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Abstract The band s t ruc tu re  o f  m e t a l l i c  sodium i s  calculated,  using f o r  
the f i r s t  t ime the se l f- cons is tent  f i e l d  va r i a t i ona l  c e l l u l a r  method.  
I n  order t o  implement the sel f- consistency i n  the va r i a t i ona l  c e l  l u l a r  
theory, the c r y s t a l  e lec t ron i c  charge dens i ty  was ca lcu la ted w i t h i n  the 
m u f f i n - t i n  approximation. The comparison between our r e s u l t s  and those 
derived from other ca l cu la t i ons  leads to theconc lus ion  t h a t t h e  proposed 
se l f- cons is tent  vers ion  o f  the v a r i a t i o n a l  c e l l u l a r  method i s  f a s t  and 
accurate. 

The c e l l u l a r  method of  w igne r -~e i t z - s la te rh2 ,  ever s ince i t 

was proposed i n  1933, has been recognized by many workers i n  bandstruc- 

t u re  theory o f  so l i ds  as one tha t  holds the more predominant fea turesof  

a  f i r s t  p r i n c i p l e  method, c h i e f l y  due t o  i t s  very simple and q u i t e  i'n- 

t u i t i v e  formulat ion and by the use o f  a  non m u f f i n - t i n  po ten t i a l .  The 

main d i f f i c u l t i e s  o f  the method were the convergence o f  the eigenvalues 

and the excessive computational e f f o r t s  i n  the so lu t i on  o f  agreatsecu-  

l a r  equation3-'. These d i f f i c u l t i e s  led  the c e l l u l a r  method t o  be aban- 

doned dur ing  severa1 decades. The great  number o f  po in ts  per face re-  

quired f o r  the surface i n teg ra t i on  a t  each c e l l  d i d  not  permit compe- 

t i t i o n  w i t h  other methods. These drawbacks, i n  t h e i r  major pa r t ,  were 

e l im inated a f t e r  the v a r i a t i o n a l  fo rmula t ion  o f  the c e l l u l a r  method by 

Fer re i ra  and ~ e i t e " ~ .  l n  t h i s  new version, the c o n v e r g e n c e  o f  the 

e i  genval ues was obta i ned wi t h  a  ra'ther smal 1 numbef of bas i s  funct'ions 

and the eigenvalues were, t o  f i r s t  order,  i nsens i t i ve  w i t h  r e s p e c t  t o  

the e r ro rs  i n  the surface i n teg ra t i on  
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Self- consistent  ca l cu la t i ons  f o r  d iatomic molecu 

complished w i t h  enough success using the Var ia t iona l  Cel 

(vCM) by Fe r re i ra  and ~ e i t e ~ ,  Brescansin e t  a2 l0 ,  and Lei  

l e s  were ac-, 

l u l a r  Method 

t e  e t  aZ1'. The 

method was sho r t l y  thereaf te r  extended f o r  po l ia tomic  m l e c u l e s . b y  Fer- 

r e i r a  and De s iqueira12 and i t s  more recent a p p l  i c a t  i o n s  were  a c -  

compl ished by Kinoshi ta e t  a~~~~  i n  ca lcu la t ions  f o r  the SFs molecule, 

and by Fer re i ra  and De ~ i ~ u e i r a ' ~ ~  who made a  successful use  o f  t h e  

rnethod t o  ca lcu la te  the e lec t ron i c  s t ruc ture  o f  defects i n  s o l i d s w i t h i n  

the framework o f  the molecular c l u s t e r  model. The app l ica t ions  f o r c r y s -  

t a l  were performed by Ferraz e t  a 2 I 4  f o r  sodium and 1 i thium, i n  a  f i r s t  

t e s t  o f  the VCM app l ied  t o  c r y s t a l l i n e  s t ruc tures  w i t h  one atom per u n i t  

c e l l .  The genera l iza t ion  t o  c r y s t a l l i n e  s t ruc tures  w i t h  an a r b i t r a r y  

number o f  atoms per u n i t  c e l l  was accomplished, f o r  diamond and s i l i c o n  

( four atoms per uni t c e l l )  by Ferraz e t  n215 .  

I n  t h i s  work we develop the se l t- cons is tent  vers ion o f  the VCM 

(SCVCM) as appl ied t o  c r y s t a l s  w i t h  one atom per u n i t  c e l l .  The use o f  

Group Theory a t  po in ts  o f  h igh  symmetry o f  the B r i l l o u i n  zone and the 

appl i c a t i o n  o f  the mean vaZue point theory o f  Baldereschi l6 and Chadi- 

-cohenl' lead t o  a  rap id  convergence using a  r e l a t i v e l y  small number o f  

po in ts  i n  the B r i l l o u i n  zone. 

