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Abstract The r e c e n t l y  developed theory  o f  t h e  symmetr ical T- mat r i x  i s  
extended here t o  the  r e l a t i v i s t i c  d e s c r i p t i o n  o f  p r o t o n - n u c l e u s  sca t -  
t e r i n g .  The 4x4 symmetric T- mat r i x  i s  reduced t o  an e f f e c t i v e  symmetric 
2x2 m a t r i x  u s i n g  p r o j e c t i o n  techniques. The r e s u l t i n g  n o n - r e l a t i v i s t i c -  
-1ooking T-mat r i x  c o n t a i n s  r e l a t i v i s t i c  ( v i r t u a l  p a i r )  e f f e c t s  t o  a l l  
o rders .  Glauber theory  i s  then a p p l i e d  t o  develop a reasonable approx i -  
mat ion which cou ld  be v a l i d  even a t  l a r g e  angles.  

Dur ing t h e  l a s t  severa l  years a g r e a t  amount o f  e f f o r t h a s  been 

devoted towards t h e  c o n s t r u c t i o n  o f  a r e l a t i v i s t i c  theory  o f  n u c l e a r  

s t r u c t u r e  and react ionsl . I n  such a theory  nucleons and mesons appear ex- 

p l i c i t l y ,  w i t h  t h e  D i r a c  equa t ion  used t o  descr ibe  t h e  f o r m e r ' s  motion. 

Though severa l  problems s t i  11 remain t o  be solved, many major advantages 

over  t h e  conven t iona l  n o n - r e l a t i v i s t i c  theory  w i t h  e f f e c t i v e  two-body in- 

t e r a c t i o n s  have been unambiguously e s t a b l i s h e d .  A major  t e s t  o f  the  r e -  

l a t i v i s t i c  theory  has been i t s  p r e d i c t i v e  power o f  s p i n  observables i n  

e l a s t i c  and i n e l a s t i c  p r o t o n  nucleus s c a t t e r i n g  a t  i n te rmed ia te  cnergies, 

where t h e  b a s i c  v e c t o r  and s c a l a r  i n t e r a c t i o n s  which a r i s e s  f rom w- a n d  

U-meson exchange, r e s p e c t i v e l y ,  can be c o n s t r u c t e d  us ing  the  impulseap- 

p rox imat ion .  For a more d e t a i l e d  and s t r i n g e s t  comparison o f  t h e  theory  

w i t h  experiment data a t  r e l a t i v e l y  l a r g e  angles a r e  requ i red .  

Q u i t e  r e c e n t l  y, data o f  200 MeV p r o t o n  s c a t t e r i n g  from '08pb 

were measured a t  the Ind iana U n i v e r s i t y  ~ ; c l o t r o n  up t o  8 = 90' where 

t h e  c r o s s - s e c t i o n  drops t o  about 10-15 mb/sr ' 500 MeV p r o t o n  data a r e  

a l s o  a v a i l a b l e 3 .  To per fo rm an exact  r e l a t i v i s t i c  c a l c u l a t i o n  o f  the  

Work p a r t i a l l y  s u p p o r t e d  b y  CNPq and FAPESP ( B r a z i l i a n  Government 
Agencies) . 
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c ross- sec t ion  up t o  these angles,  a  q u i t e  c o s t l y  and leng thy  numer ica l  

e f f o r t  must be a l l o c a t e d .  On the  o t h e r  hand, the  much s imp le r  Glauber 

(e ikona l )  approx imat ion i s  o b v i o u s l y  inadequate a t  the  l a r g e  angles i n -  

volved.  I n  t h i s  c o n t r i b u t i o n  we develop a new mod i f ied  D i r a c  e i k o n a l  

amp l i tude  which may work w e l l  a t  l a r g e  angles.  T h i s  i s  a c c o m p l  i s h e d  

through t h e  use o f  a  symmetrized v e r s i o n  o f  t h e  T- mat r i x  w i t h  respec t  

t o  the  exac t  ingo ing  and ou tgo ing  s c a t t e r i n g  wave f u n c t i o n s .  

The s t a r t i n g  p o i n t  o f  ou r  d i s c u s s i o n  i s  a  r e l a t i v i s t i c  gener- 

a l i z a t i o n  o f  the  r e c e n t l y  proposed symmetr ical T-matr ix ,  developed i n  

g r e a t  deta i 1 by Hussein and ~ a r ~ u e s ' .  

1 

1 ~ 1 %  = 1 d~ <$i;) ( l u t )  JUJ$(Z)  ( l u ) >  (1) 

o 

where l~p) (hU)> i s  a  four-component s c a t t e r i n g  wave f u n c  t i o n  which 

s a t i s f i e s  D i r a c ' s  equa t ion  

s i b l e .  c o n s i s t e n t  w i t h  r e l a t i v i s t i c  covar iance.  
t 

t i o n  < ~ - ) ( A u  > I  
t h e  4x4 T- mat r i x  

w i t h  the  unscaled 

-f 

where Ik+> i s  a  p o s i t i v e- e n e r g y  p lane  wave s o l u t i o n  o f  t h e  f r e e  D i r a c  

equa t ion  and the  sca led  i n t e r a c t i o n  XU i s  l e f t  here as genera l  as pos- 

The ingo ing  wave func-  

i s  j u s t  the  t ime- reversed v e r s i o n  o f  eq . (2 ) .0 f  course 

i t s e l f ,  s a t i s f i e s  the  Lippmann-Schwinger D i racequa t ion  

p o t e n t i a l  

E q . ( l )  i s  an a l t e r n a t i v e  e m c t  r e p r e s e n t a t i o n  o f  t h e  T -mat r i x .  

