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Abstract I t  i s  shown t h a t  the s tandard geometr ic p i c t u r e  o f a n  irnportant 
c l a s s  o f  n o n r e l a t i v i s t i c  Lagrangian motions has the o r i g i n  o f  t h e  gen- 
e r a l i z e d  v e l o c i t y  space as a s i n g u l a r  p o i n t .  Th is  occurs when the mo- 
t i o n ' s  genera t ing  f o r c e  has a l e s s  than q u a d r a t i c  dependence on thegen-  
e r a l i z e d  v e l o c i t i e s .  The impor tant  cases o f  a  g r a d i e n t  f o r c e - f i e l d  and 
t h a t  o f  a  Ray le igh  f o r c e - f i e l d  a r e  considered a s  e x a m p l e s .  The c o r r e -  
sponding dynamical connect ions a r e  cons t ruc ted  and present  po los o f  o r -  
der  two and one, r e s p e c t i v e l y ,  a t  the  o r i g i n  o f  v e l o c i t y  s p a c e .  T h i s  
i m p l i e s  t h a t  wel l-benaved Lagrangian dynamics may o r i g i n a t e  i l l - b e h a v e d  
gauge- f ie lds  i n  c o n f i g u r a t i o n  space. 

1. INTRODUCTION 

Geometry e n t e r s  the  rea lm o f  mechanics i n  connect ion w i t h  the  

i n e r t i a l  q u a l i t y  o f  rnass. The principies o f  a n a l y t i c a l  mechanics have 

shown t h a t  t h e  r e a l l y  fundamental q u a n t i t y  which c h a r a c t e r i z e s  the i n -  

e r t i a  o f  mass i s  n o t  momentum, b u t  k i n e t i c  energy. Numerous a t t e m p t s  

have been made t o  l i n k  n o n r e l a t i v i s t i c  Lagrangian mot ion t o  geometry. 

What i s  common t o  a11 o f  them i s  t h a t  under t h e  concept o f  geometriza: 

t i o n  o f  the  mot ion when a f i e l d  o f  f o r c e s  i s  g iven ,  the  idea i s  t o  f i n d  

such a mathematical s t r u c t u r e  t o  the  c o n f i g u r a t i o n  space t h a t  the  p a t h  

d e f i n e d  by t h e  t ime development o f  t h e  system t u r n s  o u t  t o  b e a g e o d e s i c  

l i n e .  I n  t h i s  sense, t h e  geomet r i za t ion  o f  conserva t i ve  m o t i o n  was 
% 

so lved by ~ o u ~ l a s '  and ~ i s e n h a r t '  who showed t h a t ,  f o r  t h i s  case, t h e  

geometr ica l  s t r u c t u r e  o f  a  Riemannian space i s  s u f f i c i e n t .  A f t e r  these 

c l a s s i c a l  papers, t h e r e  were many at tempts t o  descr ibe  nonconservat ive 

mot ion.  I t  was shown, f i r s t  by ~ i c h n e r o w i c z ~  and l a t e r  by others4" , that  

i n  t h i s  case one needs a more complex mathematical s t r u c t u r e  than t h e  
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Riemannian one more recent l  y, ~ r u m ~ e r ~ ,  i n  h i s  const ruc t ion  o f  a geo- 

metrized vers ion  o f  rheonomic motion, e x p l o i  t e d  t h e  f a c t  t h a t  t h e  

Lagrangian mechanics o f  n o n r e l a t i v i s t i c  rheonomic systems i s  contained 

i n  the theory o f  a c lass  o f  l i n e a r  symmetric connections i n  conf igur -  

a t i o n  spacetime. But Trumper's geometrization, i n  s p i t e  o f  b e i n g  de- 

f i ned  i n  con f i gu ra t i on  spacetime, excludes a11 r e l a t i v i s t i c  m e c h a n i c s  

and a l so  a11 types o f  forces which depend on powers higher than quad- 

r a t i c  i n  the general ized v e l o c i t i e s .  

