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Ab-t I t  i s  shown t h a t  a  Riemannian m a n i f o l d  (wi t h  p o s i t i v e  d e f i n i t e  
m e t r i c )  which c a r r i e s  an a f f i n e  c o l l i n e a t i o n  can l o c a l l y  be w r i t t e n  as 
a  Car tes ian  p roduc t  o f  man i fo lds  i n  each one o f  which t h e  a f f i n e  c o l -  
l i n e a t i o n  a c t s  as a  homothet ic  motion. 

1. INTRODUCTION 

A f f i n e  c o l l i n e a t i o n s  a r e  symmetries o f  a f f i n e  spaces d e f i n e d  by 

the  van ish ing  L i e  d e r i v a t i v e  o f  t h e  a f f i n e  connect ionsl  

a 
where ; denotes c o v a r i a n t  d e r i v a t i v e  and R 

B Y ~  
i s  the  Riemann tensor. I n  

Riemannian and pseudo Riemannian spaces eq. (1.1) i s  e q u i v a l e n t  t o  

where the  ( ) i n d i c a t e  symmetr izat ion i n  t h e  i n d i c e s  a,B. Specia l  cases 

o f  a f f i n e  c o l l i n e a t i o n s  i n  Riemannian spaces w i t h  rne t r i c  g a r e  homo- 
aB 

t h e t i c  mot ions 

= const .  h; B) %B 

and K i l l i n g  vec to r  

A f f i n e  c011 

geodes i c s  unchanged, 

showed t h a t  a f f i n e  

i n e a t i o n s  a r e  t rans fo rmat ions  t h a t  keep the  se t  o f  

a l though  they may change t h e  m e t r i c .  Hojman e t  a12 

c o l l i n e a t i o n s  a r e  non-Noetherian symmetries and con- 

s t r u c t e d  new cons tan ts  o f  rnotion assoc ia ted  t o  them. An example o f  a f L  

f i n e  c o l l i n e a t i o n  was g iven  by K a t z i n  and ' l e v i n e 3  i n  a  two dirnensional 

a f f  i n e  space wi t h o u t  m e t r i c .  Bedran and ~ e s c h e ~  gave an example o f  a f -  
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f i n e  c01 1 i n e a t i o n  i n  t h e  Robertson-Walker m e t r i c  (a pseudo Riemannian 

space) which tu rned  o u t  t o  be a h m o t h e t i c  mot ion.  

I n  t h i s  paper we s h a l l  d e r i v e  c o n d i t i o n s  on t h e  geometry o f  a 

Riemannian space i n  o r d e r  t o  admi t  a proper  a f f i n e  c o l l i n e a t i o n ,  i . e ,  

an a f f i n e  c o l l i n e a t i o n  t h a t  i s  n o t  a homothet ic  motion. The study o f  

a f f i n e  c o l l i n e a t i o n s  i n  Riemannian spaces i s  o f  i n t e r e s t  f o r  dynamic 

systems. The o r b i t s  o f  a system o f  p a r t i c l e s  under s c l e r o n o r n i c  con- 

s t r a i n t s  w i t h o u t  f o r c e s  a r e  g iven  by t h e  g e o d e s i  c s  i n conf  

space, where t h e  m e t r i c  i s  g iven  by t h e  k i n e t i c  energy. A f f  

l i n e a t i o n s  d e f i n e  sygmetr ies i n  the  s e t  o f  o r b i t s .  

i g u r a t i o n  

i n e  c o l -  

2. RESTRICTIONS ON ~ H E  GEOMETRY IMPOSED BY THE EXISTENCE OF PROPER AFFINE 
COLLINEATIONS 

L e t  M be a f i n i t e  dimensional Riemannian m a n i f o l d  w i t h  p o s i t i v e  

d e f i n i t e  m e t r i c  g I f  t h e r e  e x i s t s  an a f f i n e  c o l l i n e a t i o n  on M,  then 
aB' 

accord ing t o  eq. (1.2) t h e r e  must e x i s t  a symmetric tensor  SolBsuch t h a t  

'ol~;y = O (2.1) 

I f  the  a f f i n e  c o l l i n e a t i o n  i s  a proper  one we h a v e  w i t h  eq. 

