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Ahmact Through the  example o f  t h e  i p 3  equat ion  i t  i s  shown t h a t  a  d i s -  
s i p a t i v e  p e r t u r b a t i o n  a$t may generate k i n k - l i k e  s o l u t i o n s  even i n  the-  
o r i e s  which do n o t  have any such s o l u t i o n s  when unper turbed.  The gener- 
a t i n g  mechanism i s  exp la ined  by energy cons idera t ions .  Furthermore, a  
r e l a t i o n s h i p  i s  con jec tu red  between the  r e s u l t s  o f  a  Pa in levé  a n a l y s i s  
o f  an o r d i n a r y  d i f f e r e n t i a l  equa t ion  and a p o s s i b l e  r e p r e s e n t a  t i o n  o f  
i t s  k i n k - l i k e  s o l u t i o n s  i n  a  c losed  form. 

1. INTRODUCTION 

The behaviour o f  k i n k  s o l u t i o n s  under the  i n f l u e n c e  o f  a  d i s -  

s i p a t i v e  f o r c e  aipt and a  cons tan t  externa1 f o r c e  F  i s  a  problem o f  c u r -  

r e n t  i n t e r e s t ,  b o t h  i n  appl  i e d  and mathematical phys ics .  T h e  f o r m e r  

s ince  f r i c t i o n  and cons tan t  f o r c e s  f r e q u e n t l y  appear i n  n a t u r e ,  the  

l a t t e r  because o f  t h e  d i f f i c u l t i e s  t o  f i n d  exact  s o l u t i o n s  t o  such prob- 

l ems . 
A w e l l  known example i s  the  damped and d r i v e n  s ine-  G o r d o n  (sG) 

equat ion,  used as a mathematical model o f  phys ics  i n  a  Josephson junc -  

t i o n l Y 2 .  Damped and d r i v e n  ~ I T  k i n k s  were proved t o  e x i s t 3  and s t u d i e d  

numer ica l l y ,  b u t  t h e i r  oxac t  s o l u t i o n  i s  unknown. Only uns tab le  k i n k s  

o f  h e i g h t  IT + 2 a r c s i n F  and IT - 2 a r c s i n F  and v e l o c i t y  V = 21 were found 

f o r  IFI  < 1  and an a r r a y  oF k i n k s  fcr IFI > 1 4 .  They a11 s a t i s f y  a  r e -  

l a t i v e l y  s imple o r d i n a r y  d i f f e r e n t i a l  equa t ion  (ode) o f  f i r s t  o r d e r .  

Unstable k i n k s  o f  h e i g h t  f s  - f 2  and f 2  - fi (where fi < f:! < f 3  

a r e  the  r e a l  and d i f f e r g n t  roo>s o f  f 3  - f - F = 0, O 5; F 2  < 4 / 2 7  and 

o f  v e l o c i t y  v'= '1' were g iven  i n  i m p l i c i t  form f o r  the  damped anddr i ven  

I $ ~  equa t ion 5.  A lso  s t a b l e  k i n k s  o f  h e i g h t  f 3 -  fl ( g e n e r a l i z i n g  the  kinks 

known f o r  a = F = 0) and u n s t a b l e  k i n k s  o f  h e i g h t  f s -  $2 and f 2  - fl, 
a l  1  o f  v e l o c i  t y  I V  1 < i, were ' f ~ u n d ~ ' ~ .  The terms stable and unstable 

a r e  rneant w i t h  respec t  t o  smal l p e r t u r b a t i o n s  i n  t h e  f a r  f i e l d  (x -t +). 

I n  t h i s  n o t e  the  genera t ion  o f  k i n k - l i k e  s o l u t i o n s  by a  d i s s i -  
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pat ive  per turbat ion  a@ i s  examined. For t h i s  purpose we choose a the- 
t 

o ry  which, i n  unperturbed form, does not  have k i n k  so lu t ions  a t  a l l :  (b3 

theory. I n  sect ion 2, kink-1 i ke  so lu t ions  t o  the d i ss ipa t i ve  (b3 equation 

are derived. The mechanism o f  t h i s  generation i s  explained i n  sec t ion  3 
by an energy analysis.  I n  the fo l l ow ing  sect ion 4, a Painlevé analy- 

s i s 7  o f  the damped and dr iven @ 3  equation, reduced t o  an ord inary  d i f -  

f e r e n t i a l  equation (ode), i s  ca r r i ed  out ,  and the r e s u l t s  are compared 

w i t h  the sG and 4 1 ~  equations. Results and conclusions are  summarized i n  

sect ion 5. 