The main purpose o f  t h i s  paper i s  t o  show the existence o f  

s i n g u l a r i t i e s  i n  the geometric p i c t u r e  o f  the Lagrangian m o t i o n  when 

generated by forces w i t h  a less than quadrat ic  dependence on the gen- 

e ra l i zed  v e l o c i t i e s .  The p a r t i c u l a r  cases o f  a grad ient  f o r c e - f i e l d  and 

tha t  o f  a viscous force,  1 i n e a r  i n  t h e  g e n e r a l  i z e d  v e l o c i  t i e s  

( ~ a ~ l e i g h ' s  fo rce) ,  are considered. The coef f  i c i e n t s  o f  t h e  corre-  

sponding dynamical connections are  constructed w i t h  the met r ic  k i n e t i c  

energy tensor and the general ized fo rce .  These connections present poles 

o f  order two and order  one, respect ive ly ,  a t  the o r i g i n  o f  v e l o c  i t y  

space. Meanwhile, c o n t r a r i l y  t o  Trumper's con f i gu ra t i on  spacetime geo- 

met r ic  model, the mot ion's geometric p i c t u r e  i n  con f i gu ra t i on  space i s  

v a l i d  and wi thout  s i n g u l a r i t i e s  f o r  forces which depend on powershigher 

than, o r  equal to,  quadra t ic  i n  the general ized v e l o c i t i e s .  It i s  con- 

jec tured tha t  the s ingu lar  behaviour o f  the geometric desc r i p t i on  w i l l  

disappear, i f  the con f i gu ra t i on  space o f  the Lagrangian descr ip t ion ,  i s  

considered a stochast ic  space13, t ha t  i s ,  a space i n  which the po in t -  

-1 ike  events are  not  ascr ibed d e f i n i t e  coordinates x. 

2. THE DYNAMICAL LINEAR CONNECTION 

Let us consider a holonomic scleronomic 

o f  freedom whose con f i gu ra t i on- ve loc i t y  descr ip t  
v 

the general ized coordinates ( q  1 and the general 

system wi t h  n degrees 

ion  i s  represented by 

ized v e l o c i t i e s  { tv = 

= dqv/dt ; v = I,. . . ,a. Here t , the time, i s  the a f f  ine  parameter. The 

k i n e t i c  energy 

1 *u-v  
T(q,q) = 2 aJ4)q q 2 0 , 
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def ines the scalar  f i e l d  T(q,4) i n  terms o f  the covar iant ,  symmetric, 

rnetr ic tensor a,,,(q) and the cont ravar ian t  general ized v e l o c i  t y  G'. 
From the geometric rneaning o f  a,,,,(q), we may w r i t e  eq. (1.2) i n  the  

scalar  product form 

1 (G1;7) = 1 = (VIU) . (11.2) 

Then, 
B . B 

u (4,q) = (lH.2) ' m * 

i s  a cont ravar ian t  vector  o f  u n i t  length. 

Now, i t  i s  we l l  known t h a t  the Lagrange e q i i a t i o n s  o f  f i r s t  

k i nd  may be put  i n  the covar ian t  form 

X 
where Q (4,q) i s  the general ized fo rce  and the ' 1  are  the C h r i s t o f e l l  

i i v  
symbol s o f  second k lnd ,  constructed wi t h ,  the me t r i c  tensor a ( . I ) .  How- 1-iv 
ever, eq. - (2.2) i s  no t  qual i f i e d  as an acceptable way o f  geometrization 

A since the fo rce  Q (4,g) i s  not  included as p a r t  o f  the geometric s t ruc-  

t u r e .  Then, i n s t e a d  o f  e q . ( 2 . 2 )  we cons ider  t h e  geodesic equa t ion  

X 
The quant i  t y  L (4,;) i s  a general ized connection, which may 

Fiv 
be v e l o c i t y  dependent and contains the C h r i s t o f f e l  symbol as a v e l o c i t y  

independent term 

Then, eq. (2.3) may be wr i  t t e n  i n  the form 

Now, comparing eqs. (2.2) e (2.3) we have 
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X 
To o b t a i n  t h e  exp l  i c i  t form o f  t h e  t h i  r d  o r d e r  tensor  y (q,q) 

!JG 
we must r e c a l l  t h a t  t h e  r e l e v a n t  dynamical q u a n t i t i e s  a t  hand a r e  t h e  

X 
f o r c e  Q (q ,q )  and t h e  m e t r i c  a (q) .  Mot i va ted  by t h e  genera l  form o f  

PV 
t h e  r e l a t i v i s t i c  1  inear  connec t ion  proposed i n  1971 by O 1  i v e i r a 8  ( i n  h i s  

geomet r i za t ion  o f  n o n d i s s i p a t i v e  long  range i n t e r a c t i o n s ) ,  we were a b l e  

t o  c o n s t r u c t  t h e  genera l  s o l u t i o n  o f  t h e  n o n r e l a t i v i s t i c  eq. (2.6) 

h 
w i t h  ahv = 6 v. 

