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Cosmological Solutions with Quadratic Viscosity 
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Abrtrad S t a r t i n g  w i t h  a non- l inear  v iscous f l u i d  we p resen t  an 
t r o p i c  and homogeneous s o l u t i o n  o f  E i n s t e i n ' s  equat ions which exh 
smooth behaviour and i s  f r e e  f rom s i n g u l a r i t i e s ,  

1. INTRODUCTION 

The i n f l u e n c e  o f  v i s c o s i t y  on  t h e  e v o l u t i o n  o f  c o s m o l o g  

i so- 
b i  t s  

c a  1 

rnodel s has been considered wi t h  an i n c r e a s i n g  i n t e r e s t  b y  s e v e r a  l 

au thors  i n  the  l a s t  years'-17. Among the  c h a r a c t e r i s t i c s  possessed by 

v i scous  models, one can quote the  q u i t e  appeal ing p o s s i b i l i t y  o f r e m v -  

ing  m e t r i c  s i n g u l a r i t i e s  i n  p e r f e c t  f l u i d  models by adding terms c o r -  

responding t o  v i scous  processes t o  i t s  energy-momentum tensor .  T h i s  lias 

been done f o r  t h e  f i r s t  t ime  by Murphy, who consideredaFr iedmann u n i -  

verse w i t h  p lane  s p a t i ~ l  s e c t i o n  and a f l u i d  w i t h  b u l k  v i s c o s i t y  terms2. 

The l i n e a r i t y  o f  v i s c o s i t y  terms p resen t  i n  Murphy's model i s  n o t  es-  

sen t ia1  t o  the  non-ex is tence o f  s i n g u l a r i t i e s .  I n  f a c t ,  one can have 

non-l  i near  v i scous  f l u i d s  showing smooth and non- s ingu la r  b e h a v i o u r .  

The ques t ion  o f ,  how t o  p r o v i d e  a p h y s i c a l  r e a l i z a t i o n  o f  such a f l u i d  

w i l l  n o t  be t r e a t e d  here. I n  t h i s  paper, we i n v e s t i g a t e  a Friedmannian 

m e t r i c  w i t h  z e r o- s p a t i a l  c u r v a t u r e  generated by a v i scous  f l u i d  i n  a 

q u a d r a t i c  regime w i t h  cons tan t  c o e f f i c i e n t s .  T h i s  k i n d  o f  f l u i d  hasbeen 

examinated by Nove l lo -Araú jo  u s i n g  Dynamical System Theory, f o l l o w i n g  

the  method o f  ~ e l  i n s k i  i - ~ h a l a t n i k o v ~ ' ~ .  We s o l v e  E i n s t e i n ' s  equa t ions  

and d iscuss  spec ia l  s o l u t i o n s .  

2. VISCOUS FLUIDS 1N QUADRATIC REGIME , 

We s t a r t  by t a k i n g  a Fr iedmann- l ike m e t r i c  w i  t h  E u c l  i d e a n  

s p a t i a l  s e c t i o n  w r i t t e n  i n  the  s tandard form 

d s
2  

= dt2 - ~ ( t ) ~ ( d r ~  + r'de2 + s e n ' ~ d @ ~ )  
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and an i s o t r o p i c  pressure p = p + a0 + f ie2 ,  where t h e  c o e f f i c i e n t s  o f  

the  expansion f a c t o r  8 a r e  cons tan ts  and p i s  t h e  thermodynamic p res -  

sure. T h i s  phenomenological form o f  P has b e e n  a s s o c i a t e d  t o  t h e  

s t a t i o n a r y  case o f  cons tan t  c r e a t i o n  o f  p a r t i c l e s  i n  t h e  un ive rse ,  i n -  

duc ing v iscous  phenomena i n  a s teady- s ta te  regime
6
. 

