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Abrtract An elementary, e x a c t l y  so lvab le ,  quantum rnechan i c a l  model i n  
which space and s p i n  coord ina tes  a r e  c o r r e l a t e d  i s  f u l l y  developed. I t  
c l e a r l y  i l l u s t r a t e s  aspects  which a r e  seldom t r e a t e d  i n  e l e m e n t a r  y 
courses. Furthermore, i t  p rov ides  s imple examples f o r  t h e  c o n c e p t s  o f  
bonding, an t ibod ing ,  Franck-Condon e f f e c t  and e f f e c t i v e  s p i n - s p i n  i n -  
t e r a c t i o n .  

1. INTRODUCTION 

The examples d iscussed i n  b a s i c  courses on Q u a n t u m  M e c h a n i c s  

seldom deal  w i t h  cases i n  which s p i n  and spare coord ina tes  a r e  c o r r e-  

l a t e d .  Here we present  an e x a c t l y  s o l v a b l e  model which d i  s p l a y s  t h i  s  

c h a r a c t e r i s t i c  and a l s o  o t h e r  i n t e r e s t i n g  f e a t u r e s  which make i t  appro- 

p r i a t e  t o  i l l u s t r a t e  some common concepts such as bonding,Franck-Condon 

e f f e c t  and e f f e c t i v e  sp in- sp in  i n t e r a c t i o n  through e l e c t r o n s .  

2. MODEL 

L e t  us cons ider  an e l e c t r o n  coupled through l o c a l  i s o t r o p i c  ex- 

change i n t e r a c t i o n  t o  two f r e e  sp ins  a t  s i t e s  a and -a, f i . .  The 

model i s  one-dimensional i n  t h e  e l e c t r o n  space coord ina te .  The sp ins,  

however, w i l l  be t h r e e  dimensional v e c t o r s  w i t h  t h e  z - d i r e c t i o n  t a k e n  

as q u a n t i z a t i o n  a x i s .  The Hami l ton ian  i s  

The f i r s t  term represen ts  t h e  k i n e t i c  energy o f  t h e  e l e c t r o n  w i t h  mass 

m * . J i s  t h e  c o u p l i n g  cons tan t  o f  the  exchange i n t e r a c t i o n  between t h e  
-f -h -+ 

s p i n  s o f  the e l e c t r o n  and t h e  l o c a l i z e d  sp ins  SI and S2 a t  -a and a, 

r e s p e c t i v e l y .  6 (x) i s  D i r a c ' s  d e l t a  func t io r f .  

An e l e c t r o n  i n  an a t t r a c t i v e  6 - l i k e  p o t e n t i a l  i n  one dimension 
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Fig.1 - Model po ten t i a l .  The e l e c t r  n i n te rac t s  through a 
loca l  exchange coupl i n g  w i  t h  spins 8 1  and 3 2  a t  -a and a. 

has o n l y  one bound s ta te  which, i n  the absence o f  m a g n e t i c  in terac-  

t ions ,  i s  doubly degenerate i n  the spin coordinate. We w i l l  l i m i t  our-  

selves t o  consider on l y  t h e  bound s ta tes  o f  H. We are  t h u s  i n  p r i n -  

c i p l e  confronted wi t h  a system o f  2 ~ 2 ~ [ ( 2 ~ , + 1 ) + ( 2 ~ ~ + 1 ) ]  s t a t e s .  One 

fac to r  o f  2 stands f o r  the spa t i a l  bound s t a t e s  o f  the gpo ten t i a l s ,  

another f a c t o r  o f  2 stands f o r  the e lec t ron  sp in  states,  and the l oca l -  

ized spin i has 2Si+1 spin states.  For s i m p l i c i t y  we wi11 wns ider  spins 

o f  the same magnitude: Si=Sn=S. We develop the so lu t i on  o f  the problem 

as f a r  as we can wi thout  spec i fy ing  S; however, l a t e r  o n , t o g e t  manage- 

ab le  c losed resu l t s ,  we deal i n  d e t a i l  on l y  w i t h  the case S=1/2. 

