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Abstract We o b t a i n  an improved express ion  f o r  t h e  d i p o l e - d i p o l e  London 
d i s p e r s i o n  f o r c e  between c losed  s h e l l  atoms f o r  sma l l ,  i n t e r m e d i a t e a n d  

Jarge d is tances  compared w i t h  t h e i r  l i n e a r  dimensions. 

1. INTRODUCTION 

The ~ o n d o n '  d i  spers ion  f o r c e  theory  has been t r e a t e d ,  i n  de- 

t a i l s ,  by L o n g u e t - ~ i ~ ~ i n s '  f o r  i n t e r m e d i a t e  and l a r g e  d is tances .  Since 

t h e  usual m u l t i p o l e  expansion f a i l s  f o r  i n t e r m e d i a t e  d i s t a n c e s ,  he has 

w r i t t e n  t h e  i n t e r a c t i o n  m a t r i x  elements w i t h o u t  expanding t h e  i n t e r -  

a tomic p o t e n t i a l  i n  m u l t i p o l e s .  L a s s e t t r e 3  suggested a p p l  y  i n g  t h i  s  

method t o  c a l c u l a t e  t h e  i n t e r a t o m i c  e l e c t r o s t a t i c  p o t e n t i a l  b e t w e e n  

neu t ra1  atoms, F o l l o w i n g  L a s s e t t r e ' s  suggest ion Csanak and Tay lo r4have  

a p p l i e d  t h i s  method t o  c a l c u l a t e  t h e  f i r s t  terms o f  the  t r a n s i  t i o n  

m a t r i x  element o f  t h e  charge densi t y  o p e r a t o r  X ( q ) ,  a1 s o  c a l  l e d  
n,P 

p o l a r i z a t i o n  p o t e n t i a l .  They have a l s o  s u c c e s s f u l l y  ob ta ined  e x p r e s -  

s ions  f o r  the  p o l a r i z a t i o n  p o t e n t i a l  f o r  the e lec t ron- a tom s c a t t e r i n g .  

Jacobi and csanak5 were t h e  f i r s t  t o  c a l c u l a t e 6  t h e  d i p o l e -  

- d i p o l e  term o f  t h e  Loridon d i s p e r s i o n  f o r c e  a t  a r b i t r a r y  d i s t a n c e s ,  

us ing  an anal  y t i c  r e p r e s e n t a t i o n  o f  t h e  Born ampl i tudes i n  momen t u m  

space and a  genera l  a n a l y s i s  o f  angu la r  momentum. 

Accord ing t o  Csanak and Taylor4.  t h e  m a t r i x  element X ( q )  i s  
n 1 

g  i ven by 
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However, as w i l l  be shown i n  sec t ion  2, the ma t r i x  element X (q) de- n 1 
f ined i n  eq. ( I .  I )  i s  no t  co r rec t  and must be replaced by 

I n  sect ion 3, the d ipo le- d ipo le  i n t e r a c t i o n  e n e r g y  between 

two neutra1 atoms i n  the ground s ta te  i s  ca lcu la ted using o n l y t h e f i r s t  

term on the r i g h t  hand s ide o f  eq. (1.21, s ince DE>> Mn,  as one can 

e a s i l y  v e r i f y .  We see t h a t  f o r  la rge distances our r e s u l t s  agree w i t h  

those o f  ~ a l ~ a r n o ~ ,  as expected. On the o ther  hand, f o r  small distances 

we show tha t  our r e s u l t s  are d i f f e r e n t  from those o f  Jacobi and csanak5. 

2. THE MATRIX ELEMENT Xnl(q) 

We use here the method adopted by Csanak and 1 a y l ò r 4  t o  obtain 

X (q). According t o  them, the c o e f f i e i e n t s B  and y are determined by 
n 1 

tak ing  X (q), which i s  g iven by 
n 1 

i n  the l i m i t  q-+O and cornparing i t  w i t h  the exact Taylor- ser ies expan- 

s i on  o f  X (q) around q +  0, def  ined by 
nI, 

where 

(2.3) 

i s  the spectroscopic mu l t i po le  o s c i l l a t o r  st rength.  

For L=z=I, eq. (2.3) f o l  lows as 
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where 

i s  the dipole o s c i l l a t o r  strength. 