I n  order t o  apply the se l f- cons is tent  theory developed here,we 

have ca lcu la ted the e lec t ron i c  states o f  m e t a l l i c  sodium (BCC structure). 

The band s t ruc tu re  o f  sodium has been ca lcu la ted by severa1 authors, 

using almost a11 theo re t i ca l  techniques ava i l ab le  f o r  the i nves t i ga t i on  

o f  e lec t ron i c  states i n  so l ids .  On the o ther  hand, the fac t  t ha t  i t  has 

a  very simple c r y s t a l  s t ruc ture ,  w i t h  a  s ing le  atom per unic cel1,makes 

i t  a  su i t ab le  t e s t  f o r  the f i r s t  app l i ca t i on  o f  the SCVCM. 

2. THE SELF-CONSISTENCY PROCESS 

Accordingly t o  the o r i g i n a l  idea o f  the sel f- consistent  central 

f i e l d  o f  ~ a r t r e e - ~ o c l c ' ~ ,  each e lec t ron  o f  the atom i s  subjected t o  the,  

ac t i on  o f  a  sphe r i ca l l y  symmetric po ten t i a l  composed by three mainterms: 

(a) An a t t r a c t i v e  po ten t i a l  V ~ ( P )  = - Ze2/r  due t o  the nucleus 

of'charge Ze, e being the charge o f  the e lec t ron  a t  d istance r from the 

nucleus. 
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(b) A  repu l  s i v e  p o t e n t i a l  V  ( r )  generated by the  e 
c loud,  ob ta ined  by s o l v i n g  Poisson 's  equa t ion  

v 

where p ( r )  i s  t h e  s p h e r i c a l  

p  ( r )  

2v ( r )  = - 48e2p(r )  , 
e  

l y  symmetric e l e c t r o n i c  d e n s i t y  

2 w vll 

vR 

pvR( r )  i s  the  s o l u t i o n  o f  the  r a d i a l  Schrodinger equa t ion  

and wVR i s  the  occupat i o n  o f  t h e  (vR) o r b i  t a l .  
-+ -+ 

(c)  An a t t r a c t i v e  p o t e n t i a l  V ( I r . - r . [ ) ,  non x 2 3  
change p o t e n t i a l ,  which depends on t h e  r e l a t i v e  p o s i t  

i , j .  I n  the  S l a t e r  approximationlg, t h i s  p o t e n t i a l  i s  

the va lue  

e l e c t r o n i c  

(1 

l o c a l ,  c a l l e d  ex- 

ions o f  e l e c t r o n s  

made l o c a l  w i t h  

where t h e a  parameter u s u a l l y  assumes va lues  between 2/3 and 1. 

Thus, once term (a) i s  w e l l  known, t h e  p o t e n t i a l  can be found 

i f  t h e  e l e c t r o n i c  charge d e n s i t y  i s  g iven.  Once we know the  p o t e n t i a l  

V ( r )  , eq. (3) can be so lved  and a  new e l e c t r o n i c  charge densi t y  can be 

determined, which leads t o  another  p o t e n t i a l .  The accepted s o l u t i o n  o f  

the  many body problem, w i t h i n  the  framework o f  the  one p a r t i c l e  model, 

i s  t h e  one t h a t  i s  ob ta ined  s e l f - c o n s i s t e n t l y  by  an i t e r a t i v e  p r o c e s s .  

We beg in  w i t h  a  t r i a l  p o t e n t i a l  V l ( r ) ,  p r e f e r a b l y  c l o s e r  t o  t h a t  onewe 

b e l i e v e  t o  be t h e  t r u e  p o t e n t i a l .  I n  a  c r y s t a l ,  t h e  f i r s t  t r i a l  i s  made, 

i n  genera l ,  by t a k i n g  the  s u p e r p o s i t i o n  o f  a tomic p o t e n t i a l s  and per-  

fo rm ing  t h e  s p h e r i c a l  average, s i n c e  we need a p o t e n t i a l  w i t h  s p h e r i c a l  

symmetry. Eq. (3) i s  so lved and t h e  d e n s i t y  p ( r )  a r i s e s  as w e l l  as t h e  

p o t e n t i a l  , V2 ( r ) .  l n  o rder  t o  generate t h e  p o t e n t i a l  f o r  t h e  nex t  i t e r -  

a t  i o n  we per form a  s u i  t a b l e  m i x i n g  between V i  ( r )  and V2 ( r ) .  Usual 1 y  we 
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adopt v S ( r )  = slvl ( r )  + B2v2(r) ,  w i t h  B1 + B2 = 1 .  The po ten t i a l  V 3 (  r ) 

i s  then i n jec ted  i n  eq. ( 3 ) ,  repeat ing the process, u n t i l  the input  and 

output po ten t i a l s  d i f f e r  onty by a su i t ab le  c r i t e r i o n .  