3. SOLUTION OF SCHRODINGEUS EQUATION 

We note t h a t  H i s  i hva r i an t  under a transformationQ.which chan- 

ges x i n t o  - x a n d  simultaneously interchanges the spin s u b i n d i c e s  1 

and 2. Thus, H commutes w i t h  Q: 

[H,&] = O . 
Since ~ ~ = 1 ,  the eigenvalues o f  Q are q = 21. This a l lows us t o  c l a s s i f y  

the eigenfunct ions o f  H as even (q=l)  o r  odd ( q = - l )  .' F u r t h e r m o r e ,  
+ -F 

since i n te rac t i ons  o f  the form s.S,. conserve the 2-component o f  the to-  
w 

Z 
t a l  spin, H commutes a l so  w i t h  the z-component 6 o f  t h e  t o t a l  sp in  
+ + +  + 
6 = S + SI + S2: 

[~ ,6~]  = O  . ( 3  
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Therefore, the eigenfunct ions o f  H must a l so  be eigenf u n c t  i o n s  o f  6' 

Z 
and vie w i l l  labe l  them w i t h  the eigenvalues o f  6 . Accordingly, we prs-  

pose wavefunctions o f  the form 

where 

and 

Here a  and 0 are  the up and down e lec t ron  states,  respect ive l  y, ( f i= l )  

z 1 1 s o = T a  , s Z ~ = - + 3  (7) 

are  the eipenstates o f  21: 

l n  the sums, rn runs over the values -S, -S+1,..., S, w i t h  the  cond i t i on  

t h a t  the sp in  states e x i s t ,  namely, IM-rnlás o r  IM+I-~~<s, whichever ap- 

p l i e s .  We can v e r i f y  t ha t  

and 

TO demonstrate eq. ( 9 )  we use the r e i a t i o n s  
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which f o l l o w  

lows f rom t h e  

&Vrn = UM-,,, 
(11) 

QVm = 'M+ I -m 

f rom the  d e f i n i t i o n  o f  Q and eqs.(5) and (6).  . E ~ . ( ~ O )  f o l -  

r e l a t  ions 

szum = (M+1/2) Um 
(12) 

h z m  = ( ~ + 1 / 2 )  Vrn 

which a r e  a  consequence o f  eqs. (7) and (8) .  For k pos i  t i v e ,  $ (x) has 
M,q 

the boundary c o n d i t i o n s  a p p r o p r i a t e  t o  a  bound s t a t e  o f  energy 

E = - h2k2/2m* ( 1 3 )  

The ansatz (4) con ta ins ,  bes ides t h e  energy, 4 x ( 2 ~ + 1 )  cons tan ts  t o  be 

determined. The c o n t i n u i t y  o f  

- 
m - 

B = rn 

The s o l u t i o n  o f  Schrod inger ' s  

q u i  r e s  t h a t 2  

Ji (x)  a t  x=a r e q u i r e s  t h a t  
M,q 

equa t ion  a t  t h e  s i n g u l a r  p o i n t  x = a r e -  

where ( & / h ) + ( - )  stands f o r  t h e  1  i m i t  o f  t h e  d e r i v a t i v e  f rom t h e  r i g h t  

( l e f t ) .  That  i s ,  

- +  Z Z  1 + -  - +  
where K = 2 m * ~ / A ~ .  To d e r i v e  eq. (16) we w r i  t e  ~ . s 2 =  s S2+ 2 [ ~  SI + s ~ 2 1 ,  
where s'= sx~<sY and S: = ,$ii~$ a r e  the  r a i s i n g  and lower ing  oper-  

a t o r s ,  and we use the  r e s u l t  
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1 / 2  3 where f(m) = [(~m)(~+m+l)] , Eqs.(l4) and (16) are a system of 

4x(2~+1) homgeneous equations. The roots of i ts secular determinant 

yield the energy eigenvalues E. 

Eqs. (14) yield 2 k a  

'm = I -e4ka 

which replaced in eq.(16) give 

This system of equations cannot be further reduced because coefficients 

.with different subindices m are coupled together. 