Since what i n t e r e s t s  us here i s  j u s t  a  2x2 sub-matr ix  o f  t h e  

4-matr ix ,  eq. ( 3 ) ,  which descr ibes  t h e  upper component o n l  y, we have t o  

f i r s t  p r o j e c t  o u t  from eq.(3) the  lower component. I n t r o d u c i n g  t h e  no- 
++ -- 

t a t i o n  T (upper),  T ( lower ) ,  T+- (mi, * I  upper- lower) e t c . ,  and t h e  

f o l  l ow ing  s p e c t r a l  rep resen ta t  i o n  o f  t h e  f r e e  Di rac  Green f u n c t  i o n  
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where 

++ 
we can w r i t e  down two coupled m a t r i x  i n t e g r a l  equat ions f o r  T  a n d ~ + - .  

++ 
E l i m i n a t i n g  T+- i n  f a v o r  o f  T  we f i n a l l y  f i n d  

++ 
w i t h  t h e  2x2 m a t r i x  i n t e r a c t i o n  V g i ven  by 

The second term i n  eq. (6) takes i n t o  account the  v i r t u a l  nuc leon- an t i -  

nucleon p a i r  c r e a t i o n .  T h i s  i s  the  term which i n t r o d u c e s  g e n u i n e l y  

r e l a t i v i s t i c  c o r r e c t i o n  t o  the  now a p p a r e n t l y  n o n - r e l a t  i v i  s t i c  T++- 

- m a t r i x  which s a t i s f i e s  the  L-S equat ion5.  

We use eq.(5) ,  i ns tead  o f  eq . (3 ) ,  t o  d e r i v e  t h e  symmetr ical 

form o f  the  2x2 rna t r i x  T", u s i n g  t h e  o p e r a t o r  man ipu la t ions  o f  re f .4 :  

The wave f u n c t i o n s  1 )  ( A V )  a I$-) (Avf+)> s a t i s f y  the  more fam- 
;t 

i l i a r  Lippmann-Schwinger equat ions 

i n  what f o l l o w s  we s h a l l  develop m o d i f i e d  e ikona l  express ions 

f o r  t h e  T- mat r i x  b o t h  i n  the  o r i g i n a l  D i r a c  form, e q .  ( 1 )  a n d  i t s  

Schrodinger e q u i v a l e n t  form, eq. (7) .  To proceed, we w r i t e  t h e  f o l l o w i n g  
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form f o r  the  wave f u n c t i o n s 5  

where xs and x , a r e  the  P a u l i  sp inors  f o r  t h e  i n g o i n g a n d o u t g o i n g  s o l -  

u t i o n s  ( o f  course b o t h  depend on the  d i r e c t i o n s  o f  t h e  momenta, and thus  

the pr ime on s i n  the  second s p i n o r ) .  

We a r e  now i n  a p o s i t i o n  t o  d e r i v e  an express ion  f o r  the  i n -  

tegrand 

<i ( - )  (Au) l u l $ ( + )  ( l u ) >  x 1  í: 

where the  lower components o f  the  D i r a c  wave f u n c t i o n  have been e l i m i n -  

a ted  . 
'3 ) t  i s  

determine the  

more p r e c i s e l y  

nbw a s imple mat te r  t o  d e r i v e  the  equat ions t h a t  w o u l d  

ingo ing  and ou tgo ing  e ikona ls ,  w i t h  the  a i d  o f  eq. (3) , (or ,  

, the  corresponding D i rac  equa t ion )  
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3 

and s imi  l a r 1  y f o r  ( r  ) . Eq. (11) was ob ta ined ,  as usual ,  a f t e r  

dropping second o r d e r  d e r i v a t i v e  terms and assuming t h e  usual s c a l a r  

v e c t o r  form f o r  u .  I n  eq. ( l l ) ,  t h e  sca led  c e n t r a l  and s p i n - o r b i t  po- 

t e n t i a l s  a r e  g iven  by 

B A 
V C (A) = A Vs + A; V + (v2  - V:) 

We no te  here t h a t  the  l a s t  term i n  Vc (quadra t i c  i n  the  V 's)  

i s sca led  by h2. Secondl y, t h e  scaled sp i  n- orb i  t i n t e r a c t  i o n  depends on 

A o n l y  through the  p o t e n t i a l  term A(Vv - Vs). 

No t i ce  t h a t  eq. (12) and eq. (16) t o  f o l  low a r e  exac t  and have 

n o t  appeared b e f o r e  i n  t h e  l i t e r a t u r e .  