For x = L+2, L = 1, eq. (2.3) becomes 

i s  a spherical Bessel funct ion o f  the f i r s t . k i n d l O .  

Subst i tut ing eq. (2.5) i n t o  eq. (2.6), f o r  = 3, L = l ,  the 

f o l  lowing resul t i s obtai'ned 

neglecting higher-order terms i n  q. 

From eqs. (2.1) and (2.8) we see that  the coe f f i c ien t6  isgiven 

by 

B=rs;Tj) D n a 6 .  (2.9) 

In  the next step Y w i l l  be determined by using the exact f i r s t  

moment M which i s  def ined by 4 

n  * 

Then, subst i tu t ing eqs.(2.1) and (2.9) i n t o  eq.(2.10) we f i nd  

which allows us t o  f i n d  

y = - Dn(2a6) + 32Mf13/n , (2.12) 
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tak ing  i n t o  account the ,integrais 

where n = 1,2,3 and 4. 
Now, s u b s t i t u t i n g  eqs. (2.9) and (2.12) i n  t o  eq. (2.1) we get ,  

our eq 

f i r s t  

eq. (2. 

atoms 

Comparing Csanak and ~ a ~ l o r ' s '  r e s u l t ,  g iven by eq. ( l . l ) , w i t h  

(2.14), we see tha t  they are  d i f f e r e n t  by a f a c t o r  i n  the 

erm and by a f ac to r  2 i n  the second one. 

I n  the next  sec t ion  we use the ma t r i x  element X (q) given by nl 
4)  t o  ca l cu la te  the i n t e r a c t i o n  energy w"") (R) f o r  two neutra1 

n the ground state.  

3. THE DIPOLE-DIPOLE TERM 

Fol lowing Jacobi and ~ s a n a k s  the second order dipole-dipole i n -  

t e rac t i on  energy between two neutra1 atoms i n  the ground s ta te  i s  g iven 
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where R is the distance between the centres of mass of the two systems, 

E& refers to the unperturbed excited state energy of the atom with 

ground state energy Eo, X,(q) is the spatial Fourier transformof the 

transition density matrix between the ground an3 the nth excited state, 

j (qR) is a Bessel spherical function and 
L 

is the 3-J' Wigner coefficient. 

I n  ref .5 only the f i rst term of X (q) for L = L' = 1 was used 
nL 

to calculate the dipole-dipole interaction energy and claimed without 

any justification to be the leading term. Indeed, as it will become ap- 

parent from our calculations, the first and the second terms have the 

same order of magnitude for a11 values of R. 

Substituting eq.(1.2) in eq.(3.1), for L = L' = 1, the follow- 

ing result is obtained, taking into account the q-integrals shown ex- 

pl icitly in appendix A 

(3.2) 

where the functions Z ( C L R ) ,  Ji(a?) and %(a?) are seen i n  appendix A ,  

with a . b d  denoting the frequency-dependent dipole polarizability, de- 
3 

f i ned by (,z) - E(j)]D p 
O n n  

a.<id = 1 
J 

n IE2) - Jj) j P  + U 2  
O 
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Taking into account Ii( R), Ji( R) and Ki( R), shown in ap- 
pendix A ,  eq.(3.2) can be written, only to simplify the analysis of the 

' 

1 imits RtO and n-M of the potential w('")(R), as a sum of two func- 

tions, v(f9')(R) disp and u(',')(R): 
di sp 

where 

and the Pn(aR), Qn(aR), and A (aR) are given by n 
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Comparing our P4 (x) and P7(x) wi t h  those ca l cu la ted  by Jacobi 

and csanak5 we v e r i f y  t ha t  some o f  t h e i r  c o e f f i c i e n t s  a re  no t  cor rec t .  

We must note a l so  t h a t  the p o l a r i z a b i l i t y  i n teg ra l  W, def ined by them 

i n  page 370, i s  no t  cor rec t .  Indeed, comparing Wwi th the  p o l a r i z a b i l i t y ,  

which i s  ind ica ted by A, i n  eq.(3.3), we v e r i f y  that ,  i n  the  @O l i m i t ,  

W must be mul t i p l  i ed  by a f a c t o r  1/9. 