2. KINK-LIKE SOLUTIONS 

The (b3 f i e l d  equation w i t h  a d i ss ipa t i ve  per turbat ion  a$$ ,a>O, 

and an externa1 d r i v i n g  fo rce  F = const reads 

Throughout the fo l lowing we consider F > -1/4 (cf.eq. (4b)) and look f o r  

t r a v e l l i n g  wave solut ions.  With 

@(x , t )  = w(z) ,  z = y (s -v t ) ,  y  = ( 1 - v 2 ) - l I 2  í2a) 

eq. (1  ), i s reduced t o  

dLw/dz2 = w2 - w - B&/& - F, B = a y ~ )  . (2b) 

The ansatz 

~ ( z )  = f + g ( l  + exp(D(z - z ~ ) ) ) - ~  (3)  

solves eq. (2b). The exponent -2 fo l lows from a leading o,rder analysis;  

z o  i s  a constant o f  in tegra t ion ,  and f, g, B and D are  constant par- 

ameters t o  be determined. For k i n k - l í k e  so lu t ions  the asymptotic (**) 

behavior o f  eqs. (2b) and (3)  leads one t o  guess tha t  f i s  a so lu t i on  

o f  the .quadratic equation 

For F > -1/4 the so lu t ions  o f  eq. (4a) 
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f,,2 
= 112 ' J F  + 114' 

are rea l  and d i f f e r e n t .  Without loss  o f  gene ra l i t y  we consider 

I nse r t i ng  the ansatz (3 )  i n t o  eq. (2b) one obtains three equations f o r  g, 

B and D: 

g(2f + g - 1 )  = O , (5.3) 

The n o n t r i v i a l  so lu t ions  (g#O) are  

g = 1 - 2 f = f 2 - f l = + / 4 F  , (6a) 

D  and B have the same sign and are  rea l  since 1 - 2f = 1 - 2f, i s  no t  

o n l y  rea l  (F > -1/4), but pos i t i ve .  The so lu t i on  (3) describes a  k i n k  

from fi t o  f 2  i f  D<O, and an a n t i k i n k  from f 2  t o  fl i f  D > O. (For F = 

= -114 eqs.(6a,b,c) y i e l d  g  = D  = B  = 0, and the ansatz (3) - by exp 

( ~ ( 2  - 2 0 ) )  -f -exp(D(z - 2 0 ) )  i .e. ,  z o  3 zo = zo - ( l n ( - l ) / ~ )  - leads t o  

a  ra t i ona l  so lu t i on  w = 1/2 + 6(2  - z,,)-~, v = 0, which i s  not  k ink-  

-1 i ke  and wi 1 1  no t  be discussed fu r ther . )  From B = ayo and s ign (  B )  = 

= s i g n ( ~ )  i t  fo l l ows  tha t  the k i n k  and a n t i k i n k  move w i t h  opposi te ve l -  

Here and i n  a11 fo l l ow ing  equations w i t h  two signs the upper s ign i s  

v a l i d  f o r  an a n t i k i n k  and the lower one f o r  a k ink .  

I t  should be emphasized tha t  the product B = c l y ~  depends on l y  

on F, but  no t  on a, and that .B # O f o r  F  = O. Therefore the so lu t i on  (3)  

i n  the case a  + O and F - O has nothing t o  do w i t h  t r ave l l i ngwave  so l-  

u t i ons  .to eq. (1) f o r  a  = F  = O. I n  t h i s  context  i t  i s  i n s t r u c t  i v e  t o  
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rewr i t e  so lu t i on  (3) i n  the form 

On the o ther  hand, f o r  a  = F = O eq. (2b) has the p a r t i c u l a r  so lu t i on  

which s a t i s f i e s  z~ (-00) = wo(m) = 1 and has a r b i t r a r y  v e l o c i t y  -I < V <  1 .  

Another so lu t i on  (k ink-1 i k e  f o r  F  > -I/&) i s  obtained when eq. 