4. RESULTS FOR S=1/2 

In the fol lowing we restric't ourselves to the case S=1/2. For 

conveniente, we introduce the dimensionless variables 

t = & and d = 2m*~a/h' , 

and use the subindices + and - for +1/2 and -1/2. 
i )  Case * I  

For M=l , eqs. (19) reduce to 
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The secular equation can be .wr i t t en  i n  the form 

Only the roots  f o r  which d/t > O ( t ha t  i s ,  k >  O) are  physical .  For d > O 

(J > O) ,  eq. (22) has no posi t i v e  rmt. For d <  O (J< O), there are neg- 

a t i v e  roots;  t ha t  f o r  q = 1 corresponds t o  the ground s ta te  E, (bonding) 

and tha t  f o r  q = -1  t o  the exc i ted  s ta te  E, (antibonding). Fig.2 shows 

E, and E, as a  f unc t i on  o f  d, which i s  a  measure o f  the separation o f  

the 6 - l i k e  po ten t i a l s  (daa). The e n e r g y  E i s  g i v e n  i n  u n i t s  o f  

~ ~ r n * x l  O'*/ (2h2) .4 

d 

Fig.2 - Energy l eve l s  E as a  func- 
t i o n  o f  the distance between t h e  
local  ized spins d, f o r  J<O. The co- 
e f f i c i e n t  w (which i s  a measure o f  
the s i n g l e t  amplitude o f  the l oca l -  
izes spins) i s  shown on a  d i f f e r e n t  
scale ( t o  the r i g h t ) .  Level s  3 and 
6 belong t o  pure spin s ta tes  (6=3/2, 
6'). 

From eqs. (18), (19) and (21) 

and the wavefunction takes the forrn 



Revista Brasileira de Física, Vol. 18, n? 1, 1988 

-kx+ 
$1 ,q (2) = A+13/2,3/5 f o r  l x / < a  

f o r  *-a 

Here 13/2,3/2> r a 1  1/2>1 1 I /2>2 and A+ becomes a normal i z a t i o n  cons tan t .  

The va lues o f  k can be ob ta ined  f rom curves 3 and 6 o f  f i g . 2  us ing  

k = ~ / ( 2 t )  f o r  q  = 1 and q = - 1 ,  r e s p e c t i v e l y .  

i i) Case M=O. 

For M=O, eqs. (16: reduce t o  

2ka 
( T s i n h  2ka - o  )A+ + qA- - t  s i n h  ( 2 k a ) ~ +  = O 

q A +  - (i s i n h  2ka + e21<O)~- = O 

-t sinh(2ka)A+ + (q  - eZka +'; s i n h  2ka)B+ = 0 

B - = O .  

The secu la r  equa t ion  can be w r i t t e n  i n  the  forrn 

and R i  has been d e f  ined i n  eq. (22). The energy e igenvalues coming f rom 

the  r o o t s  o f  Ri were a l r e a d y  d iscussed i n  { i ) .  For those r o o t s ,  eqs. (25) 

y i e l d  

A+ = A _  = B+ ( f o r  RI = 0) (28) 

as i t  i s  e a s i l y  seen by d i r e c t  s u b s t i t u t i o n .  From eqs. (18) and ( 1 9 )  we 

o b t a  i n 
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and r e p l a c i n g  i n  eq. (4) we ge t  a  wavefunct ion which i s  l i k e  t h a t  given by 

eq. (24) wi  t h  t h e  s p i n  s t a t e  13/2,3/2> replaced by 

I n  f a c t ,  t h e  energy branches 3 and 6 i n  f i g .  2 a r e  f o u r - f o l d  degenerate, 
z 

corresponding t o  t h e  f o u r  s p i n  s t a t e s  13/2,b2> w i t h  d = 3/2, 1/2,-1/2, 

-3/2, which must have the  same energy i n  v i r t u e  o f  the  i s o t r o p y  o f  t h e  

s p i n  i n t e r a c t i o n s .  