Since we are  dea l ing  w i t h  m e t a l l i c  sodium, the wave funct ions 

must represent the e lec t ron i c  s ta tes  o f  a c r y s t a l .  Therefore they are  

l i m i t e d  t o  a specia l  class, subjected t o  condi t íons establ ishedby Bloch's 

theorem and c o n t i n u i t y  requirements. The boundary cond i t ions  imposed de- 

pend on the adopted model. w igner -se i  t z l s 2  c e l l u l a r  model  i s t h e  one 

used i n  t h i s  work and the cond i t ions  imposed on the wave f u n c t  i o n s a r e  

ex t rac ted from a v a r i a t i o n a l  principie. We s t a r t  from the func t iona l  o f  

Schlosser and ~ a r c u s ~ ' ,  adapted by Fe r re i ra  and ~ e i t e " '  and Ferraz e t  
a21b 1 1 5  

3. SELFCONSISTENT VARIATIONAL CELLULAR METHOD 

We w i l l  b r i e f l y  show here the general ideas present i n  d e t a i l  i n  

the work o f  Fer re i ra  and Le i t e 9,  who developed the secular equation which 

leads t o  the energy eigenvalues i n  the c e l l u l a r  method. The authors have 

formulated the theory t o  be appl ied t o  molecules. The adaptat ion f o r  

c r y s t a l s  i s  presented here. 

3.1 - The secular equations 

According t o  the o r i g i n a l  idea o f  the c e l l u l a r  method,onestarts 

by decomposing the molecular o r  c r y s t a l  space i n t o  c e l l s  w i t h  a r b i t r a r y  

but su i t ab le  form. The po ten t i a l  w i t h i n  each c e l l  i s  assumed spher ical-  

l y  symnetric. The cond i t ions  o f  c o n t i n u i t y  f o r  the wave funct ions and 

t h e i r  f i r s t  d e r i v a t i v e  are imposed a t  the boundary o f  the c e l l s .  Since 

the po ten t i a l  has spher ical  symmetry, the wave funct ions f o r  each leve1 

€v> 
i n  each c e l l  i, can be expanded i n  spher ical  harmonics (omi t t ing  the 

index V) 

Yi tf = j Ai,fi, ( 3  , ( 5  

where 
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X corresponds to the pair (R,rn) specifying the angular momentum and 

R = p /r is obtained from eq. ( 3 )  for each energy leve1 E". AiX are co- R R 
eficients to be determined by a variational method. 

The variational version of the cellular method proposed by Fer- 

reira and ~ e i  te8' uses the fol lowing functional of the energy 

9 

The integrals are performed at the surfaces Sii separating the cells i 

and j .  a I .  is the normal derivative outward from the cell i. By varying 
n z 

the coeficients AiX and imposing the condition that F is stat ionary 

$F=O) one arrives at the secular equation 

where the matrix elements of H are 

. In dealing with crystals, the calculations can be 'reduced to a 

single unit cell using the Bloch conditions 

+ + - + +  
with r 1  = r + R, R being a translation vector of the lattice. In a 

crystal with one atom per cell, the secular equation reduces to 
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Since the  f u n c t i o n s  fiA a r e  parametr ized i n  terms o f  t h e  en- 

ergy t h e  determinant  o f  t h e  H m a t r i x  depends on E The eigenvalues v -  
can be found v a r y i n g  E u n t i  1 t h e  determinant  o f  ; vanishes. I n  prac- v 
t i c e  we work w i t h  the  i n v e r s e  o f  the t r a c e  o f  t h e  inverse  m a t r i x  (ITIM). 

ITIM goes t o  ze ro  when the  determinant  o f  t h e  m a t r i x  goes t o  zero. One 

can show t h a t  the  phys ica l  s o l u t i o n s  a r e  accep tab le  o n l y  when t h e  f i r s t  

d e r i v a t i v e  w i t h  respec t  t o  the  energy i s  nega t i ve
g
.  