(1) i s  reduced w i  t h  y  = x - v t ,  v  = '1, t o  the f i r s t  order ode 

Eq. (8a) has the  s o l u t i o n  (w i th  the constant o f  i n teg ra t i on  y o )  

3. ENERGY ANALYSIS OF KINK GENERATION 

The v e l o c i t i e s  o f  the so lu t ions  (3) and (8b) can be obtained 

and explained by the f o l  lowing energy analysis.  Eq. (1) can (up t o  the 

f a c t o r  exp(a t ) )  be der ived from a lagrangian dens i ty  

where 

V($) = $3/3 - $2/2 - F$ + v o ,  V O = const. (9b) 

i s  the po ten t i a l  energy dens i ty  ( inc lud ing the p a r t  due t o  the externa1 

fo rce  F). V has a  maximum f o r  $ = fl < 1/2 and a  minimum f o r  $ =  f2>1/2 

(F > -1/4). The t o t a l  po ten t i a l  energy i s  g iven by* 

* 
The i n teg ra l  (9c) and there fore  the t o t a l  energy E are  i n f  i n i  t e  o r  o f  

form (oo-m) f o r  the so lu t ions  (3) and (8b). The d i f fe rences AE and dE = 
= E( t+dt )  - ~ ( t )  i n  eqs. (9d,e) and (10a); however, a re  f i n i  tg. 
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w 

= J  v& 
P (9c) 

-02 

The k inks  (V < 0) and the an t i k i nks  (V > 0 )  lose,  when moving the d i s -  

tance '&c ;c O i n  t ime A t ,  the po ten t i a l  energy 

o r  per u n i t  t ime 

AE / A t  = i (4F + 1 ) 3/2v/6 < O . 
P (9e) 

Their  k i n e t i c  energy i s  conserved since t h e i r  v e l o c i t y  i s  constant.The- 

re fo re  the loss (92) i s equal t o  the f r i c t i o n a l  loss o f  the t o t a l  energy 

For the s o l u t i o n  (3) one gets(rep1acing t by s and z by Z = exp(D(z-zo))) 

and f o r  the so lu t i on  (8b) (admi t t ing  an a r b i t r a r y  v e l o c i t y  v and re-  

p lac ing  t by y and y by Y) 

Equating expressions (9e) and (10b) one obta ins  the r e s u l  t ( 6 e )  wi t h  

= B f o r  the so lu t i on  (3) wh i le  expressions (9e) and (1Oc)yield u=+l 

as the v e l o c i t y  o f  s o l u t i o n  (8b). 

This analysis expla ins p a r t i c u l a r l y  why the k inks  and an t i k i nks  

can move, f o r  F = 0 ,  w i t h  a constant v e l o c i t y  V # O i n  s p i t e  o f t h e  d i s -  

s i p a t i v e  force. There i s  an i n f i n i t e  amount o f  po ten t i a l  e n e r g y  ( 9 c )  

ava i l ab le  since the po ten t i a l  energy dens i ty  (9b)  takes on a maximum a t  

4 = fi (or  more general 1 y since V($=fl) # V($=f2)). Such an analysis was 

a l  ready ind ica ted fo r  4' theory ', and now resul  t s  have been extended t o  

84 
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F # O and t o  the so lu t i on  w i t h  v = II. Since f o r  v = const # O the k in -  

e t i c  energy i s  constant, but  the po ten t i a l  energy i s  not ,  i t  becomes 

a lso  c lea r  t ha t  the so lu t ions  (3)  and (8b) cannot e x i s t  f o r  a = O.  Of 

course, due t o  the maximum o f  V f o r  @ = fl the so lu t ions  (3 )  and (8b) 

are  unstable against  small per tu rbat ions  o f  the f a r  f i e l d .  