The form o f  connec t ion  (2.7) i s  c o i n c i d e n t  w i t h  t h a t  used by 

v u j a n o v i c g  i n  1967, i n  h i s  geomet r i za t ion  o f  c l a s s i c a l  nonconservat ive 

dynamics. 0 n l y L t h e  symmetric p a r t  o f  ( 2 . 7 )  c o n t r i b u t e s  t o  eq. (2 .7) .  Now 

i t  i s  convenient  t o  d e f i n e  

h 
and t o  s p l  i t  y i n t o  i h e  form 

VV 

which w i l l  be u s e f u l  l a t e r .  

3. THE GEOMETRY GEMERATED BY 7'p& 

I n  th ' i s  case, t h e  genera l  dynamical connec t ion  (2.4) i s  r e s t r i c -  

ted  t o  hav ing  the  symmetric form 

The symmetric c o n o i t i o n  (3.1) d e f i n e s  a  t o r s i o n l e s s  geometry. 

I t  i s  w e l l  known t h a t  i n  t h i s  case i t  i s  p o s s i b l e  t o  c o n s t r u c t ,  a t  an 
v 

a r b i t r a r i l y  chosen p o i n t ,  ( q  ,), o f  t h e  c o n f i g u r a t i o n  man i fo ld ,  a  l o c a l  

c o o r d i n a t e  system i n  which L = O. More genera l  l y ,  g i v e n  an a r b i -  
(VP) 

t r a r y  c u r v e  i n  such space, we can always i n t r o d u c e  (geodesic) c o o r d i  - 
nates such t h a t  L' vanishes a t  a11 p o i n t s  o f  t h e  curve1'. Then, a t  

(vp) 



Revista Brasileira de Física, Vol. 17, n9 4, 1987 

(qvo) we have 

V 
Eq.(3.2) i s  a r e s t r i c t i o n  on the v e l o c i t y  (q  ) a t  (qo). 

I t  i s  important t o  remark tha t  owing t o  the presence o f  the 

k i n e t i c  energy i n  the denominator o f  Q' i n  eq. (3.2), and because o f  the 
lJ general nature o f  the forces Q , the connection (2.4) i s  def ined o n l y  

along rea l  t r a j e c t o r i e s .  This means tha t  the geometry i s  def ined on a 

space o f  paths. Then, on the t r a j e c t o r y  i n  conf i gu ra t i on  space, we can 

def ine the covar ian t  d e r i v a t i v e  o f  a tensor o f  any valence. I n  pa r t i cu-  

l a r ,  the covar ian t  d e r i v a t i v e  o f  the  me t r i c  tensor a belonging t o  
lJv ' 

the symmetric connection (3.1) i s  

I f  the more general, non-symnetric connection (2.7) i s  used i n  

the  cons t ruc t i on  o f  the  covar ian t  de r i va t i ve ,  we ob ta in  instead o f  eq. 

(3.3) 

V (a ) = 2 @ a  
?J XT AT ( 3 . 3 ' )  

Equations o f  type (3.3') de f ine  a semi-metric geometry12, which 

i s  no t  a Weyl geometry because the  connection (2.4) i s  not  ~ ~ m o e t r i c ' ~ .  

4. THE SPACE OF PATHS AND ITS CURVATURE 

A 
Q u a n t i t i e s s u c h a s a  Q ,  T, n e e d n o t b e g l o b a l l y d e f i n e d a s  w' 

func t ions  o f  p o s i t i o n  but  on l y  along t r a j e c t o r i e s .  N e v e r t h e l  e s s ,  by 

consider ing a continuous fam i l y  o f  t r a j e c t o r i e s  simply cover ingane igh-  
A 

borhood o f  the o r i g i n a l  path q (t), we can extend the domain o f  d e f i -  

n i t i o n  o f  such q u a n t i t i e s  i n  order  t o  make t h e i r  p a r t i a 1  d e r i v a t i v e s  

meaningful. The continuous fami ty  o f  t r a j e c t o r i e s  rnay be constructed, 

f o r  example, w i t h  t r a j e c t o r i e s  s t a r t i n g  from a f i x e d  con f i gu ra t i on  point, 

towards d i f f e r e n t  d i r e c t i o n s  w i t h  the same k i n e t i c  energy, bu t  we could 

a l so  take the t r a j e c t o r i e s  s t a r t i n g  w i t h  equal k i n e t i c  energies from the 
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po in t s  of a conf igura t ion  hypersurface towards the d i r e c t i o n s  normal t o  

t ha t  surface. Now, possessing a mani fo ld o f  t r a j e c t o r i e s ,  we may de f i ne  

i t s  curvature tensor by the standard form1° 

T T 

R vl.i~ - av L? uh - a,, L Y ~  + L vu L',,~ - L ~ , , ~  (4.1) 

From the symnetric connection eq.(3.1) and w i t h  eq.(4.1) weob- 

t a i n  
T O + a v @* - aAvvpmT , 

R w ~  = R v ~ ~  hp v (4.2) 

T 
where !t i s  the curvature  tensor, belonging t o  the  C h r i s t o f f e l  con- 

vlih 
nect ion,  constructed w i t h  a The tensor V mT i s  the  covar ian t  d e r i -  

,,v ' V 
v a t i v e  constructed w i t h  the symnetric connection (3.1). 

