
Revista Brasileira de Física, Vol. 18, n? 1, 1988 

Note .on Quanturn Singularities 

NIVALDO A. LEMOS 
Instituto de Flsica, Univesidade Federal Flurninense, 24210, ~ i t e r 6 i ,  RJ, BraSil 

Recebido em 20 de julho de 1987 

Abstract An exp l  i c i  t counterexample i s presented which i h o w s  t h a  t 
DeWit t i s  boundary c o n d i t i o n  on the  wave f u n c t i o n  i s  n o t  a  v a l i d  c r i -  
t e r i o n  f o r  quantum s i n g u l a r i t y  avoidance. The example f u r t h e r  p r o v e s  
t h a t  p r a b a b i l  i ty- conserv ing  "slow-t ime" quantum dynamics may become 
s i n g u l a r .  

I n  quantum cosmology the  usual c r i t e r i o n  f o r  the nonexis tence 

o f  s i n g u l a r i t y  i s  DeWit t ls  boundary c o n d i t i o n  t h a t  t h e  u n i v e r s a l  wave 

f u n c t i o n  vanishes a t  c l a s s i c a l l y  s i n g u l a r  m e t r i c s ' ~ ~ .  I n  the  c a s e  o f  

Friedmann-Robertson-Walker m d e l s ,  whose s o l e  degree o f  freedom i s  t h e  

sca le  f a c t o r  R, Ji(R=O,t)#O f o r  some t would i n d i c a t e  a quantum cosmo- 

l o g i c a l  s i n g u l a r i t y ,  whereas Ji(R=O,t)=o f o r  a l l  t would bean  i n d i c a t i o n  

o f  absence o f  s i n g u l a r i t y .  The idea behind t h e  p rev ious  boundary con- 

d i t i o n  i s  t h a t  i t  "...makes t h e  p r o b a b i l i t y  amp l i tude  f o r  c a t a s t r o p h i c  

three- geometr ics vanish,  and hence ge ts  t h e  p h y s i c i s t  o u t  o f  h i s  c l a s -  

s i c a l  c01 lapse predicament."l Notwi ths tand ing  i t s  i n t u i  t i v e  appeal, t h i  s  

c o n d i t i o n  has been a source o f  con t roversy  and c r i t i c i s m  i n  t h e  phys ica l  

l i t e r a t u r e 3 ,  b u t  i t  keeps be ing  a p p l i e d  t o  c l a s s i f y i n g  c e r t a i n  quanturn 

cosrnological model s  as nons ingu la r 4.  

A l though o r i g i n a l l y  conceived i n  the  r e a l m o f  quantum cosmology, 

one may cons ider  DeWit t ls  proposal  as a genera l  c r i t e r i o n  f o r  e x i s t e n c e  

o f ,  s i n g u l a r  s t a t e s  i n  any problem o f  quantum mechanics. Espousing t t i i s  

p o i n t  o f  v iew,  our  a im i n  t h i s  n o t e  i s  t o  show by rneans o f  a  coun te r -  

exarnple t h a t  DeWit t i s  c o n d i t i o n  +(x=O,t)=O f o r  a l l  t i s  n o t  a  v a l i d  

c r i t e r i o n  f o r  quantum s i n g u l a r i t y  avoidance. To o u r  knowledge, however 

much c r i t i c i z e d ,  no concre te  d i s p r o o f  has ever  been g iven  o f  the  ade- 

quacy o f  DeWi?t1s c r i t e r i o n .  

The example we s h a l l  be cons ider ing  i s  a  h a r m n i c  o s c i  

a  Newtoniam expandi ng u n i v e r s e 5.  The Hami l t o n  i a n  opera t o r  i s 
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where t denotes cosmic t ime.  A norrnal ized s o l u t i o n  t o  Schr6dinger1s 

equa t ion  i s 5  

and 

I n  eq. (4) J i j 6  

k inds ,  respec t  

and Y a r e  Bessel f u n c t i o n s  o f  the f i r s t  and second 
I /  6 

i v e l y .  A s t r a i g h t f o r w a r d  c a l c u l a t i o n  y i e l d s  

whi l e  

the l a s t  r e s u l t  f o l l o w i n g  frorn eqs. ( 3 ) - ( 5 )  and from t h e  a s y m p t o t i c  

behaviour o f  Bessel f u n c t i o n s .  Thus eqs. (6) and (7)  lead us t o  con- 

c lude  t h a t  

which may a l s o  be v e r i f i e d  d i r e c t l y  from e q . ( 2 ) .  The quanturn s t a t e  i s  

unequ ivoca l l y  s i n g u l a r  a t  t = O s i n c e  the  p r o b a b i l i t y  d e n s i t y  i s  sharply 

concentrated a t  x = O .  A f u r t h e r  evidence o f  the  s i n g u l a r  n a t u r e  o f  

the quantum s t a t e  a t  t = O i s  g i ven  by the expec ta t ion  v a l u e  o f  t h e  

Harni l tonian. L e t  us f i r s t  n o t i c e  t h a t  
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because, as one r e a d i l y  checks, t h e  in tegrand  i s  an odd f u n c t i o n  o f  x. 

