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Abmact The T h i r r i n g  model i s  i n v a r i a n t  under g l o b a l  c h i r a l  r o t a t i o n s .  
However, u s i n g  the  method developed by Gamboa-Saraví, M u s c h i e t t i ,  Scha- 
posnik  and Solomin t o  c a l c u l a t e  the  Jacobian assoc ia ted  w i t h  t h i s  k i n d  
o f  t rans fo rmat ion ,  a n o n - t r i v i a l  r e s u l t  has been o b t a i n e d . T h i s f a c t m a y  
i n d i c a t e  t h a t  t h e i r  r e g u l a r i z a t i o n  does n o t  respec t  the symmetries o f  
t h e  theory .  We thus decided t o  i n v e s t i g a t e  how t h e  . G r o s s - N e v e u  model 
Green f u n c t i o n s  behave under g l o b a l  c h i r a l  r o t a t i o n s .  (The Gross-Neveu 
model w i t h  a s i n g l e  f e r m i o n i c  f i e l d  i s  e q u i v a l e n t  t o  t h e  T h i r r i n g  mdel), 
We show t h a t  t h e  c o n t r i b u t i o n  which comes f rom t h e  Jacobian can be e l i -  
minated by e x p l o i t i n g  t h e  invar iance  o f  t h e  theory  under f i n i t e  renorma- 
l i z a t i o n  and t h a t  t h e  Green f u n c t i o n s  do n o t  depend on the  c h i r a l  ro-  
t a t i o n  parameter.  

1. INTRODUCTION 

I n  quantum f i e l d  theory  c u r r e n t s  which a r e  conserved a t  t h e  

c l a s s i c a l  l e v e i  may no longer  be conserved a f t e r  q u a n t i z a t i o n .  T h i s  

b reak ing  o f  a c l a s s i c a l  symmetry by t h e  q u a n t i z a t i o n  procedure i s u s w l l y  

c a l l e d  anomaly. The f i r s t  example o f  t h i s  phenomenon, t h e  c h i r a l  anomaly, 

was s t u d i e d  by Ad le r ,  B e l l  and ~ a c k i w '  i n quantum elect rodynamics.  U n t i  1 

r e c e n t l y  divergences o f  anomalous c u r r e n t s  were c a l c u l a t e d  l a b o r i o u s l y  

i n  p e r t u r b a t i o n  theory  u s i n g  Feynman diagrams. I n  1979, ~ u j i k a w a ~  showed 

i n  t h e  con tex t  o f  p a t h  i n t e g r a l s  t h a t  t h e  anomaly comes f rom t h e  non- in-  

var iance  o f  t h e  f e r m i o n i c  measure under c h i r a l  r o t a t i o n s .  I n  o t h e r  words, 

he showed t h a t  a non t r i v i a l  Jacobian r e s u l  t s  f rom a c h i  r a  l r o t a t i o n .  

Since then, t h e r e  has been a renewed i n t e r e s t  i n  t h e  e v a l u a t i o n  o f  func-  

t i o n a l  Jacob'ians assoc ia ted  wi  t h  these t rans fo rmat ions .  I n  1983, Garnboa- 

-Sarav i ,  ~ u i c h i e t t i  , Schaposnik and Solomi (G-SMSS) proposed3 an e legan t  

method based on t h e  r ; - funct ion r e g u l a r i z a t i o n 4  and S e e l e y ' s  expansion 
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c o e f f i c i e n t s 5 ,  which a l l o w s  i n  a  n a t u r a l  way the  e v a l u a t i o n  o f  c h i r a l  

Jacobians f o r  t h e o r i e s  which c o n t a i n  non-hermi t ian opera to rs .  They have 

shown6 t h a t  t h e i r  method i s  e q u i v a l e n t  t o  Fu j i kawa 's  f o r  the  case o f  

h e r m i t i a n  opera to rs  b u t  y i e l d s  d i f f e r e n t  r e s u l t s  when non- hermi t ian op- 

e r a t o r s  a r e  p resen t .  The o i ies t ion  as t o  which method i s  c o r r e c t  has n o t  

been s e t t l e d  y e t  and f u r t h e r  i n v e s t i g a t i o n  i s  necessary. 