The eikonal form o f  

i s  now e a s i l y  ob ta ined  by u s i n g  eq.(ll) i n  (10 ) .  We f i n d  

We observe t h a t  a m i x t u r e  o f  A-sca.T'ed and unscaled q u a n t i t i e s  

appears i n  t h e  in tegrand.  I t  would be i n t e r e s t i n g  t o  compare eq. (13) 

w i t h  the corresponding (and formal  l y  i d e n t i c a l )  one f o r  
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o f  eq.(7).  We f i n d  

The equa t ion  t h a t  determines SA i n  t h i s  case i s  

where Vc and a r e  g iven  by eq. (12) wi t h  A equal t o  1. The d i  f f e r e n c e  

between the  symmetr ical D i r a c  r e p r e s e n t a t i o n  a n d  t h e  s y m m e t r  i c a l  

~ c h r o d i n ~ e r  r e p r e s e n t a t i o n  can be more eas i  1  y  seen by comparing t h e  way 

X rnodi f i e s  t h e  c e n t r a l  s p i n - o r b i  t i n t e r a c t i o n .  We e x h i b i t  i.n 

f i g . 1  a  p l o t  o f  Ve( l ) /Ve(A=l )  vs. A ,  w i t h  Vv and Vs taken f rom +'Oca 

e l a s t i c  s c a t t e r i n g  D i rac  f i t  a t  E = 500 MeV. (Vv - + 270 MeV and Vs = 

- 400 MeV) and u s i n g  f o r  the r a d i a l  d e n s i t y  shape a  cons tan t  v a l u e o f  

1  (nuc lear  m a t t e r ) 6 .  We see c l e a r l y  t h a t  the  D i r a c  scaled c e n t r a l  i n -  

t e r a c t i o n  i s  a t t r a c t i v e  i n  the  i n t e r v a l  O < X < 0.5 and r e p u l s i v e  i n  

the in teLva1 0.5 < X C 1. T h i s  i s  t o  be compared w i t h  the  Schihdinger  

equ íva len t  scaled p o t e n t i a l  which i s  p u r e l y  r e p u l s i v e  i n  t h e  whole A-  

- i n t e r v a l .  
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t h e  who 

sca t t e r  

F ig .1 - A  p l o t  o f  V~(X)/V,(X=I) vs. h .  
Shor t  dashed l i n e  represents nega- 
t i v e  va lues.  F u l l  l i n e ,  t h e  scaled 
Schrodinger Vc.  See t e x t  f o r  d e t a i  1 S. 

X 

The irnaginary p a r t  o f  Vc(h), however i s  always n e g a t i v e  i n 

l e  1 - i n t e r v a l ,  guaranteeing thus the  a b s o r p t i v e  n a t u r e  o f  t h e  

i n g  process. I n  f a c t ,  we have f o r  the,same system, 

Schrod i nger 
lm Vc = - 10 .251  ( M ~ V )  (17) 

As a f i n a l  rernark, the  m o d i f i e d  G l a u b e r  e x p r e s s i o n  f o r  

1~16 developed above should be a more adequate l a r g e  ang le  h igh-  

-energy approximat ion.  Which one o f  the  represen ta t ions ,  eq. (13) o r  eq. 

(15) i s  more convenient  can o n l  y  be s e t t l e d  through a deta i  l e d  numerical 

comparison, which w i l l  be c a r r i e d  o u t  soon. Fur ther ,  we b e l i e v e  tha tour  

m o d i f i e d  symrnet-ical Glauber model supp l ies  a b e t t e r  r e p r e s e n t a t i o n  o f  

t h e  T-matri.x a t  l a r g e  angles as compared t o  o t h e r  a p p r o a c h e s .  The 

reason i s  t h a t  i n  o u r  d e r i v a t i o n  u s i n g  t h e  symrnetrical f o r o f  T, nowhere 

have we used t h e  smal l- angle approx imat ion.  I n  f a c t ,  we consider  our  

approach t o  be based on a high-energy approx imat ion t o  the  ingo ing  and 

ou tgo ing  wave f u n c t i o n s ,  v a l i d  a t  a l l  angles.  
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Resumo 

Estende-se a T e o r i a  de M a t r i z  T S imét r i ca ,  recentemente desen- 
v o l v i d a ,  para a descr i ção  r e l a t i v i s t i c a  do espalhamento p r õ t ~ n -  núc leo.  
U t i  1 i zando-se técn icas  de p ro jeção  reduz-se a m a t r i x  4x4 s i m e t r i c a  a uma 
m a t r i z  e f e t i v a  2x2 também s i m é t r i c a .  A m a t r i z  T r e s u l t a n t e ,  apesar de 
sua aparência não r e l a t i v í s t i c a ,  contém e f e i t o s  r e l a t i v í s t i c o s  (pares 
v i r t u a i s )  em todas as ordens. Apl ica- se a T e o r i a  de Glauber ,para se de- 
senvolver  uma aproximação razoável e que poder ia  ser  v á l i d a  para gran-  
des ângulos. 