4. PAINLEVÉ ANALYSIS 

Now we wi 11 examine eq. (2b) f o r  the ~ a i n l e v é  property. I nse r t i ng  

the ansatz 

i n t o  eq. (2b) one f i n d s  (besides the t r i v i a l  case p = O w i t h  a rb i  t r a r y  

a *  and ai) the resonances f o r  n = -3 i .e., p = -2 corresponding t o  the 

a r b i t r a r i n e s s  o f  z,,and f o r  n = 4. The c o e f f i c i e n t s  a-,, a -,,..., a 3  are  

a 2  = -7B4/5000 + F/10 + 1/40, a,= 1 lBa2/15 - B5/37500 . 
a, i s  a r b i t r a r y  provided the resonance cond i t ion  

i s  s a t i s f i e d .  The so lu t ions  o f  eq.( l2a) a re  

B = O f o r  a r b i t r a r y  F 

and 

B4 

I n  the simple case ( 

(&/a2 2/2 

= 625(4F + 

12b) a f i r s t  

= w
2
/3 - w2 

i n teg ra l  t o  eq. (2b) i s 

2 - & + C  

and can be integrated once more i n  terms o f  e l l i p t i c  in tegra ls .  The 

so lu t i on  i s  f r e e  o f  movable s i n g u l a r i t i e s  other than poles. I n  case 
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(12c) eq. (2b) can be brought i n t o  the canonical form7 

d2u/ds2 = 6u2 

by the t ransformat ion 

w = exp(-2Bz/5)u + 1/2 - 3B2/25 , (13b) 

S = -  5 e x p ( - ~ z / 5 ) / b a  B )  . ( 1 3 ~ )  

Eq. (13a) has the Painlevé property.  Condit ion (12c) includes thevalues 

(6c) o f  B f o r  which the k i n k- l i k e  so lu t i on  (3) ex i s t s .  The l a t t e r  m e i s  

found from eq.(13a) when, i n  the f i r s t  i n teg ra l  ( d u / d ~ ) ~ / 2 = 2 u ~ + ~ ,  the 

constant o f  in tegra t ions  C i s  chosen equal t o  zero. Only the so lu t ions  

(6c) o f  eq.( lZc)  y i e l d  rea l  values o f  V i f  F > -1/4. For F < - 1/4 no 

real  values f o r  v a r i s e  from eq. ( l2c)  a t  a l l .  

Comparing the r e s u l t s  o f  a Painlevé ana lys is  f o r  the damped and 

dr iven sG, $' and 4 3  equations (a11 reduced t o  ode's by the transform- 

a t i o n  (2a)) one observes an hierarchy i n  the sense tha t  the sG equation 

( a f t e r  the t ransformat ion u = e x p ( i ~ ) )  does no t  possess t h e  Painlevé 

property f o r  any se t  (CW,F) # (0,O) as fo l lows from the resonance con- 

d i t ionsgf . iF  = 2 ( a y ~ ) ~ .  ( ~ o t e  t h a t  i n  order t o  get both condi t i ons  one 

has t o  inves t iga te  so lu t ions  o f  leading order ( z  - z as we l  1 as  

(z - 2,)'). The @' equation i s  o f  Painlevé type on ly  i f  e i t h e r  F = O and 

ayv =+v& o r  ayv = O and F a r b i t r a r y 7 ' 1 0 .  Only the $ 3  equation (2b) 

preserves the Pa in levé property f o r  simul taneousl y nonvan i sh ing va lues 

o f  ayv and F, provided tha t  the v e l o c i t y  s a t i s f i e s  c o n d i  t i o n  ( 1  2 ~ ) .  

This h ierarchy can be i n t u i t i v e l y  explained by the f a c t  t ha t  the non- 

1 i nea r i  t y  i s  less complex i n  the equation and most complex i n  the sG 

equation. 

Although the 9' equation i s  not  o f  Painlevé type f o r  any simul- 

taneously nonvanishing ayv and F, i t  i s  i n te res t i ng  t h a t  f o r  a11 sets 

o f  ayv and F which lead t o  k ink  solut ions,  one o f  the two resonance con- 

d i t i o n s  can be ~ a t i s f i e d ~ " ~ .  I n  sG theory ne i ther  o f  t h r  twocond i t ions  

~ ( c x Y V ) ~  = I i F  can be solved f o r  rea l ,  n o n t r i v i a l ,  ayu and F, and k i n k  

so lu t ions  t o  the damped and dr iven sG equation (reduced by eq.(2a)) are 
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unknown i n  closed form. 

F i n a l l y ,  the ana lys is  o f  the ode (2b), w i thout  the need t o  per- 

form a general ized Painlevé analysisN o f  the pa r t i a1  d i f f e r e n t i a l  eq. 