( 1 . 3 )  

saB 
Z cons t .  x gaB (2.2) 

As SaB i s  symmetric, L?B d e f i n e s  a 1 inear  mapping o f  t h e  tan-  

gent  spaces i n t o  t h e  tangent  spaces which i s  s e l f - a d j o i n t  w i t h  respec t  

t o  the  s c a l a r  p roduc t  d e f i n e d  by the  m e t r i c  tensor .  Thus, a p p l y i n g  the  

s p e c t r a l  theorem, we can w r i t e  

k 

wi t h  

and 
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and 

and S R  E R .  

The f a c t  t h a t  SaB 

be obtained from So lB(g)  by 

corresponds t o  a  path lead 

i s  cova r i an t l y  constant means tha t  s a B ( x )  can 

apply ing a  p a r a l l e l  t ransport  operator  which 

ing  from x t o  y 

SOB ( y )  = I' 2'; Sq (z) 

Inse r t i ng  eq. (2.3) i n t o  eq. ( 2 . 7 )  gives 

v lJ c (ylphB ( Y )  = Sp, ( x )  Ta p R V ~  ( x )  
II R 

,? ( y ) S T V ~ l J ~  ((s) 
RcrB E B E V ~ J  

f u l f  i 11s eqs. (2.4) -(2.6). Then the uniqueness o f  the spectral dec 

p o s i t i o n  impl ies 

S R ( y )  ' s (z) z S 
R R (2  

and 

Paa6(y)  = T~' T 6 lJ P RW(") (2. 

By def i n i t i o n  o f  p a r a l l e l  t ranspor t  eq.(2.10) g ives 

Th is  r e s u l t  means tha t  the tangent spaces Tx can be w r i t t e n  as a  d i r e c t  

sum o f  orthogonal subspaces 

i n  such a way tha t  a  par 'a l le l  t ranspor t  .c along any curve y leading 
Y 

f rom x t o  y maps V& i n t o  v 
RY 

T v 
y = (2.13) 
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Consequently the Riemann tensor f l  def ines a rnap 
BlJv 

such t h a t  i t  maps V& i n t o  

From eq. (2.15) and 

+ R  + R  = O  R u o r ~ ~  uyaB V B Y ~  

and from the or thogona l i ty  o f  the s'paces Vhone f u r t h e r  concludes f o r  

I n  the fo l l ow ing  we w i l l  denote covar iant  de r i va t i ves  by D. 

Lema: Let x (c ,X)  be a one-parameter fami 1 y o f  geodesics, where 5  i s the 

curve parameter (proport ional  t o  the path length  s) and X i s  the fami ly  

parameter. Denote aa(<,A) = axCLhA and t C L ( < , X )  = axCL/a< and l e t  A O ,  60 
be some f i x e d  values o f  X and 5 .  I f  the vectors a ( c , X o )  and Da /D5 1 S O X O  
are i n  V then a ( c D h o )  i r  i n  V&(< f o r  a11 5.  

n ;c (5 , ,~ , )  o' 

Proof: a ( 5 )  5- a.(<,Xo) i s  determined by the equation o f  geodesic devi-  

a t ion :  

The tangent vector  t has a unique decomposition i n t o  vectors i n  the 

spaces ' 
96 
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With this eq. (2.17) takes the form 

Suppose that a(<) is in 
v w s , ~ d  

for some value of 5. Then eq. (2.16) 

tells us that the only non-zero-contribution in 

r=n=R 

eq . (2.19) comes f rom 

(2.20) 

Then eq.(2.14) tells os that D'~(<)/D<~ is also a vector in V 
fix(S,b) 

This means that the entire differential eq.(2.17) can be formulated in 

VR provided that the initial conditions a(<,), Da/DSlSo also lie in VI. 