Considering eqs.(3.6) and (3.7) we have the f o l l o w i n g  l i m i t s  

f o r  R + O and R + 

and 

From eqs. (3.16), we see tha t  f o r  la rge R o u r  p r e d  i c t  i o n  f o r  

('")(R-*CO) = -~A/ITR~ coincides w i t h  t h a t  obtained by ~ a l ~ a r n o ' ,  as ex- 
'disP 
pected. For small v( ' " ) (R+o) = - ( ~ a ~ / 6 ~ ) ( 7 / 2 5 6 ) ~  i s  d i f f e r e n t  fromthat 

d i sp  
shown by Jacobi and csanak5. 

i n  f i gu res  1 and 2 our r e s u l t s  a re  seen f o r  I("')(R)/A, g iven 

by eq. (3.51, f o r  two values o f  a2, compared wi t h  those o f  Jacobi and 

csanak5. We v e r i f y  t ha t  ours and Jacobi and csanak's5 r e s u l t s  agree f o r  

intermediate and la rge distances; f o r  smali d istances they a re  d i f f e r -  

ent .  According t o  our p red i c t i ons  the i n te rac t i on  po ten t i a l  i s  verymuch 

more a t t r a c t i v e  than tha t  obtained by Jacobi and csanak5. 

I n  f u tu re  work we in tend t o  int roduce higher order  d ispers ion  

forces terms, such as dipole-quadrupole, d ipole-octupole,  quadr 

quadrupole, and t o  compare our p red i c t i ons  w i t h  experimental resu 
5 

sca t te r i ng  problems, i n  v i r i a 1  c o e f f i c i e n t s  and f o r  compressed 

hydrogenl'. 

upol 

l t s  

so 1 
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O JACOB1 AND CSANAK 

0 THIS WORK 

( 1 , ~ )  F ig .1  - The Van der Waals p o t e n t i a l .  Our predi  t ions  W ( R ) / A  (.)are 
compared wi t h  those o f  Jacobi and Csanak V(!*ly(R)N (o) a t  la rge  dis-  
tances, for a2 = 3.391 and a2 = 2.896. disp 

APPENDIX A - The q-lntegrals Rerultr 

l h e  q - i n t e g r a l s  which appear i n  sect ion 3 a r e  the f o l l o ~ i n ~ ~ " ~  
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FIG. 2 

0 JACOBI AND CSANAK 

0 THIS WORK 

F ig .2  - The Van der  Waals p o t e n t i a l .  Our p r e d i  t i o n r  w ( ~ " ) ( R ) / A  (e) a r e  
compared w i t h  those o f  Jacobi and Csanak V$i;pr(R)/A (o) a t  small  d i s -  
tances, f o r  a2 = 3.391 and u2 = 2.896. 

For R = 0,2 we g e t :  
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the  p o ~ y n o m i a i s  P ~ ( x ) ,  P ~ ( x ) ,  Q ~ ( x ) ,  Q ~ ( x ) ,  A 

a r e  i n d i c a t e d  by eqs. n3.7)-(3.12)].  

For i = 1,2 we have, 

S u b s t i t u t i n g  eq. (2.13) i n t o  eqs. ( 5 ~ )  and ( 8 ~ )  r e s u l  t s :  

Now, we w i l  l d e r i v e  t h e  W("')(R) l i m i t s  f o r  small  and l a r g e  R  

va lues.  
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For small R values we f i n d  

tal. ing  i n t o  account eqs. ( 1 1 ~ - 1 3 ~ )  and the fo l l ow ing  i n teg ra l s
g  

'I0 

which 

0 

sen ax TI =-  ( I  - e 
2B2 

-aB) , 
o 

0 

cos ax a .-aB 
28 

o 

For l a rge  R values we f ind 

tak ing  i n t o  account eqs, ( I l A - 1 4 ~ )  and ( 1 7 ~ - 1 9 ~ ) .  
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Resumo 

Obtivemos uma expressão mais cor re ta  para a fo rça  de dispersão 
de London na interação dipolo-dipolo,  para átomos neutros, a d is tânc ias  
pequenas, intermediár ias e grandes em relação as dimensões i ineares dos 
mesmos. 