We now cons ider  t h e  e igenvalues and e igen func t ions  produced by 

t h e  r o o t s  o f  R2': 

R2 = O (31) 

For J<O, eq. (31) has one p o s i t i v e  r o o t  ( i n  terms o f  t) f o r  each v a l w  o f  

q. The corresponding energ ies a r e  p l o t t e d  i n  f i g .  2  (curve 4 f o r  q = - 1  

and curve  5 f o r  q = 1) .  For  J > O ,  eq.(31) has one n e g a t i v e  r o o t  f o r e a c h  

va lue  o f  q; t h e  corresponding energ ies  a r e  p l o t t e d  i n  f i g .  3  (curves 1 

' - 4  Fig.3 - Energy l e v e l s  E as a func-  
J > o  t i o n  o f  t h e  d i s t a n c e  b e t w e e n  t h e  

l o c a l i z e d  sp ins  d, f o r  J>O. The co- -- e f f i c i e n t  w (which i s  a rneasure o f  
-W the  s i n g l e t  amp l i tude  o f  the  l o c a l -  

i zed  sp ins)  i s  shown on a d i f f e r e n t  

. .2  sca le  ( t o  t h e  r i g h t ) .  Note t h a t  here 
w i s  nega t i ve .  

.-I 
i/& 

O 
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and 2 f o r  q =  1 and - 1,  respect ive ly ) .  Eqs. (25) now y i e l d  

A+ + A- + E+ = O f o r  R, = O , 

and f rom eqs. (18), (19) and (32) 

At thi-s po in t  i t  i s  convenient t o  int roduce the no ta t i on  used in  

the algebra o f  coupl ing  an.gular momenta5. With the l oca l  ized spin states 

we can construct  the fo l l ow ing  t r i p l e t  states 

and a l s o  the s i n g l e t  s ta te  

And by coupl ing the e lec t ron  spin t o  the above t r i p l e t  states 

a l so  construct  the states 

(35) 

we can 

I n  the kets, the f i r s t  number denotes the t o t a l  spin and the secondone 

i t s  z-component. Using eqs. (32-36) and a f t e r  a b i  t o f  algebra, eq. (4) 

y i e lds  
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$0 ,, = 4 7 2  ~ + ~ { / l / 2 , 1 / 2 >  - wal0,0>3e f o r  z < - a  

where 

and ka=d/ (Z t ) .  B becomes a normal izat ion constant. For Ix ]>a,  w i s  the + 
r a t i o  o f  the amplitudes o f  the s i n g l e t  and t r i p l e t  components o f  the 

l oca l i zed  spins i n  the wave funct ion.  The valuesof w are  p lo ted i n  f igs .  

2 and 3 (dot ted 1 ioes labeled i n  correspondence t o  the energy branches, 

scale t o  the r i g h t ) .  

5. DISCUSSION 

i )  Energy Spectrum 

For 4=3/2 (and any 6'1, the onl  y p o s s i b i l  i t y  i s  the p a r a l l e l  

coupl ing o f  the three spins. Thus, f o r  DO there i s  a repu ls ive  fo rce  

between the e lec t ron  and the l oca l i zed  spins and bound s ta tes  cannot 

e x i s t .  On the o ther  hand, f o r  J<O, the i n t e r a c t i o n  i s  a t t r a c t i v e  and 

there are bound s ta tes  (curves 3 and 6 o f  f i g .  2 ) .  I n  the 1 i m i  t d* and 

neg lec t ing  sp in  degeneracy, we have two degenerate bound states,  cor-  

responding t o  those of the i nd i v i dua l  6- potent ia ls .  As d decreases t o  

the po in t  t ha t  the over lap ing o f  the l oca l i zed  wavefunctions becomesap- 

preciable,  the l eve l s  s p l i t  i n t o  a bonding even ground s ta te  (curve 3) 

and an antibonding odd exc i t ed  s t a t e  (curve 6). At  a c r i t i c a 1  distance 

d = dc = 4, the ant ibonding s ta te  merges 

d < d c  on l y  one bound s ta te  i s  l e f t .  This 

t ha t  f o r  d = O the problem becomes equiva 

i n t o  the continuum, and fo r  

i s  consistent  w i t h  the fac t  

l e n t  t o  t ha t  o f  a s i ng le  6-po- 
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t e n t i a l  o f  s t r e n g t h  25, and a 6- p o t e n t i a l  has 

When t h e  c o u p l i n g  o f  t h e  t h r e e  s p i n s  

s p i n  b=1/2, an i n t e r e s t i n g  and fms tra t ing  s 

on 1  y one bound $ t a  t e ,  

i s  such t h a t  t h e  t o t a l  

i t u a t i o n  a r i s e s  f o r  J <  O. 