Let p € M be some point. Our aim is to construct a coordinate 

system' in some open neighbourhood N of p which i s a1 i gned wi th the 
a 

spaces vps. This means that for these coordinates u the vectors a/a u 
a 

are all elements of the spaces V2; a/au € u V, for a11 x E N. We may 
R <&,i> 

then use a double index a E <R,i> such that a/au € v,&. 
Let us choose basi s vectors e<R,i> € V  Thischoiceof basis 

RP ' <&,i> i n  
together with the exponential map at p defines coordinates u 

some open neighbourhood N of p. We shall show that these coordinatesare 

aligned with the spaces Vh in N. 
<R,{> 

Let y € N be given; we have to show that a/au (y) € V .The 
2~ 

vector a/a$Rti>(y) is the tangent vector of the curve c with parameter 

X at y whose coordinate description in the u-coordinates is 

According to the definition of the exponential map, for each of the 

points c(X) we have exactly one geodesic X(~,X) such that x(0,X) = p, 

x(l ,A) = c(X) and that the components of the tangent vector of x( 5 , ~  ) 

at 5 = O in the basis e <k,r> aregivenbyu (c(X)).Wecannow ap- 
<k,r> 

ply the above Lemma to this family of geodesics. With the nomenclature 
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o f  t h e  L e m a  we can w r i t e  t h e  v e c t o r  a/au<Rsi'(y) a, a ( c = l ,  A=O) .Choos- 

ingX,=O, 5, = O w e h a v e a ( ~ , , X , )  = O € V  becausex(0,X) = g .  The 
EP 

tangent v e c t o r  t and the  geodesic d e v i a t i o n  v e c t o r  a f u l f i l l  

which i s  s imp ly  the  consequence o f  n o t  hav ing t o r s i o n  i n  o u r  Riernrnanian 

connect ion.  W i t h  eq.(2.21) we have t h a t  Dt/DA a t  X = 0, 5 = O  i s  an e l -  

e m e n t o f  V Eq.(2.22) ensures t h a t D a / D g a t A = O ,  < = O  i s  a l s o  an 
RP' < R ,  i> 

element o f  V Thenvthe Lemma g i v e s  t h e  d e s i r e d  r e s u l t  a/au (y )  E 
EP ' 

vky. 
L e t  us now w r i t e  t h e  m e t r i c  tensor  i n  these a l i g n e d  coord inates.  

As t h e  spaces Vlluc a r e  or thogonal  i t  f o l l o w s  t h a t  g takes b l o c k  d iagonal  

form 

Fur ther ,  f rom eq. (2.13) f o r  t h e  C h r i s t o f f e l  symbols we conclude 

we ge t  f rom eq. (2.24) 

- <P, S> + r<~,s> 
'<m, ixm,j>,<n, k> - r<n, k><m, i > ~ < ~ ,  s><m, cn, k x m ,  i>'<,,,, ixp, s> 

= O  i f n  f m  (2.25) 
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(a) So gij depends o n l y  on the  coord inates The se t  MQ C M w i t h  

u 'msi, = O f o r  m # Q i s  l o ca l  l y  a submanifold o f  M . (i) can be thought 

o f  as a m e t r i c  tensor  f o r  MR. On MQ the  a f f  i ne  c011 i nea t i on  5 a c t s  as 

a homothetic mot ion because the tangent spaces o f  MQ a r e  t h e  VQ and 
- ( 2 )  c(<R,i,;<Q,j>) - SE gij w i t h  SE f rom eq.(2.3). So l o c a l l y  M i s  a Car- 

t es i an  product  o f  Riemannian spaces MQ i n  such a way t h a t  t h e  a f f i n e  

c o l l i n e a t i o n  5 a c t s  as a homothetic mot ion i n  each WI1. 
One may summarize t h i s  r e s u l t  by saying t ha t ,  a t  l e a s t  l o c a l l y ,  

a f f i n e  c o l l i n e a t i o n s  i n  Riemannian spaces a r e  necessa r i l y  azmost t r iu -  

&Z. As t he  argument i s  based on the  spec t r a l  theorem, which i n  t u r n  

supposes a p o s i t i v e  d e f i n i t e  me t r i c ,  one may expectmuchmre i n t e r e s t i n g  

a f f i n e  c o l l i n e a t i o n s  i n  pseudo-Riemannian mani fo lds.  
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Resumo 

Mostramos que uma var iedade Riemanniana (com mét r i ca  p o s i t i v a -  
mente d e f i n i d a )  que admite uma c01 ineação a f  im pode ser  e s c r i t a  l o c a l -  
mente como produto Cartes iano de variedades nas quais  a co l ineação a f i m  
atua como movimento homotét ico. 