3 . 2  

era 

- E l e c t r o n i c  d e n s i t y  

For t h e  c a l c u l a t i o n  o f  t h e  e l e c t r o n i c  d e n s i t y  p . ( r )  i n  a gen- 
7, 

1 c e l l  i, f o r  each energy leve1 E we use t h e  express ion  der i vedby  v '  
F e r r e i r a  and L e i t e  

47rZpi ( r )  

The f u n c t i o n s  p ( r )  a r e  normal i z e d  so t h a t  p (R) = 1 ,  R ill iR 

(14) 

b e  i n g  t h e  

r a d i u s  o f  the  i n s c r i b e d  sphere i n  t h e  c e l l .  I n  express ion  (14) t h e  Q 

m a t r i x  has elements 

where 

The f u n c t i o n s  q .  ( r )  correspond t o  a second l i n e a r l y  i n d e p e n d e n t  s o l -  
J 9, 

u t i o n  o f  the  r a d i a l  Schrodinger equat ion,  f o r  which t h e  f o l l o w i n g  bound- 

a r y  c o n d i t i o n s  a r e  imposed: 
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As we can see f rom e q . ( l 5 ) ,  the  Q m a t r i x  has s i m i l a r  s t r u c t u r e  t o  the  H 

m a t r i x  and can be ob ta ined  f rom t h i s ,  r e p l a c i n g  t h e  f u n c t i o n s  piR(') by 

qiR(r) and equa t ing  t o  zero the  elements o f  H t h a t  n o t  c o n t a i n  piR(p). 

The adap ta t ion  o f  express ions (13) and (14) t o  t h e  c a l c u l a t i o n  

o f  the e l e c t r o n i c  charge i n  c r y s t a l s  c o n t a i n i n g  one atom per  u n i t  c e l l  

i s  r a t h e r  s imple.  Since t h e  c e l l s  a r e  i d e n t i c a l ,  one needs o n l y  t o  know 

the  charge d e n s i t y  i n  a general c e l  l i. H i s  then replaced by 3 and the  

m a t r i x  i s  d e r i ~ e d ~ f r o m  by us ing  t h e  same procedure t h a t  was used t o  

d e r i v e  Q f rom H. The summation i n  the  numerator o f  eq. (14) reduces t o  

two terms and the  denominator con ta ins  fl i d e n t i c a l  terms, N being t h e  

number o f  - ce l  1 s i n  t h e  c r y s t a l  . Each one o f  t h e  f u n c t i o n s  piR ( r )  o r  

4. (r) depends on the  wave v e c t o r  z. Supressing the  index i, the expres- zR 
s i o n  (13) becomes 

-t 2 2 +  + 

47r2( r , k )  = - 1 pR(r ,k)CR(k)  + C.C. , 
R 

( 18) 

C.C .  i s  the  con juga te  complex o f  t h e  express ion.  I n  express ion ( ly ) ,  t h e  

element <AIgIhl' has t h e  form 

t h e  f a c t o r  2 appear ing i n  express ion (18) f o r  each s t a t e  % t a k e s  i n t o  

account the  sp ins degeneracy. The t o t a l  charge d e n s i t y  i s  ob ta ined  by 

sumrning over  1: and over  t h e  occupied l e v e l  s 

dR(2) i s  t h e  degeneracy o f  t h e  l e v e l .  
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3.3 - Mean value points in the Brillouin zone 

The el&tronic charge density calculated by some a~thors~~' 23 

in self-consistent band calculations is obtained through thecontribution 

of a great number of vectors 1: in the Brillouin zone. This is the way 

suggested by expression (21). The accuracy of the calculations increases 

wi th the increase of the nurnber N of vectors 'jC taken into account. The 

cornputational efforts, in this way becorne very demanding. So we have 

made an option for a sirnplification due to ~aldereschi'~ and Chadi- 

-cohenl'. The mean value point of Baldereschi is representative of a1 l 

the vectors of the Brillouin zone. The charge density can be obtained 

with a reasonable approximation if it is calculated 061y for this value 
of %. The approximation i s improved i f severa1 representative points are 

considered. In this work, we use the approxirnation due to Chadi-Cohen, 

which considers more than one point. Formally, consider 'jC1, 'jC2,'jC3, ... , 
the vectors that represent Ni, N2, N3,. . . ,N vectors of the Bri l -  s' S 

louin zone with N 1  + m2 + N3 + ... + Ns = N. Accordingly, we have 

where n = l,2,3, ..., s and v runs over the occupied 

and using eq. (18) in eq. (22), we obtain 

ining 

For each type of lattice, the weights are deterrnined theoretically. 

We have appl ied expression (23) onl y for valence and conduct ion 

states. The total charge density was obtained by adding this result to 

the electronic charge density corresponding to the low-lying core states 

(pCore) . pCore remains inal tered during the self-consi stency process. 