Now, two second-order curvature tensors may be obtained from 
T eq.(4.1). By con t rac t i ng  R w i t h  respect t o  the indices V, T we ob- 

VFiT 
t a i n  the R icc i  tensor 

The o ther  curva ture  tensor may be constructed by cont rac t  

the ind ices  h, T and we ob ta in  

5. THE DYNAMICAL CONNECTION GENERATED BY A GRADIENT FORCE-FIELD 

I n  t h i s  sirnple,case, the mani fo ld  o f  paths i s  cons t i t u ted  

t r a j e c t o r i e s  w i t h  the sane t o t a l  energy. Here, owing t o  the presence o f  

the po ten t i a l  f i e l d ,  the curvature  tensor, eq. (4.51, vanishes i d e n t i -  

c a l l y .  As i s  we l l  known, the po ten t i a l  and k i n e t i c  energies a r e r e s t r i c -  

ted by the t o t a l  energy conservation r e l a t i o n  E = I P +  ~ ( q ) .  Then, from 

eq. (2.81, we have 
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eut, from eq. -(3.1) and eq. 

1 1 - = - a,, V(q) -_c (5.1) (4 4, Q 

(5.1) we obtain 

The connection eq. (5.2) has a simple pole o f  second degree lo-  

cated a t  the o r i g i n  o f  ve loc i t y  space. This means that the geometric 

p ic ture o f  dynamics remains h igh ly  singular i n  some neighborhood o f t S a t  

point .  I t  i s  in terest ing t o  remark that  from the r es t r i c t i on  E =  cte,we 

may w r i t e  eq. (5.2) i n  the convenient form 

Now i t  i s  easy t o  see that  the singular behaviour has a logar- 

i thmic der ivat ive form and occurs exact ly when V =  ata turning point, 

f o r  example) i n  conf igurat ion space. From eqs. (5.1) and (4.51, we have 

i n  the gradient fo rce- f ie ld  case 

R~,,: - (a,va,,v - a va v) - o . 
lJ v (5.3) 

Then, on ly  one curvature tensor i s  l e f t ,  namely that  one de- 

f ined by eq. (4.4). The scalar curvature constructed w i t h  Ricc i 's  ten- 

sor, (4.4) * in t h i s  case i s  

o 
where @lJ i s  defined by eq.(5.11) and R i s  the scalar curvaturebelonging 

to  the Chr i s to f fe l  connections constructed w i th  a If we represeni 
lJv- 

eq. (5.3) i n  the form 
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P we see tha t  the a f i e l d  has (R-R) as a  source f i e l d .  

For the sake o f  completeness and a f t e r  some tedious ca lcu la-  

t i ons ,  i t  i s  poss ib le  t o  ob ta in  the fo l l ow ing  re levant  equations 

6. THE DYNAMICAL CONNECTION GENERATED BY FORCES LINEARLY DEPENDENT ON 
THE GENERALIZED VELOCITY 

I n  t h i s  case, we w i l l  consider the very i n t e r e s t i n g  and we l l  

known7 Rayleigh d i s s i p a t i v e  f o r c e - f i e l d ,  Q ~ ( ~ , ; )  which i s  def ined by 

O f  course, the d i s s i p a t i v e  character o f  any d i s s i p a t i v e  fo rce  

i s  contained i n  the r e s t r i c t i o n  

* A  
f o r  a r b i t r a r y  q  . 

I n  eq. (6.1), the rea l ,  symmetric, tensor f i e l d ,  nAe(q), i s  the 

assumed mathematical e n t i t y  which represents the v i s c o s i t y  o f  the con- 

f i g u r a t i o n  mani fo ld and i t  must be such tha t  
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A t r i v i a l  consequence o f  eq.(6.1) and eq.(6.3)  i s  

Now, w i t h  eq. (6.4) and eq. (3.1), we have f o r  t h e  Ray le igh  case 

e 
where U (q ,q)  i s  t h e  u n i t  genera l  i z e d  v e l o c i t y  d e f i n e d  by eq. (2.1"). 