Recentl  y, Carnei ro ,  Mignaco and ~homaz'  (CMT) used t h e  G-SMSS 

method t o  s tudy how d i f f e r e n t  p a r a m e t r i z a t i o n s  o f  t h e  T h i r r i n g  mode1 8 

behave under c h i r a l  r o t a t i o n s .  Some p a r a m e t r i z a t i o n s  lead t o  h e r m i t i a n  

w h i l e  o t h e r s  lead  t o  non- hermi t ian D i rac  opera to rs .  The G- SMSS method, 

which t r e a t s  b o t h  types o f  o p e r a t o r s  on an equal f o o t i n g ,  i s  s p e c i a l l y  

adequate f o r  t h e i r  problem. CMT have shown t h a t ,  a l though  the  T h i r r i n g  

rnodel i s  i n v a r i a n t  under g l o b a l  c h i r a l  r o t a t i o n s ,  one o b t a i n s a  non t r i v -  

i a l  Jacobian even i n  t h i s  case. T h i s  may i n d i c a t e  t h a t  the  5 - f u n c t i o n  

r e g u l a r i z a t i o n  breaks the  g l o b a l  c h i r a l  i n v a r i a n c e  o f  t h e  theory .  We 

then decided t o  i n v e s t i g a t e  t h i s  p o i n t  f u r t h e r  by s tudy ing  i n  t h i s  paper 

the behaviour o f  t h e  Green f u n c t i o n s  under c h i r a l  r o t a t i o n s .  We show 

t h a t ,  a t  l e a s t  i n  p e r t u r b a t i o n  theory,  t h e  G-SMSS method i s  c o n s i s t e n t  

and the  Green f u n c t i o n s  do n o t  depend on t h e  c h i r a l  r o t a t i o n  parameter.  

We s tudy  the  Gross-Neveu mode13 which con ta ins  N f e r m  i o n  i c  

f i e l d s .  S ince i t  i s  e q u i v a l e n t  t o  the  T h i r r i n g  model when N = l ,  we can 

e a s i l y  recover the  CMT case a t  any s tage o f  the  c a l c u l a t i o n .  The Gross- 

-Neveu model i s  n o t  i n v a r i a n t  under c h i r a l  r o t a t i o n s  except f o r  N = 1. 

However, pe r fo rming  a  c h i r a l  r o t a t i o n o n  t h e g e n e r a t i n g  f u n c t i o n  i s  

analogous t o  per fo rming  a  change o f  v a r i a b l e s  i n  an o r d i n a r y  i n t e g r a l  

and the  f i n a l  r e s u l r  does n o t  depend on t h e  i n t e g r a t i o n  v a r i a b l e s .  T h i s  

PaPer 

c h i  r a  

Green 

su l  t s  

Jacob 

i s  o rgan ized  as f o l  lows. I n  sec t  i o n  2 we show how t o  ca lcu la te  the 

Jacobian when sources a r e  present .  I n  s e c t i o n  3 we show t h a t  t h e  

f u n c t i o n s  do n o t  depend on the  c h i r a l  r o t a t i o n  parameter.  The r e -  

a r e  d iscussed i n  s e c t i o n  4, and the  c a l c u l a t i o n  o f  t h e  c h i r a l  

an i s  sketched i n  an appendi<.  

2. THE BEHAVIOUR OF THE GROSS-NEVEU MODEL WITH SOURCES UNDER CHIRAL 
ROTATIONS 

The Gross-Neveu model ' i s  desc r ibed  i n  two dimensional Eucl idean 
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space by the Lagrangian 

2 

~ = i V ? @ + z ( $ ~ @ ) ' ,  ( 2 . 1 )  

where a = 1 , 2 , .  . . , N ;  9 = ~ ~ 3 ~ ;  P = 1 , 2  and we choose a  r e p r e s e n t a t i o n  

i n  which the  Y mat r i ces  a r e  h e r m i t i a n ,  namely Y I  = (51, Y 2  = ( 5 2 ,  Y5  = (53 
1i 

and E12 = 1. 

I n  Eucl idean space we have 

r.$;, $1 = $1 = Q;, $'L= O CC,B = I, 2  

I f  t h e r e  i s  o n l y  one fe rmion  f i e l d  ( f l = ~ )  then 

where M i s  any 2x2 m a t r i x  and d e t  M stands f o r  the d e t e r m i n a n t  o f  M. 

Using t h i s  i d e n t i  t y  i t  i s  easy t o  show t h a t  2 g 2 ( $ $ ) ' =  - g 2 ( $ ~  $1' and we u 
o b t a i n  the  wel l-known equiva lence between the  T h i r r i n g  model a n d  the  

N=l Gross-Neveu model . 
I n  o r d e r  t o  s tudy t h e  Green f u n c t i o n s  i t  i s  convenient  t o  u s e t h e  

genera t ing  f u n c t i o n a l  

Z, = ~r or j d 2 r  Ga 3 @ + 2 - RP - plia]}. 
( 2 . 4 )  

a where :a and ,la a r e  sources f o r  the f e r m i o n i c  f i e l d s  $ and qa respec- 

t i v e l y .  