The e l e c t r o n  would l i k e  t o  be p a r a l l e l  t o  t h e  two l o c a l i z e d  sp ins  b u t  

i t  cannot,  as i t  i s  f o r b i d d e n  by t h e  conserva t ion  o f  t h e  t o t a l  s p i n  

b=1/2. Thus, a  compl icated s p a c i a l - s p i n  c o r r e l a t i o n  develops b e t w e e n  

the  e l e c t r o n  and t h e  l o c a l i z e d  sp ins  aimed t o  m in im ize  t h e  energy. i n  

the 1 i m i t  &m there  i s ,  i n  p r i n c i p l e ,  no problem as t h e  e l e c t r o n  may be 

l o c a l i z e d  a t  o n e 6 - f u n c t i o n  w i t h  i t s  s p i n  p a r a l l e l ,  l e a v i n g  the  o t h e r  

( f a r  away) t o  have a n t i p a r a l l e l  sp in .  T h i s  s t a t e  i s  t w i c e  d e g e n e r a t e  

because t h e  l o c a l i z a t i o n  rnay happen a t  e i t h e r  6- s i t e .  As d decreases, 

t h e  e l e c t r o n  rnay p r o f i t  f rom the  c o r r e l a t i o n  and t h e  d e l o c a l i z a t i o n  t o  

lower the  energy o f  t h e  bonding s t a t e .  However, as d+ O t h e  o n l y  pos- 

s i b l e  s t a t e  i s  one i n  which t h e  l o c a l i z e d  sp ins  a r e i n t h e  s i n g l e t s t a t e  

and t h e  eqchange energy vanishes (curve 4  o f  f ig .2) .  Thus, t h e r e  i s  a  

f i n i t e  d i s t a n c e  4in f o r  which t h e  energy i s  a  minimum (amin = 3.661, 

Emin = -7.54). The e q u i l i b r i u m  d i s t a n c e  i n  t h e  e x c i  t e d  e l e c t r o n i c  

s ta te ,  &amin, d i f f e r s  f rom t h e  e q u i l i b r i u m  d is tance ,  d = O , o f t h e g r o u n d  

s t a t e  ( f  ig .2) .  T h i s  s i  t u a t i o n  i s  commonplace i n  molecular  systems and 

leads t o  the  Franck-Condon e f f e c t ,  t h a t  i s ,  t o  a  d isp lacement  toward 

lower  f requenc ies  o f  t h e  emiss ion w i t h  respect  t o  t h e  a b s o r p t i o n  bands 

( ~ t o k e s  ~ h i f t ) ~ .  I n  an energy diagram l i k e  t h a t  o f  f i g . 2 ,  o p t i c a l  t ran -  

s i t i o n s  would be represented by v e r t i c a l  l i n e s  between e n e r g y  l e v e l s  

( t r a n s i t i o n s  w i t h  f i x e d  coord ina tes ,  i n  t h i s  case t h e  c o o r d i n a t e  be,ing 

d ) .  The reason f o r  t h i ?  e f f e c t  i n  molecules i s  t h a t  t h e  e l e c t r o n i ' c  

t r a n s i t i o n  i s  t o o  f a s t  t o  a l l o w  t h e  r e l a x a t i o n  o f  t h e  coord ina tes  i n t o  

t h e  new e q u i l i b r i u m  v a l u e , ~ .  Thus; i n  a b s o r p t i o n  o u r  s y s t e m  w o u l d  go 

f rom E3 = -25 t o  E, = O a t  d = O ( h  = E,, - = 251, and i n  emiss ion 
a 

f rom E, = -7.54  to^, = -10.62 a t  d =  3.66 ( h  =E,  - E ~  = 3.08);the 
e 

Stokes s h i f t  i s  then E = ~ ( w  -w ) = 22.92. The an t ibond ing  state merges 
a e 

i n t o  t h e  cont inuum a t  d = 8/3. 