3.4 - The Wigner-Seitz polyhedrum and the intersti tia1 electronic densi ty 
For a BCC structur-e I ike that of sodium, the sui table. choice for 
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the  c e l l  i s  the Wigner-Sei tz  polyhedrum shown i n  f i g u r e  1 .  I t  i s  com- 

posed by s i x  squares and e i g h t  hexagonal faces. Expression (23)  was used 

t o  c a l c u l a t e  the  e l e c t r o n i c  d e n s i t y  o n l y  f o r  p o i n t s  r < R, R being t h e  

r a d i u s  oP the  i n s c r i b e d  sphere i n  the  polyhedrum. To preserve the  sphe- 

r i c a 1  symmetric charac te r  o f  the  e l e c t r o n i c  charge d e n s i t y ,  i t w a s t a k e n  

as a  cons tan t  f o r  p o i n t s  r g r e a t e r  than R and sma l le r  t h a n R  the r a d i u s  
E' 

o f  a  s ~ h e r e ' w i t h  t h e  same volume as the polyhedrum. I n t h i s  i n t e r s t i t i a l  

r e g i o n  ptot ( r )  = po reads 

wheye nint i s  the  volume o f  the  i n t e r s t i t i a l  r e g i o n  and i s  t h e  atomic 

number. The Coulomb p o t e n t i a l  f o r  each new i t e r a t i o n  was o b t a i n e d  by 

the  s o l u t i o n  o f  Po isson 's  e q . ( l )  and t h e  t o t a l  p o t e n t i a l  was g iven  by 

adding t h e  nuc lear  p o t e n t i a l ,  the  Coulomb p o t e n t i a l  and t h e  e x c h a n g e  

term 

V ( r )  = VU(r) + V,(r) + VX(r) . 
I n  t h i s  work we use f o r  t h e  exchange term, t h e  l o c a l  a p p r o x i m a t i o n  o f  

F ig .1  - The Wigner-Seitz c e l l  f o r  
m e t a l l i c  sodium. 
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4. THE FERMI LEVEL 

The Fermi l e v e l  corresponds t o  the  energy o f  t h e  e l e c t r o n  o f  

h ighes t  energy i n  the  ground s t a t e  a t  t h e  temperature T = O'K. For a l -  

k a l  i meta ls  l i k e  sodium, we can a s s o c i a t e  t o  each s t a t e  3: the  c o r r e-  

sponding energy t h a t  increases w i t h  t h e  increase o f  x .  I n  t h i s  way, i f  

we span the  B r i l l o u i n  zone w i t h  a ' c e r t a i n  number o f  p o i n t s  %, t h e  Fermi 

l e v e l  w i l l  be est irnated i f  we c a l c u l a t e  t h e  energy o f  a l l  s t a t e s  and 

dispose t h e  energ ies  i n  inc reas ing  o r d e r .  The Fermi l e v e l  i s  e q u a l  t o  

t h a t  energy f o r  which t h e  f r a c t i o n  o f  the  number o f  p o i n t s  7: taken i n t o  

account i s  equal t o  t h e  occupa t ion  o f  the  band. The number o f  p o i n t s  % 
considered must be l a r g e  enough i n  o r d e r  t o  assure good p r e c i s i o n .  

L e t  us assume a scheme by which we r e a l i z e  a p a r t i t i o n  o f  the  

B r i l l o u i n  zone f o r  a  BCC l a t t i c e .  The u n i t  c e l l  i s  a  cube o f  edge 4V/a, 

a  be ing t h e  l a t t i c e  parameter.  We d i v i d e  each edge i n t o  anintegernumber 

no w i t h  o r i g i n  a t  t h e  cen te r  o f  t h e  cube. Each p o i n t  o f  the  mesh hasco-  
4 n 

o r d i n a t e s  - (m,n,p), w i t h  m, n, p = 0, '1, '2, '3, ..., n,/2. We 
ano 

rnust d i s c a r d  p o i n t s  t h a t  d i f f e r  m u t u a l l y  by a t r a n s l a t i o n  v e c t o r  o f  t h e  

r e c i p r o c a l  l a t t i c e .  I n  t h i s  way, p o i n t s  o f  the  form 411/ano ( n o / 4 , n , / 4 ,  

n,/4) and 41[/an0 (- n0/4, - n,/4, nJ4, n0 /4 )  a r e  e q u  i v a  l e n  t because 

they d i f f e r  by 2 i V a  (1 ,I ,O). We conclude t h a t  t h e  nurnber o f  p o i n t s  i n  

the cube i s  E:. The B r i  1  l o u i n  zone has a volume equal t o  one q u a r t e r  o f  

the  r e c i p r o c a l  u n i t  c e l l .  So t h e  number o f  p o i n t s  i s  No = n i / 4 .  Taking 

= 16, we have No = 1024 p o i n t s .  P o i n t s  r e l a t e d  by a symmetry oper-  

on o f  the  punctual  group have the  sane energy. For a c e r t a i n  v e c t o r  

the  a p p t i c a t i o n  o f  a11 o p e r a t i o n s  generates i t s  s t a r ,  f rom which i t  

enough t o  c a l c u l a t e  the  energy f o r  a  r e p r e s e n t a t i v e  v e c t o r .  
4n 

s0 -Ei 
,],O) i s  t h e  r e p r e s e n t a t i v e  v e c t o r  o f  4n [ ( o , ~ , o ) , ( I , o , o ) , ( ~ ,  O, O ) ,  T E  

(0,0,1), (O,O,i)], s ince  a11 belong t o  the  same s t a r .  Table 1 shows the  

r e p r e s e n t a t i v e  p o i n t s  f o r  no = 16, i n  u n i t s  o f  4n/16a. n i s  the  number e 
o f  elements i n  each s t a r .  

