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Separable Coordinates and Particle Creation I : the Klein-Gordon Equation 
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Abstmct We present a very simple de r i va t i on  o f  the 10 orthogonal coor- 
d ina te  systems where the Klein-Gordon equation separates. I t  i s  based 
on the conforma1 s t ruc tu re  o f  the two dimensional Minkowski space. Hor- 
izons, proper t ime and acce lera t ion  o f  observes tha t  f o l l o w  the t ime 
coordinate l i n e ,  as w e l l  as o ther  physical  p rope r t i es  o f  the systems, 
a re  obtained. The relevance o f  these coordinates i s  d iscussed,specia l ly  
i n  the context  o f  quantum f i e l d  theory i n  curved space. 

1. INTROWCTION 

We present here a geometrical d e r i v a t i o n  o f  the orthogonal co- 

o rd ina tes  i n  two-dimensional Minkowski space wi t h  which the Klei  n-Gordon 

equation separates. They are  the Minkowski equivalents o f  p l a r , e l l i p t i c  

and parabo l ic  coordinates o f  n o n - r e l a t i v i s t i c  physics, and have a very 

important r o l e  as we l l .  They include the known Rind ler  coordinates, that  

a re  adapted t o  accelerated observers and a re  much used i n  quantum f i e l d  

theory i n  curved spacel i n  connection wi t h  the Hawking e f f e c t  o f  par- 

t i c l e  c reat ion .  These coordinates are  a l s o  adapted t o  very i n t e r e s t i n g  

physical  s i t u a t i o n s  l i k e  a g loba l  boost - the coordinate l i n e s  a re  the 

wor ld l i n e s  o f  asympto t ica l ly  i n e r t i a l  p a r t i c l e s  t h a t  experience a boost 

i n  t h e i r  v e l o c i t i e s ;  t h i s  could eventua l ly  lead t o  a l i n k  between global 

quantum f i e l d  theory and l oca l  r e l a t i v i t y .  Another system describes an 

observer t ha t  i s  i n e r t i a l  i n  the past and un i f o rm ly  accelerated i n  the 

fu tu re ,  p rov id ing  the opportuni  t y  o f  examining p a r t i c l e  c rea t i on  i n  the 

realm o f  o n l y  one system o f  observers, thus e l i m i n a t i n g  one o f  the major 

episthermlogical  d i f i c u l t í e s  o f  the Hawking e f f e c t .  They are  a l s o  useful 

t o  study compact regions o f  the Minkowski plane. And above a11 they a re  
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such t h a t  t h e  Klein-Gordon equa t ion  (and most i n t e r e s t i n g  q u a n t i  t i e s )  

a r e  e x a c t l y  s o l v a b l e ,  d i s t i l l a t i n g  t h e  p h y s i c a l  understanding f rom t h e  

rnathematical d i f f i c u l t i e s  o f  t h e  problem o f  p a r t i c l e  c r e a t i o n  even i n  

f l a t  space-time. A f o l l o w i n g  paper w i l l  handle t h i s  l a s t  case. 

Separable c o o r d i n a t e s  a r e  w e l l  known i n  two- and th ree-  dimen- 

s i o n a l  Eucl idean space s i n c e  t h e  work o f  ~ i s e n h a r d t ' .  I n  Minkowski spa- 

ce they have a l s o  been c l a s s i f i e d  by u rban tke3  w i t h  e l e y a n t  methods o f  

p r o j e c t i v e  geometry. K a l n i n s  and ~i 1 l e r 4  r e l a t e d  o r t h o g o ~ a l  s e p a r a b l  e 

systerns o f  c o o r d i n a t e s  f o r  a  g iven  equa t ion  w i t h  symmetry o p e r a t o r s  o f  

t h i s  equa t ion .  They ob ta ined  a1 1 such systems f o r  t h e  K l  e i  n - G o r d o n  

equa t ion  i n  two, t h r e e  and f o u r  dirnensional Minkowski space- t ime. They 

a r e  i n  number o f  10, 53 and 262, r e s p e c t i v e l y .  These a u t h o r s  so lved  t h e  

more genera l  problem o f  nonor thogonal  R-separable c o o r d i n a t e s  incornplex 

riernannian spaces and a l s o  ac l i ieved a genera l  theory  o f  R-separa t ion , in  

a c o o r d i n a t e- f r e e  rnanner5. Recen t l y  some work has been done on t h e  more 

a b s t r a c t  q u e s t i o n  o f  separable rnan i fo lds6 .  

Here we p resen t  a  s imp le  d e r i v a t i o n  o f  o r thogona l  separab leco-  

o r d i n a t e s  i n  two dimensional Minkowski space f o r  t h e  Klein-Gordon equa- 

t i o n  f o l l o w i n g  t h e  reasoning o f  Morse, ~ e s h b a c h ~  and rnaking use o f  con- 

formal t rans fo rmat ions .  We o b t a i n  t h e  c o o r d i n a t e  t r a n s f o r m a t i o n ,  t h e  

m e t r i c ,  t h e  c o o r d i n a t e  l i n e s  and t h e  a c c e l e r a t i o n  a long  them i n  t h e  r e -  

g i o n  where they  a r e  t i m e- l i k e .  Other geomet r i ca l  p r o p e r t i e s  o f  t h e  sys- 

tems and a n a l y t i c a l  p r o p e r t i e s  o f  t h e  separated equa t ions  a r e  d e r i v e d  