(I),  ind ica tes  tha t  f o r  a # O eq . ( l )  i s  no t  completely integrable.  This 

r e s u l t  i s ,  o f  course, expected and can be obtained since, f o r  given a 

and F, the reduct ion (2a) leads t o  odels which do not  have the Painlevé 

property f o r  a11 values o f  v which do not  s a t i s f y  eqs.(l2b) o r  (12c). 

5. DISCUSSION 

I n  unperturbed d iss ipa t ion less  systems a k ink  @ ( x , t )  f rom 

@(-w,t) = $1 t o  @(m,t) = @ 2  w i t h  $1 # $2 can on ly  e x i s t  i f  the theory 

has degenerate vacua V ( @ , )  = V($,). Such a s o l u t i o n  w o u l d  become 

s ta t i ona ry  i n  the presence o f  d i ss ipa t i on .  I n  a theory w i t h  V(@,)# V($d 

and d i ss ipa t i on  a@ a k i n k  when moving loses po ten t i a l  energy which i s  
t ' 

consumed by f r i c t i o n .  This compensation determines s ign and absolute 

value o f  the k ink l s  ve loc i t y .  ( ~ h e  v e l o c i t y  cannot be a r b i  t r a r y  a l ready 

because the term a4t destroys the r e l a t i v i s t i c  invar iance o f  the equa- 

t i o n ) .  The po ten t i a l  energy eq.(gc) o f  such so lu t ions  i s  i n f i n i t e ,  i.e. 

the k ink  can move w i t h  constant v e l o c i t y  f o r  an i n f i n i t e  time. Thus i n  

the presence of f r i c t i o n ,  k i n k - l i k e  so lu t ions  can be expected i f  the 

po ten t i a l  V(@) has a t  l eas t  two extremum values. I n  p a r t i c u l a r ,  t heso l -  

u t i ons  e x i s t  a l so  fo r  P = 0, and i t  seems convenient t o  i n c l u d e  the 

constant externa1 fo rce  as F$ i n  the po ten t i a l  V($) .  

Physical r ea l  i za t i ons  o f  such k inks  wi 11 be on l  y approximate (as 

any k ink  when rea l  ized) because o f  the then f i n i  t e  spat ia1 extension o f  

the system. The energy o f  the t runcated k inks  i s  f i n i t e ,  and they can 

propagate w i t h  approxirnately constant v e l o c i t y  f o r  a f i n i t e  time. Kink- 

-1 ike  so lu t ions  w i t h  one o r  both asymptotic v a l ~ e s $ ~  and @,correspond- 

ing  t o  a maximum o f  V ($1, as i n  damped 4 3  theory, meet w i t h  a f u r the r  

problem o f  physical  r e a l i z a t i o n  due t o  t h e i r  a s y m p t o t  i c i n s t a b i l  i t y .  

However, such so lu t ions  may be s tab le  against  small p e r t u r b a t i o n s o f t h e  

near f i e l d 5 .  

Another quest ion i s  whether and under what cond i t ions  k ink  so l -  

u t i ons  can be given i n  a closed form, i.e. i n  terms o f  known mathemat- 

i c a l  func t ions .  We f ee l  t h a t  an answer i s  suggested by t h e  P a i  n l a v é  
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analysis and that it is likely to be yes, if the Painlevé test is posi- 

tive at least for one branch (possible leading order behavior) of the 

solution. 

In conclusion, we think that the generating rnechanism of kink- 

-1ike solutions by friction a4* has been clarified. This may throw new 

light on certain models of physical interest, as e.g. 41' + theory, 

which - without dissipation - do not have any kink solutions. 
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Mostra-se, através da equação + 3  como exemplo, que uma perturba- 
ção dissipativa a4t pode gerar soluções de tipo kink mesmo em teorias 
que sem perturbação não tem soluções de tal tipo. O mecanismo gerador é 
expl icado através de considerações energét icas. Sugere-se, também, uma 
conexão entre os resultados de uma anã1 i se Pa inlevê de uma equação d i- 
ferencia? ordinária e uma possivel representação de suas soluçoes de ti- 
po kink numa forma analítica. 