5. RESULTS FOR SODIUM 

The sodiurn l a t t i c e  parameter i s  a = 4 . 2 2 5 0 8  2'. The m a t r i x  

elements were o b t a i n e d  b y ' c o n s i d e r i n g  the  va lue  o f  the  angu la r  momentum 
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Table 1 . -  Coordinates o f  k vectors i n  uni  t s  o f  11/4a, representat ive o f  

1024 vectors t ha t  span the B r i l l o u i n  zone. na isthenumberofcomponents 

o f  each s ta r .  

up t o  Rmax = 4 i n  expression (5) and the surface in tegra t ions  were per- 

formed by using 7 po in ts  per face'" The s t a r t i n g  potentia1,constracted 

as the spher ical  average o f  the superposi t ion o f  atomic po ten t i a l s ,  as 

we l l  as the core densi ty,  were furnished as input  data f o r  r values i n  

the mesh def ined by ~ e r m a n - ~ k i  l lman2'. A1 l ca lcu la t ions  were performed 

i n  t h i s  mesh o f  po in ts .  For m e t a l l i c  elements, the valence band i s  no t  , 

completely f i l l e d  and the use o f  the mean vaZue point t h e o r y  f o r  the 

c a l c u l a t i o n  o f  the charge dens i ty  i s  no t  very u s e f u ~ ' ~ .  Nevertheless, 

fo r  sodium we can use the f a c t  t ha t  the funct ions con t r i bu t i ng  t o  the 

valence band are  3s- l i ke  funct ions and 50 they d i f f e r  l i t t l e  from plane 

waves. I n  t h i s  way, the charge dens i ty  can be considered nearlyconstant. 

The mean value o f  the charge dens i ty  can be taken on ly  i n  the occupied 
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Table 2 - Two-point and e i g h t - p o i n t  scheme o f  Chadi-Cohen f o r  a BCC 

s t r u c t u r e .  Weights crn and energy f o r  each z. 

two- point  schi 

e i g h t - p o i n t  
scheme 

7: 
(un i  t s  o f  2ll/z) 

(114, 114, 1/41 

(3/4, 1/4, 1/4) 

(1/8, 118, 1/81 

(3/8, 1/8, 1/81 

(318, 3/8, 1/81 

(318, 3/8, 3/81 

(5/8, 1/8, 1/81 

(5/8, 3/8, 1/81 

(5/8, 3/8, 3/81 

(718, 1/8, 1/8) 

energy 

(Ry) 

Table 3 - Comparison between s e l f - c o n s i s t e n t  p o t e n t i a l s  fo r  some points  

o f  the  mesh, ob ta ined  w i t h  t h e  two and e i g h t - p o i n t  scheme. 

I Two-point rcheme I E i g h t - p o i n t  ssheme 
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f r a c t i o n  o f  the band. For sodium, t h i s  f r a c t i o n  i s  one h a l f .  I n  u s i n g  

express ion (23) t o  c a l c u l a t e  the  charge densi t y ,  we have considered sep- 

a r a t e l y  two p o i n t s  and e i g h t  p o i n t s  o f  Chadi-Cohen. Table 2 shows the  
-+ 
k v e c t o r s  used w i t h  the  corresponding weights  and-e igenvalu2s.  Table 3 

shows values o f  the  s e l f - c o n s i s t e n t  p o t e n t i a l s  f o r  some p o i n t s  o f  the  

mesh, us ing  the two-point  and e i g h t - p o i n t  schemes. The maximum percen- 

tua1 d e v i a t i o n  between the  p o t e n t i a l s  ob ta ined  i s  0.5%. T h i s  leads us 

t o  conclude t h a t  the  use o f  the  mean vaííue point theory i s  a  good ap- 

proach. 

