+j +7 

where y(a,A) are the incomplete gamma functions, defined as 

r -t a-l 
y(a,A) = e t dt, ~e(a) > O .  (37) 

. O 

Thi s process i s a1 so known as the method'of steepest descent. Another 

a1 ternative form to deal with L (1) is to obtain a suitable recur- 
(p ,m) 

rence formula. For example, integrating eq. (33) by parts we obtain 

For rn = 0, eq. (38) reduces to a known resu 

L 1 
(p+l ,o) 

(A)  = 2 

It: 
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Further,  we note tha t  

A 
fi 

L ( o D 0 )  ( h )  = 
e-t2 dt = T E r f  .X 

o 

where E r f . 1  i s  the ekror  func t ion ,  def ined as [7, p.29fl 

X 
E r f  ,h = - 

An a1 te rna t i ve  recurrence r e l a t i o n  f o r  L (A)  can be derived 
b,m) 

i n  the fo l l ow ing  form: 

For m = 0, eq. (42) reduces t o  

4. SOME RESULTS FOR Sp (k,d 

I .  The d i f f e renc ing  technique f o r  S ( k , ~ )  u 

We sha l l  use the d i f f e renc ing  technique mentioned i n  sec t ion  2 

for  the func t ion  f ( 8 )  given, f o r  t h i s  case, by 

where p(8) i s g iven by 
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Using the  t r a n s f o i m a t i o n  cos e = 1-2w and b inomia l  expansion, we o b t a i n  

a f t e r  s i m p l i f i c a t i o n  

o 

Bu u s i n g  eq. (16) we have 

Now cons ' d e r  



Revista Brasileira de Flsica, Vol. 18, n? 1, 1988 

71 

1 1  
(p +$) (k2cos 8) - ( + k 4  sinZV0 cos28 e d0 . 

e 

Let 

o 
where 

A resul t given by ~ a l  la4. 

71 
2') (,,+*).)k2cos e) 

M = sin 0 e de 

since 

r [?I r [q] 
rsin2' C O S ~ B W  = for r even 

o r + 1 ]  

= O for r odd 

Then 

Similar1 y we have . 
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Then, we have 

There fo re  

P a r t i c u l a r  cases: 

For v = O eq. (48) reduces t o  
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We n o t i c e  t h a t  eq. (54) i s  equal t o  eq. (24) and ob ta ined  i n  a s i m i l a r  

way. For  V = O and = j, an i n t e g e r ,  eq.(52) reduces t o  

t h e r e f o r e  eq. (55) becomes 

We n o t i c e  t h a t  eq.(56) i s  equal t o  eq.(27). wh ich  i s  g i v e n  by Eps te in  

and Hubbel12. 
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I I .  S (k,v) i n  terms o f  the Incornplete Gamma Function 
P 

Let  

where 

Expanding F ( 0 )  i n  Maclaurin series,  we observe that  the derivat ives of 

Now 
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Let 

t hen 

( o )  
6 

-- (;I L ( 3 , v ) ( X )  ...I 
6! 

f o r  v i s  an integer ,  and using 

we have 

Pa r t i cu la r  cases: 



Revista Brasileira de Ffsica, Vol. 18, nO 1, 1988 

F ( ~ )  (O), F ( ~ )  (0) and F(~) (0) given above are 

and 

5. COMPUTATIONS 

In table 1, we have computed the series expansions of $(k,m) 

which are given by eq.(ll) and eq.(12) of ref.1, these equations are 

In fact, eq. (68) and eq.(69) were tabulated in table 1 of ref.1, but we 

have computed it again due to a small error in the computations of some 

values of K (k,m). The numerical integration of eq.(l), by using the 
V 

trapezoidal rule, is represented by K I .  

In table 2, we have computed the series expansion of sU(k,v) 

which is given by eq.(4) of ref.4: 

Equat ion (4) of ref .4 shoul d be corrected to eq. (D), because 
1 

the factor F(v + if12 was typed instead of r ( v  + 
The approximate asymptotic formula of K (k,m) in the neighbour- 

hood of k-l i s  obtained in simpler form and is given by 
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Table 1 - Values o f  K (k,m) be s e r i e s  ex- 
pansion eqr .  (681, ( 6 4  and numer ica l  i n t e -  
g r a t i o n  o f  eq. ( 1 )  denoted by ( K I ) .  

where A' = 2k2/1 -k2. 

T h i s  formula i s  much b e t t e r  than t h a t  one g iven  by eq.(24) o f  

r e f  . 1 , see t a b l e  3 o f  r e f  . 1 . 
I n  t a b l e  3, eq. (71) i s  computed and i s  represented by K 3 .  

We have a l s o  computed the  asympto t i c  formula f o r  ~ ( k , m )  i n  t h e  

neighbourhood o f  k  = 1 which i s  g iven  by eq.(31) o f  re f .1 ,  
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T h i s  formula i s  v a l i d  f o r  v ( p o s i t i v e  i n t e g e r )  = - r. r 

I n  tabLe 4 have computed eq. (72) which i s  represented by K4. I t  

i s  compared w i t h  K3 and K I  .. 

Table 4 - Tabu la t ion  o f  K,,(k,m) by us ing  eq. (72) denoted 
by K4, compared w i t h  K3 and ( ~ 1 ) .  

Resu l t s  were computed on  a VAX/VMS e l e c t r o n i c  computing machine. 

T h i s  work i s  supported by Kuwait U n i v e r s i t y  through a research 

g r a n t  No. SDM 119. 
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Resumo 

Este t r a b a l h o  é uma cont inuação de nossos a r t i g o s  a n t e r i o r e s  
E a i i a e  AI-Saqabi: Rev.Bras.Fis.16, pp.145-156; K a l l a :  M a t h e m a t  i c a l  
S t r u c t u r e s ,  Computat ional Mathematics - Math.Model1 i n g  2, So f ia ,  1984, 
pp. 21 6-2197. Usando a t é c n i c a  de d i  ferenciamento, expressamos i n te -  
g r a i  s de t i p o  e1 i p t  i c o  general izadas em termos de funções h i  pergeorné- 
t r i c a s  con f luen tes .  O método de ponto de se la  6 empregado para o b t e r  
re lações  e n t r e  Kv(k,m), ~ ~ ( k , v )  e funções gama incompletas. Estas i n-  
t e g r a i s  do t i p o  e l i p t i c o  sao tabuladas,  atrav6.s do uso de fórmulas 
apropr iadas.  Alguns resu l tados  conhecidos seguem como casos p a r t i c u l a -  
r e s  das fórmulas aqui  es tabe lec idas .  