Thus, E i n s t e i n ' s  equa t ions  a r e  s imp ly  

We take  t h e  c o s m l o g i c a l  cons tan t  A = O and adopt  t h e  equa t ion  

o f  s t a t e  P = b, where P i s t h e  densi t y  o f  mass-energy. Furthermore, i n  ' 
a comoving c o o r d i n a t e  system (V' = 6 0  ) ,  we have 0 = V' = 3 &A. Thus, 

;!J 
the above system reduces t o  

Before c a r r y i n g  o u t  t h e  genera l  s o l u t i o n ,  we see immediate ly  

t h a t  b o t h  e = O and 8 = - a/b ,  where a = - a and b = -4 (1 + X + 38), 

s a t i s f y  eq. (2) .  I t  i s  c l e a r  t h a t  these correspond t o  Minkowski and de 

S i t t e r  geometr ies r e s p e c t i v e l y .  I n  t h e  l a t t e r ,  t h e  e f f e c t i v e  pressure 
1 a2 

p = - -- 
b 2 

a c t s  as a nega t i ve  pressure.  The genera l  s o l u t i o n i s  promptly 

ob ta  i ned 
a t  -1/3b 

A ( t )  = A,(K - be ) (3 .a) 

where a  f O ,  A and K a r e  i n t e g r a t i o n  constants .  I f  a = O ,  we ge t  t h e  

s o l u t i o n  

A ( t )  = A; (N + t )  - 1 /3b 
(3.b) 

where A: and N a r e  i n t e g r a t i o n  constants .  

From eqs. (3.a) and (3. b) we can eva lua te  t h e  s c a l a r  o f  curva-  

t u r e  R and the  k i n e m a t i c a l  expansion parameter 8 i n  a s t r a i g h t f o r w a r d  

way. Wi th  a s u i t a b l e  cho ice  o f  the  cons tan ts  K ,  a and 8,  we can o b t a i n  
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a c lass  o f  non-singular solut ions.  Thus, we have the fo l l ow ing  general 

scheme : 

i )  For K = O, we get a c lass  o f  de S i t t e r - t y p e  so lu t ions  

i i )  For K > O, a < O and f3 2 0, t h i s  so lu t i on  cons t i t u tes  an ex- 

panding non-singular model, i n  which the universe evolves from a f i n i t e  

rad ius  a t  the i n f i n i t e  past and continues t o  expand i n d e f  i n i  t e l y  i n  

the fu tu re  (see f i g .1 ) .  

i i i )  For K < O and f3 O, we j u s t  mention the less i n te res t i ng  

cases w i t h  the occurrence o f  s i n g u l a r i t i e s  (see f i g .2 ) .  

3. CONCLUSION 

I f  we look i n t o  the modern theor ies  o f  Cosmology, those so- 

-ca l led  Grand U n i f i c a t i o n  T'heoriesl7, we f i n d  out  the existence o f  a 

general ized t rend t o  appeal t o  Elementary P a r t i c l e  Physics i n  order t o  

exp la in  the presumable exponential growth o f  the Cosmos a t  i t s  begin- 

n ing - the well-known inftationary era. As a matter  of f a c t ,  even w i t h  

the help o f  these powerful symbiotic theor ies,  we s t i l l  do not  know 

what i s  r e a l l y  going on a t  t ha t  stage. Nonetheless, i t  seem a t  l eas t  

amazing tha t ,  w i thout  a knowledge o f  the physical  process involved,and 

wi'th ra ther  s i np l  i f i e d  assumptions (as the more i n t roduc t i on  o f  d i s -  

s i p a t i v e  e f f e c t s  i n  the dynamics o f  the cosmological f l u i d ) ,  a simple 

model b d i l t  on pu re l y  c l ass i ca l  grounds i s  able t o  account f o r  a rough 

desc r i p t i on  o f  the i n f l a t i o n a r y  era. 

I would 1 i ke t o  thank Prof .  M. Novel lo (CBPF) fo r  very f r u i  t f u l  

comments and discussions. 
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t 
Fig.1 - Expanding non-singular model with quadratic 
viscosity. 

t 
Fig.2 - Singular solutions with quadratic viscosity. 
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Resumo 

A p a r t i r  de um f l u i d o  com v iscos idade  não- l inear ,  apresentamos 
uma solução das equações de E i  n s t e i n ,  e x i b i n d o  homogeneidade, i s o t r o p i  a 
e não- s ingu la r  idade. 