For b=1/2 and J > O  t h e r e  i s  a  s t r o n g  a n t i f e r r o m a g n e t i c  c o r r e l a -  

t i o n  between t h e  e l e c t r o n  and t h e  l o c a l i z e d  sp ins  i n  t h e  ground s t a t e  

f o r  small  d (curve I - o f  f ig .3 ) .  The s t r o n g  b i n d i n g  energy as compared 

w i t h  t h e  case J L . 0  r e f l e c t s  t h e  f a c t  t h a t  f o r  two sp ins  1/2, t h e s c a l a r  
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+ -+ 
product  s.S i n  the  s i n g l e t  s t a t e  ( a n t i f e r r o m a g n e t i c  o r d e r i n g )  i s  -3/4 

w h i l e  i n  the  t r i p l e t  s t a t e  ( f e r r o ~ a ~ n e t i c  o r d e r i n g )  i s  1/4. 

i i )  The wavefunct ions.  C o r r e l a t i o n s .  

I n  t h e  wave f u n c t i o n s  be long ing  t o  t h e  t o t a l  s p i n  b=3/2, (eqs. 

(24))., t h e  s p i n  coord ina tes  can be f a c t o r i z e d  o u t  and t h e r e f o r e  t h e  

s p i n  and space coord ina tes  a r e  n o t  c o r r e l a t e d .  

For b=1/2 however, t h e  m i x t u r e  o f  s p i n  s t a t e s  d e p e n d s  o n  x. 

Space and s p i n  coord ina tes  a r e  c o r r e l a t e d  and we can, f o r  instance,ask 

ques t ions  l i k e :  I n  t h e  s t a t e  4  ( f i g . 2 ) ,  what i s  the  d e n s i t y  o f  p ro-  

b a b i l i t y  P ( X )  o f  f i n d i n g  the  e l e c t r o n  w i t h  the  s p i n  up when s p i n  l i s  
U 

up and s p i n  2  i s  down? By p r o j e c t i n g  t h e  wave f u n c t i o n  g iven  by eq.(37) 

w i t h  q = - 1  on t h e  s t a t e  13)1 /2>~1-1 /2>~ we o b t a i n  

-2kx f o r  x>a 

2 
w cosh(kx) - ''"h(h'] 

f o r  j x l < a  (39) 
4  cosh(-E) s inh (ka)  

F ig .4  shows P ( X )  f o r  d=5. The s t a t e  4  belongs t o  J <  O and accord ing ly ,  

the  p r o b a b i l i t y  o f  f i n d i n g  t h e  e l e c t r o n  w i t h  s p i n  up a t  -a (where the  

s p i n  1  i s ' u p )  i s  l a r g e r  than a t  a (where s p i n  2  i s  down). 

S ince the  m d e l  has been comple te ly  so lved we can c a l c u l a t e  and' 

i n t e r p r e t  a l l  p o s s i b l e  cases i n  a  s i m i l a r  way. 

.. . 
I i i )  E f f e c t i v e  s p i n- s p i n  i n t e r a c t i o n  

The energy branch Eg belongs t o  s t a t e s  w i t h  b=3/2 ( f o r  instance 
-+ -+ 

(24)), f o r  which t h e  l o c a l  i z e d  sp ins  a r e  p a r a l l e l ,  t h a t  i s  <S,.S2>=1/4 

(curves 3,6 i n  f i g .  5 ) .  Here <...> stands f o r  mean v a l u e  i n  t h e  s t a t e  

considered. Along the  energy branch E & ,  however, t h e r e  i s  an admix tu re  

o f  s i n g l e t  and t r i p l e t  s t a t e s  (eq.(37)).  I n  f i g . 5  we have a l s o  p l o t t e d  

t h e  mean v a l u e  o f  t h e  s c a l a r  p roduc t  .?,> 
6=1/2 as  a f u n c t i o n  o f  d . .  We s e e  t h a t  

+ -+ 
-3/4 S <S1..S2> <-1/2, i n d i c a t i n g  t h a t  the  loca 

i n  a11 f o u r  s t a t e s  w i t h  

f o r  b r a n c h  E&, i t i s 

l i z e d  sp ins  a r e  m o s t l y a n -  
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Fig.4 - Density o f  probabi l  i t y P ( x )  
o f  f i n d i n q  the e lec t ron  w i t h  spin 
up when i t i,s I n  the s ta te  4 ( f  ig .  
2 ) ,  and the spins 1 and 2 are up 
and down, respect ively.  The par-  
ameters are  d=5, ~ ~ 1 . 9 8 7 8 ,  ka=0.68. 
The d i s t r i b u t i o n  i s  given i n  a r b i -  
t r a r y  u n i t s  (not normal ized).  