As a consequence, 

(hp): = <p2>t - <p: = <p2> 
t ' 

(10) 

Since f rom eqs.(6) and (7) i t  f o l l o w s  t h a t  + O as t + O ,  t h e  un- 

c e r t a i n t y  p r i n c i p l e  requ i  res  t h a t  

There fo re  

The e x p e c t a t i o n  va lues o f  b o t h  t h e  k i n e t i c  energy and the  t o t a l  energy 

a r e  i n f i n i t e  a t  t = 0, and one concludes t h a t  these fundamental observ-  

ab les  become undeniably  s i n g u l a r  a t  t h a t  i n s t a n t .  N e v e r t h e l e s s ,  one 

e a s i l y  sees f rom eq. (2) t h a t  +,(O,t) = O f o r  a11 t, thus e s t a b l i s h i n g  

t h a t  D e W i t t ' s  c o n d i t i o n  i s  inadequate t o  a v o i d  quantum s i n g d l a r i t i e s .  

A t  f i r s t  s i g h t  o u r  example might  be considered as v e r y  p a t h o -  

l o g i c a l  because B ( t )  i s  s i n g u l a r  a t  t = O .  However,Hamil tonians o f  t h i s  

s o r t  do indeed occur  i n  quantum cosmology, and an i n t e r e s t i n g  e x a m p l e  

can be found i n  the  work o f  B l y t h  and Isham (see eq.(3.10.) i n  r e f . 3 1 ,  

who quan t i zed  a Friedmann un ive rse  f i l l e d  w i t h  a s c a l a r  f i e l d .  Besides, 

a  s i n g u l a r  Hami l ton ian  o p e r a t o r  should n o t  be regarded as u n n a t u r a l  

whenever t h e  system i t  descr ibes  i s  i t s e l f  endowed w i t h  a s i n g u l a r i t y  

a t  the  c l a s s i c a l  l e v e l .  

As o u r  l a s t  remark, we c a l 1  t h e  r e a d e r ' s  a t t e n t i o n  t o  the  f a c t  

t h a t  o u r  example a l s o  shows t h a t ,  c o n t r a r y  t o  a s t r o n g  i n d i ~ a t i o n ~ ~ i v e n  

i n  the  c o n t e x t  o f  quantum c o s m l o g y ,  i n  the  case o f  "slow-t imel 'dynamics 

conserva t ion  o f  p r o b a b i l i t y  i s  n o t  powerfu l  enough t o  r u l e  o u t  s i n g u l a r  

s t a t e s .  I n  f a c t ,  I I + , ( t ) l l  = 1 f o r  a l l  t, even i n  t h e  l i r n i t  t + O ,  so 

t h a t  conserva t ion  o f  probabi  l i t y  i s  r i g o r o u s l y  s a t i s f i e d .  I n  s p i  t e  o f  
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t h i s  

Oa 

i x = I im 1x1 ~ $ ~ ( r , t )  l 2  = O . (13) 
-0 t + O  , 

T h i s  l a s t  r e s u l t ,  t h a t  a s t r i c t l y  p o s i t i v e  opera to r  has a van ish ing  ex- 

p e c t a t i o n  va lue  a t  a f i n i t e  t ime  t, i s  t h e  c r i t e r i o n  f o r  the e x i s t e n c e  

o f  a s i n g u l a r i  t y  in t roduced  by ~ u n d ~  and adopted i n  r e f  .6. Therefore,  

p r o b a b i l i t y - c o n s e r v i n g  " slow- time"  quantum dynamics may become s ingular .  

The above r e s u l t s  ob ta ined  w i t h i n  t h e  f rameworkofquantum mecha- 

n i c s  i n  a curved spacetime have i n c i t e d  us t o  under take a search f o r  s i -  

m i l a r  s i t u a t i o n s  i n  quantum cosmology proper .  The outcome o f  such an i n -  

ves t  i g a t  i o n  wi  11 be repor ted  i n a separate publ  i c a t  i on8 ,  
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Resumo 

Apresenta-se um contra-exemplo e x p l í c i t o  que mostra que a con- 
d ição  de contorno de DeWi t t  sobre a funçao de onda não é um c r i t é r i o  vá- 
l i d o  para e v i t a r  s ingu la r idades  quânt icas.  O exemplo prova, a inda,  que 
a dinâmica quân t i ca  com conservação da p r o b a b i l i d a d e  e um "tempo len to 1'  
pode to rnar- se  s i n g u l a r . '  