The fo rma l  s t r u c t u r e  o f  t h e  dynamical connec t ion  (6.5), shows 

t h a t  i n  t h e  regime o f  h i g h  v e l o c i t i e s ,  t h e  geometr ic  p i c t u r e  o f  mot ion  

i s  b a s i c a l l y  Riemannian, b u t  i n  t h e  low v e l o c i t y  regime, t h e  geometry 

p resen ts  a s i n g u l a r  behavior  due t o  t h e  presence o f  t h e  f i r s t  o r d e r  pole, 

l o c a t e d  a t  t h e  o r i g i n  o f  v e l o c i t y  space. 

7. CONCLUSIONS AND CONJECTURES 

The geometry o f  c o n f i g u r a t i o n  space does n o t  i n  i t s e l f  e x i s t ,  

s ince  i t  i s  determined by t h e  i n t e r a c t i o n  o f  dynamical systems, Each 

form o f  i n t e r a c t i o n  c r e a t e s  i t s  own geometry. I n  r h i s  paper we have 

shown t h a t  wel l-behaved f o r c e - f i e l d s  may c r e a t e  i l l - b e h a v e d  geometr ies. 

The g e o m e t r i z a t i o n  r e s u l t s  as  a consequence o f  t h e  t r a n s f o r m a t i o n  o f t h e  

Lagrangian equa t ion  o f  mot ion  i n t o  geodesic equa t ions .  I n  o r d e r  t o  do 

t h i s ,  as we have shown, i t  i s  necessary t o  c o n s t r u c t  a dynamical connec- 

t i o n  f i e l d  i n  terms o f  t h e  g e n e r a l i z e d  f o r c e  f i e l d .  Now, t h i s  dynamical 

connect ion,  i n  ~ t i ~ a m a ' s ' ~  sense, i s  a gauge f i e l d .  But i f  t h i s  gauge 

f i e l d  proceeds f rom a f o r c e - f i e l d  w i t h  l e s s  than q u a d r a t i c  dependenceon 

t h e  v e l o c i t i e s ,  i t  i s  s i n g u l a r  a t  t h e  o r i g i n  o f  v e l o c i t y  space. T h i s  

impl i e s  t h a t  w e l l  -behaved Lagrangian dynamics may o r i g i n a t e  an i l l - b e -  

haved gauge f i e l d .  For t h e  c l a s s  o f  f o r c e - f i e l d s  c o n s i  d e r e d  i n t h i  s 

paper, t h e  geometr ic  i 1 1  behavior  i ç  a d i r e c t  c o n s e q u e n c e  i n  t h e  a 

p r i o r i  hypo thes is  o f  sharp l o c a l i z a b i l i t y  i n  t h e  man i fo ld .  N a t u r a l l y ,  

i f  a small  neighborhood o f  t h e  v e l o c i t y  space's o r i g i n  i s  s u b t r a c t e d  
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from the manifold, the i l l - behav io r  w i l l  disappear. Then, i f  the concept 

o f  we l l  def ined l o c a l i z a t i o n  i s  relaxed, the s ingu lar  behavior i s  over- 

come and the geometry stays wel l  behaved. Th is  suggests t h a t  i f  we in -  

tend t o  construct  a well-behaved geometry p i c t u r e  o f  the  Lagrangian mo- 

t i o n  i n  conf igura t ion  space we inust employ a s t o c h a s t i c g e o m e t r y ' 4 ,  

because i n  a s tochast ic  conf i gu ra t i on  space, t he  p a r t i c l e  c o o r d  i n a t e s  
v v 

q are determined on ly  up t o  a c e r t a i n  accuracy A q  , wh i le  the average 

value o f  the coordinate i s  sharply defined. Then, s tochast ic  geometries 

general ize conventional geometries i n  the sense tha t  these arerecovered 

i f  the space cons is ts  exc lus ive ly  o f  sharp values. I n  p a r t i c u l a r ,  Blo- 

khintsev's15 stochast ic geometric rnodel appears, t o  us, very in teres t ing  

f o r  the geometrization o f  the  type o f  f o rce- f i e lds  considered i n  t h i s  

paper. This i s  a task f o r  another paper. 
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Demonstraise que a geometrização usual de uma importante clas- 
se de movimentos nao relativistas, Lagrangianos, 6 singular na origem 
do espaço das velocidades generalizadas. Exemplifica-se com os importan- 
tes particulares casos de uma força dependente de um potencial e de u p  
força dissipativa do tipo Rayleigh. As correspondentes afinidades dina- 
micas são construidas e elas têm polos de segunda e primeira, ordens, 
respectivamente. Isto 6 uma evidência de que dinâmicas bem comportadas 
podem gerar campos de gauge, mal comportados, no espaço das conf i gu ra- 
çoes. 