Fig.5 ; Mean ~alue+of+the scalar  product o f  the 
spins Si and S2, <S1.S2>., i n ' s t a t e ' i  as a func- 
t i o n o f  t h e d i s t a n c e d  bgtween them. Note the 
change o f  scale a t  d=15. 
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t i p a r a l l e l .  We could imagine tha t  the e lec t ron  i s  no t  there and i n t e r -  

p re t  the energy d i f f e rence  E4-E3 as the necessary energy t o  f l i p  one 

l oca l i zed  sp in  i n  v i r t u e  o f  the  presence o f  an e f f e c t i v e  i n t e r a c t i o n  

o f  the form 

= I Si.Sr . (40) 

Then, by d e f i n i t i o n ,  the e f f e c t i v e  exchange coupl ing c o n s t a n t I  between 

the l oca l i zed  spins i s  

I i s  p l o t t e d  as a  f unc t i on  o f  d i n  f i g .6 .  I t s  asymptotic behavior i s  

(42) 

Fig.6 - E f f e c t i v e  exchange coupl ingconstant  
I between the l oca l i zed  spins as a  func t ion  
o f  t h e i r  d istance d. 

Thus, Heff g iven by eq. (40) i s  an e f f e c t i v e  spin- spin i n te rac t i on  me- 

d ia ted by the e lec t ron .  This mechanisrn i s  analogous t o  t h a t  responsible 

f o r  the magnetism o f  the ra re  ea r th  metals and f o r  an i n te rac t i on  be- 

tween nuclear spins i n  rnetals; i n  those cases, however,the i n te rac t i on  

i s mediated by conduct ion  e lec t rons7.  

I acknowledge f r u i t f u l  and amusing discussions w i t h  Dr. O.L.T. 

de Henezes. 



Revista ~ r a s i l e i r a ' d e  Flsica, Vol. 18, n? 1, 1988 

REFERENCES 

1 .  We caut ion  tha t  the expressions even and odd do not  re fer  t o  the 

space o n l y  (even o r  odd i n  x), but t o  the t ransformat ion proper t ies  

o f  the eigenfunctions under Q, which a l so  includes an interchange 

o f  the spin labe ls  1 and 2. . 

2. I. I .Gol 'dman and V . D . K i  rvchenkov, ProbZems i n  bantzun Mechanics, 

Pergamon Press, London (1961). C. 

3 .  I n  v i r t u e  o f  the Q symmetry, Schrodinger's equation w i l l  be auto- 

rnat ica l ly  s a t i s f i e d  a t  .Y-a. 

4. We are  used t o  t h ink  o f  the exchange energy as being propor t iona l  

t o  J .  In  t h i  s  model , however, the energy i s  p ropor t iona l  t o  J ~ .  The 

reason i s  t ha t  i n  t h i s  case the exchange energy i s  p r o v i d i n g  the 

l o c a l i z a t i o n  o f  the e lec t ron .  Usual ly  the l o c a l i z a t i o n  i s  due t o  

Coulomb po ten t i a l s ,  the exchange being a small cor rec t ion  t o  i t ,  

5. This convenience i s  a consequence of the f a c t  t ha t  H comutes a l so  

w i t h  6':  

6. R .  P. Bauman, Absorption ,S'pectroscopy, John W i  l ey & Sons, N . Y . ,  1963, 

p.278. 

7. C .K i t t e l ,  &uantwn Theory of Solia's, John Wiley & Sons, K.Y., 1963, 

p. 360. 

Resumo 

Um modelo quântico elementar no qual coordenadas espacia is e de 
spin estão correlacionadas, e que admite solução anal í t i c a  é exatamen- 
t e  reso lv ido .  I l u s t r a  aspectos que raramente são t ratados em cursos 
básicos, além do que, exempl i f ica claramente, os conceitos de l igação 
e ant i l igação,  e f e i t o  Franck-Condon e a interação e f e t i v a  ent re  spins. 