For the charge qsph wi t h i n  the  i n s c r i  bed sphere we have ob- 

t a  i ned 

where the  r a d i u s  o f  the  i n s c r i b e d  sphere i s  R = 3.4583 a, .  The volume 

o f  t h e  i n t e r s t i t i a l  r e g i o n  i s  

So, t h e  charge dens i t y ,  assumed constant  i n  t h e  i n t e r s t i t i a l  Fegion r e -  

sul ted  

F i g u r e  2 shows t h e  v a r i a t i o n  o f  t h e  t o t a l  charge d e n s i t y  w i t h  t h e  d i s -  

tance t o  the  cen te r  o f  the  polyhedrum. We can v e r i f y  t h a t  t h e  v a l u e f o r  

p, i s  almost the  same as the  one which converges the  charge d e n s i t y  

ptot (P) . 
Table 4 shows some s e l f - c o n s i s t e n t  energy l e v e l s  i n  gmdagree-  

m e n b w i t h  r e s u l t s  ob ta ined  by o t h e r  methods. The energy l e v e l s  shown 

correspond t o  p o i n t s  o f  h i g h  symmetry i n  t h e  B r i l l o u i n  zone: 

We no ta  t h a t  accord ing  t o  t h e  p resen t  work, t h e  1 e v e l  r 1 2  i s  

p laced  below rZ5' a r e s u l t  which i s  n o t a b l y  d i f f e r e n t  from the  n o n s e l f  

c o n s i s t e n t  V a r i a t i o n a l  C e l l u l a r  Method (VCM).  We do n o t  have an ex- 
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F ig .2  - V a r i a t i o n  
e l e c t r o n i c  charge 
sodium w i t h  the  
the  cen te r  o f  the  

o f  the  t o t a l  
dens i t y  o f  

d i  stance t o  
polyhedrum. 

Table 4 - Comparison between the  energy l e v e l s  (eV) f o r  sodium calcu-  
l a t e d  i n  the p resen t  work w i t h  those ob ta ined  by o t h e r  methods. 

SCVCM 

o.  O00 

15.246 

15.014 

16.524 

5.754 

7.602 

7.358 

8.092 

10.744 

VCM 

o .  o00 

15.300 

17.735 

16.660 

5.807 

7.099 

7.929 

8.051 

10.105 

LCAO 

0.000 

14.198 

16.429 

16.674 

6.038 

7.086 

8.269 

7.806 

- 

APW 

0.000 

14.851 

15.749 

16.565 

5.930 

7.466 

7.71 1 

8.078 

10.662 

QDM KKRZ OPW 

SCVCM: s e l f - c o n s i s t e n t  v a r i a t i o n a l  c e l l u l a r  method (present  work);  VCM: 
non s e l f - c o n s i s t e n t  v a r i a t i o n a l  c e l l u l a r  method ( r e f .  14) :  LCAO: l i n e a r  
combinat ion o f  a tomic o r b i  t a l s  ( r e f . 2 6 ) ;  APW: a u g m e n t e d  p l a n e  w a v e s  
( r e f  . 27) ; QDM: quantum de fec t  method ( r e f  .28) ; KKRZ: method o f  Green's 
f u n c t i o n  - Ziman v e r s i o n  ( r e f .  29);  OPW: o r t h o g o n a l i z e d  p lane  waves kef .  
3 0 ) .  
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p l a n a t i o n  f o r  t h i s  f a c t .  We note,  never the less,  t h a t  t h e  r e s u l t s  'ob-  

t a i n e d  by us f o r  these two l e v e l s  can be considered an improvement re-  

l a t i v e  t o  the  c a l c u l a t i o n s  o f  VCM when compared w i t h  o t h e r  m e t h o d s .  

S i m i l a r  d iscrepancy was found by Ching and ~ a l l a w a ~ ~ ~  who fcund leve1 

H 1 2  above H15. The s e l f - c o n s i s t e n t  band s t r u c t u r e  o f  sodium i s  shown i n  

f i g u r e  4 f o r  d i r e c t i o n s  r H  and rP (energy i n  eV). 

I n  f i g u r e  3  t h e  p roduc t  r V ( r )  as a  f u n c t i o n  o f  r compares t h e  

s e l f - c o n s i s t e n t  p o t e n t i a l ,  t h e  superpos i t i on  o f  atomic p o t e n t i a l s  and 

the atomic p o t e n t i a l .  We see t h a t  the  s e l f - c o n s i s t e n t  p o t e n t i a l  con- 

verges t o  va lues c l o s e r  t o  the  atomic one than t h e  s u p e r p o s  i t i on o f  

atomic p o t e n t i a l s .  T h i s  r e s u l t  cou ld  be p r e d i c t e d  i f  we r e c a l l  t h e f a c t  

t h a t  t h e  e l e c t r o n  f o r  t h e  conduct ion band o f  sodium i s  q u i t e  f r e e ,  an 

evidence o f  i t s  m e t a l l i c  charac te r .  