Before a p p l y i n g  a  c h i r a l  r o t a t i o n  t o  t h e  f e r m i o n i c  f i e l d s  we i n -  

t roduce an a u x i l i a r y  f i e l d  (5, t o  reduce t h e  q u a r t i c  term t o  a  q u a d r a t i c  

one i n  $, $, and s h i f t  $, $ t o  e l i m i n a t e  the  l i n e a r  terms. These steps 

a r e  necessary because t h e  G-SMSS method r e q u i r e s  a  q u a d r a t i c  Lagrangian 

i n  t h e  f e r m i o n i c  f i e l d s  which i s  r e g u l a r i z e d  from the  beginning u s i n g  

the  c - f u n c t i o n "  

O$ D$ exp - $D$ = d e t  D F e x p  I -  ( 1 -  1 
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A t r a n s f o r m a t i o n  over  the  f e r m i o n i c  f i e l d s  i s  d e f i n e d  as 

q, = nqr , (4 = $IR 

A f t e r  t h i  s  t ransforrnat  i o n  the f e r m i o n i c  p a t h  i n t e g r a l  becomes 

and the  Jacobian J can be expressed as the  r a t i o  o f  two r e g u l a r i z e d  de- 

termi  nants 

I O ~  J = C '  (o,iim) - C '  ( 0 , D )  . (2.8) 

The r e d u c t i o n  o f  t h e  q u a r t i c  term i s  e a s i t y  accomplished u s i n g  

the  i d e n t i t y  

The genera t ing  f u n c t i o n a l  becomes 

which i s  t h e  p roduc t  o f  N s i n g l e  fermion Gross-Neveu m o d e l  s  c o u p l e d  

through the  O f i e l d .  

I f  we d e f i n e  

S-'(X,~) = (- i$ + io)6(x-y) 

and per fo rm t h e  change o f  v a r i a b l e s  
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where S(x,y) i s  the inverse o f  s - l ( x , y ) ,  we ob tà in  

where 

A l oca l  c h i r a l  r o t a t i o n  i s  defined as i n  eq.(2.6) w i t h  fl = .Q = 

- - eay5. Since on ly  the fermionic f i e l d s  $, Ji are transformed, the ca l -  

c u l a t i o n  o f  the Jacobian i s  the same as i n  the sourceless case. Not ice 

however t ha t  i f  S-I has zero eigenvalues, one has t o  be more care fu l  t o  

de f ine  S. However, since we are  r e s t r i c t e d  t o  the t r i v i a l  t o p o ? o g i c a l  

sector where per turbat ion  theory hoids, we may sa fe ly  neglect  t h i s  pos- 

s i b i l i t y .  

The ch i  r a l  Jacobian f o r  the N=l Gross-Neveu model , ca 1 c u  1 a'ted 

i n  the appendix, i s  given by 

From now on we sha l l  r e s t r i c t  ourselves t o  g l o b a l  c h i  r a l  r o t a t i o n s  

(a  = const.) . Examining the expression (2.1 

Jacobian i s  the product o f  N such Jacobians. 

) we see tha t  the t o t a l  

Hence 

N 
x n DF D@ exp{- 1 d2

x qa ew5 ( i )  - igu)eaY5 } ( 2 .15 )  
a= 1 

I f  we. s h i f t  the fermionic f i e l d s  as i n  eq. (2.12) but subs t i t u te  S( x , y )  

f o r  e'CLY5 ~ ( x , y )  e-w5 we ob ta in  
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This result can also be obtained if we perform the chiral rotation inthe 

generating function (2.10) and use the Jacobian obtained from the sour- 

celess case. in other words, the sources do not affect the calculation 

of the Jacobian. 

3. INDEPENDENCE OF THE GREEN FUNCTIONS ON THE GHIRAL PARAMETER (a) 

Since all Green functions can be obtained from the generating 

functional by calculating derivatives with respect to the sources, the 

demonstration that eq. (2.16) does not depend on a impl ies that the Green 

functions are a-independent. 

We can el iminate the factor which multiplies the u2/2 term if we 

perform a renormalization of the a-field ahd the coupling constant. In 

fact, recall that we can perforrn finite renormalization withoutchanging 

the physical content of the theory. Thus, if we make 

where 

the factor which'multiplies u2/2 disappears, but 

We can absorb the factor z " ~  by redef ining the coupl ing constant, 

gz1'2=gi (3.3) 
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We a r e  thus l e f t  wi. th t h e  genera t ing  f u n c t i o n a l  

The p e r t u r b a t i v e  expansion 

i n  powers o f  g ' .  Since der  

f a c t o r s  ew5JP(JiaeaY5), i t 

as 

i s  ob ta ined  by expanding the  i n t e r a c t i o n  terrn 

v a t i v e s  w i t h  respec t  t o  ha(rla) b r i n g  down 

i s  easy t o  see t h a t  we can r e w r i t e  eq. ( 3  . 4 )  

N 
x Ii 1 C@ exp{- \pzZ i 3  - taeq5$ - vpaY5 

a= l 
n]} (3.5) 

F i n a l l y ,  a t rans fo r rna t ion  i n  t h e  fer rn ion ic  f i e l d s  as i n  eq.(2.12) w i t h  
- 1 

S = -i8 & ( x - ~ )  leads t o  

x exp{ J d22 taeaY5 ( i a ) - '  

where t h e  fe r rn ion ic  i n t e g r a  1s a r e  cons tan ts  which can be neglected.Since 

a l l  dependence on a d isappears and t h e  Green f u n c t i o n s  a r e  a-independent. 

4. CONCLUSIONS AND DISCUSSION 

F i n a l l y ,  f o r  completeness, l e t  us show why t h e  D=1 Gross-Neveu 

model i s  i n v a r i a n t .  For t h i s  purpose, i t  i s  more convenient  t o  use ex- 

press ion  (2.16) which, a f t e r  i n t e g r a t i n g  over  a, becornes 
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Z = I D$ D$ - 

where we have p u t  the sources equal t o  ze ro  because we a r e  o n l y  i n t e r -  

es ted  i n  t h e  t r a n s f o r m a t i o n  p r o p e r t i e s  o f  t h e  Gross-Neveu Lagrangian. As 

i n  sec t  i o n  3, we can d e f i n e  9' = 9 ~ " ~  and a  1 1  dependence on a i s  1  e f  t 

i n  (v e2Y5a $a)2. However, i f  N=l, we can use p r o p e r t y  eq. (2.3) w i t h  
2ysa M = e  , 

($ e2Y5a $1' = (4.2) 

and we prove t h a t  the-N=l  model i s  i n v a r i a n t .  

To surmarize, we have a p p l i e d  the  G-SMSS method t o  t h e  Gross- 

-Neveu model w i t h  sources, extending i n  t h i s  way t h e  work by  Carnei ro,  

Mignaco and Thomaz. The i n c l u s i o n  o f  sources a l lowed us t o  p rove  t h a t  

the  Green f u n c t i o n s  do n o t  depend on t h e  parameter o f  t h e  c h i r a l  r o -  

t a t i o n .  The r e s u l t  ho lds  f o r  a r b i t r a r y  N. However, t h a t  does n o t  mean 

t h a t  the  Gross-Neveu model i s  i n v a r i a n t  under c h i r a l  r o t a t i o n .  Only  the  

N=l model i s  i n v a r i a n t .  As exp la ined  i n  the  i n t r o d u c t i o n ,  the  c h i r a l  

r o t a t i o n  i s  j u s t  a  change o f  i n t e g r a t i o n  v a r i a b l e s ,  and t h e  f i n a l  r e s u l t  

must n o t  depend on them. Since the  G-SMSS y i e l d s  a non t r i v i a l  Jacobian 

even f o r  g l o b a l  c h i r a l  r o t a t i o n s ,  t h e r e  was the  susp ic ion  a t  the  begin-  

n i n g  t h a t  t h e r e  m igh t  be some incons is tency  i n t h e  C- func t ion  r e g u l a r i z a -  

t i o n .  We have shown t h a t  t h i s  i s  n o t  t h e  case. 

The au thors  would l i k e  t o  thank M.O.C.Gomes, J.A.Mignaco, J.F. 

Perez, S.R.Salinas and F.A.Schaposnik f o r  u s e f u l  d i scuss ions .  

I n  t h i s  appendix we ske tch  t h e  c a l c u l a t i o n  o f  t h e  c h i r a l  Jacobian. 

Accord ing t o  G-SMSS 3 ,  i f  we d e f i n e  ao such t h a t  

where 

D = i 2  + igu  

(A. l a )  

(A. 1 b) 
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and t h e  f o l l o w i n g  Seeley 's  c o e f f i c i e n t s  

the  two dirnensional Jacobian assoc ia ted  w i t h  the  c h i r a l  r o t a t i o n  i s t h e n  

g iven  by 

where t h e  p a r a m e t e r r  i s  used t o  produce a  f i n i t e  c h i r a l  r o t a t i o n  f rom 

i n f i n i t e s i r n a l  ones by i t e r a t i o n .  

I n  o u r  case 

a, = - i r y 5 &  + igu cosh 2 r a  + i g q ,  s i n h  2 r a  . (A.4) 

S u b s t i t u t i n g  e q . ( ~ . & )  i n t o  eq.(A.2) we determine b - 3 ,  which i s  used t o  

c a l c u l a t e  

2A g2u2(x)  s i n h  4 r  a ( x )  - 2X r a2 a ( x )  
(A.5) 

(A2 - 5 2 ) 2  (A2 - E ~ ) ~  

A f t e r  s u b s t i  t u t i n g  t h i s  r e s u l  t i n t o  eq. (A.3 
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