- 

- 

- 

- SELF-CONSISTENT POTENTIAL 
, , , SUPERPOSITION OF ATOMIC - 

POTENTIALS 
, , , , , , ATOMIC POTENTIAL - 

Fig.3 - Comparison between the  s e l f - c o n s i s t e n t  po- 
t e n t i a l ,  the  superpos i t i on  o f  atomic p o t e n t i a l s a n d  
the atomic p o t e n t i a l  f o r  sodium. 
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F l g . 4  - Band s t r u c t u r e  o f  sodium i n  d i r e c t i o n s  TH and r P  
(energ ies i n  eV). The o r i g i n  o f  energ ies was p laced a t  
the  bottom o f  the  conduct ion band. 

I n  the  c a l c u l a t i o n  o f  t h e  Fermi l e v e l  f o r  sodiurn we can make 

some c o n s i d e r a t i o n s  t h a t  s i m p l i f y  the  work. The Ferrni su r face  f o r  so- 

dium does n o t  d i  f f e r  v e r y  much f rom a  sphere and so the  . v e c  t o r  Zn, 
which c h a r a c t e r i z e s  i t s  Fermi l e v e l ,  i s  v e r y  c l o s e  t o  t h e  XT o f  f r e e  

e l e c t r o n s .  For f r e e  e l e c t r o n s  we have = k j  (Rydbergs u n i t s ) .  I n  t h i s  

approx imat ion f o r  sodium t h e  number o f  a c c e s s i b l e  s t a t e s  f rom k = O t o  

k = kF i s  1 x $  k i ,  equal t o  the  volume o f  the  B r i l l o u i n  z o n e  i n  kt 
1 

space 

I n  u n i  t s  o f  2 7 / a  we have 

3 kF = (-1 ' I 3  = 0.6203505 . 



Revista Brasileira de Flsica, Vol. 18, n? 1, 1988 

For f r e e  e l e c t r o n s ,  t h e  energy increases w i t h  the  square o f  k and we 

hope t h a t  t h i s  i s  approx imate ly  t r u e  f o r  sodium, so we do n o t  need t o  

c a l c u l a t e  energ ies f o r  va lues  o f  % wi  t h  magnitude much smal l e r  than that 

o f  k c a l c u l a t e d  above. Table 5 shows t h e  v e c t o r s  e x t r a t e d  f rom t a b l e  F 
1, which a r e  needed t o  o b t a i n  t h e  Fermi l e v e l .  They a r e  disposed i n  

Table 5 - S e l f - c o n s i s t e n t  energy l e v e l s  
f o r  sodium c a l c u l a t e d  from t h e  438th t o  
the  512th v e c t  r i n  the  B r i l l o u i n  zone. 
The number o f  f v e c t o r s  i n  a  s t a r  i s  i n -  
d i c a t e d  i n  b racke ts .  

o rder  o f  i n c r e a s i n g  energy ( ~ y )  s t a r t i n g  f rom t h e  438th v e c t o r .  ~ h e  

magnitude o f  t h e  preceding v e c t o r  i s  n o t i c e a b l e  sma l le r  than kF. From 

t h i s  t a b l e  we see t h a t  the  Fermi l e v e l  i s  determined b y  t h e  e n e r g y  

va lue  o f  any one o f  t h e  48 v e c t o r s  o f  t h e  s t a r  (1,3,4), s  i n c e  amng 

them we can l o c a t e  t h e  512th energy. For  t h e  v e c t o r  (0,0,0) we'have ob- 

t a i n e d  t h e  e igenvalue -0.3314 Ry. So we f i n d  

Th is  va lue  i s  v e r y  c l o s e  t o  t h e  Fermi l e v e l  f o r  sodium accord ing t o t h e  

f r e e  e l e c t r o n  gas model (3.23 e ~ )  and comparable t o  the  one found by 

~awrence"  i n  h i s  c a l c u l a t i o n  by s e l f - c o n s i s t b n t  KKRZ f o r  sodium. 
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O método c e l u l a r  v a r i a c i o n a l  a u t o  c o n s i s t e n t e  é ap l i cada  p e l a  
p r i m e i r a  vez no c á l c u l o  da e s t r u t u r a  de f a i x a s  de \energ ia  do sõdio, A 
formulaçáo auto c o n s i s t e n t e  da t e o r i a  c e l u l a r  v a r i a c i o n a l  em c r i s t a i s  
é apresentada topando-se a aproximação r n u f f i n - t i n  para a densidade de 
carga. Comparando nossos resu l tados  com aqueles o b t i d o s  por  o u t r o s  me- 
todos concluimos que a versão a u t o  c o n s i s t e n t e  do método c e l u l a r  desen- 
v o l v i d a  nes te  t r a b a l h o  6 um esquema computacional r á p i d o  de ob te r- se  
resu l tados  p rec isos  para as bandas. 