2. DERIVATIONS 

We beg in  w i t h  a Minkowski 

na tes  (t,x) and t h e  m e t r i c  

has s i g n a t u r e  (+,-). We a l s o  def  

space descr ibed  by  c a r t e s i a n  c o o r d i -  

a , b ,  ... = O o r  1  (1 

ne normal ized l i g h t  c o o r d i n a t e s  

- 1 / 2  - 
t - 2  

a: 2- 
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where t h e  rne t r i c  has o n l y  one independent cornponent 

Now cons ider  another  o r thogona l  c o o r d i n a t e  s y s t e m  w i t h  t h e  

m e t r i c  

g = 2 dL- d ~ +  . ( 4 )  

Since a  conforma1 t rans fo r rna t ion  keeps ang les  i n v a r i a n t ,  t h e r e  i s  such 

a  t r a n s f o r m a t i o n  between these two systerns 

bu t ,  as we rernain i n  t h e  sarne space, t h e r e  rnust be a l s o  a  c o o r d i n a t e  

t ransforrnat  i o n  

Ra = Ra (L-  ,L+) 

between t h e  two systems so t h a t  

To satisfy eq. ( 6 )  we need alço 

There i s  no r e s t r i c t i o n  i n  t a k i n g  t h e  f i r s t  c o n d i t i o n ,  so t h a t  we have 

so t h a t  

The d lAlembert  o p e r a t o r  i s  de f  i n e d  as 
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The Klein-Gordon equation,.def ined as 

0, U(t,x) = - m 2 U(t,x) , (13) 

w r i  t t e n  i n  the conformal coordinates (T,x), which a re  r e l a t e d  t o  the L ' s  

as t h e i r  low case r e l a t i v e s  i n  eq.2, takes the fo l l ow ing  form 

~ ~ . 1 4  holds then i n  any system o f  coordinates t h a t  s a t i s f i e s  

o r thogona l i t y  i n  Minkowski space. We now ask f o r  s e p a r a b i l i t y  and w r i t e  

That means 

a, a, n2 = o 

and from 

we have 

These d i f f e r e n t i a l  equations def ine  the orthogonal s e p a r a b l e  

coordinates. They are  hyperbol ic  f o r  V > 0, parabo l ic  f o r  V = O and 

e l  l i p t i c  f o r  V < O. 

Hyperbolic coordinates a re  given by 

di = sgn di and V = 2w2 (20) 

The conformal f a c t o r  i s  

-2wT n2 = dld3 e + d2d4 e 2wT - e -2wx - d2d3 e ~ W X  ,(21) 
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Parabol ic  coordinates are given by 

w i t h  conformal f a c t o r  

E l l i p t i c  coordinates are  given by 

i t + a = 1 fdl cos w (T+x) + d, s i  n U(T+X)] 
W 

1 t - z = - [d3 cos w (T-X) + d,, s i n  W(T-x)] 
W 

\ The conformal f a c t o r  i s  

+ (d2d4 - dld3) cos 2 w X  + (d,d, - d,d3) s i n  ~ U X ]  . 

3. COMMENTS AND CONCLUSION 

I n  t h i s  way we reproduce the non-cartes ian  coordinate systems o f  

~ a l n i n s ' .  H is  treatment o f  non-orthogonal coordinate i s  s i m i l a r  t o  ours. 

bu t  the requirement o f  f l a tness  i s  implement here by in t roduc ing a car-  

tes ian  system'of coordinates which i s  then transformed. Instead,Kalnins 

made e x p l i c i t  use o f  the Riemann tensor. I t  has a l so  been proved t o  be 

more economical t o  demand s e p a r a b i l i t y  a f t e r  f l a tness .  

So l e t  us look a t  the coordinates. Figures 1 t o  13 show the o r -  

thogonal separable systems o f  coordinates, w i t h  w = l .  It i s  i n t e r e s t i n g  

t o  note a few proper t ies  o f  these coordinates. 

Systems A i s  the on l y  one t h a t  covers the whole Minkowski-space, 

I t  i s  c a r t e s i a n l i k e  i n  a neighbourhood o f  the o r i g i n .  The a s y m p t o t i c  
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Fig.1 -The system of coordinates A. 

F i g . 2  -The system of coordinates E 
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Fig.3 - The system o f  coordinates Fig.4 - The system o f  coordinates 

c ~ -  c ~ -  

ig .5 - The system of  coordinates 
D. 
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~ i ~ . 6  - The system o f  coordinates ER.  Fig.7 - The system o f  coordi-  
nates i$,,. 

Fig.  8 - The system o f  coordinates FR. 
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Fig.9 - The system o f  coord i-  F ig .10  - The system o f  coordinates G .  
nates F M' 

Fig.11 - The system o f  
nates HR. 

coord i - 
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Fig .12  - The system o f  coot-dinates H 
M' 

F i g . 1 3  - The system o f  coordinateç .r. 
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v e l o c i t y  o f  a  p o i n t  t h a t  f o l l o w s  t h e  t i m e l i k e  c o o r d i n a t e  l i n e  X = c o n s t .  

i s  tanh  (wX) a t  T = Im, much l i k e  a boost.  The i n t e g r a l  o f  t h e  ac- 

c e l e r a t i o n  o f  such a p o i n t  i s  f i n i t e
g  . 

+ 
Systems B ,  D and G have one c o o r d i n a t e  s i n g u l a r i t y  a t  R =const.; 

i t  i s  an even t- hor i zon  f o r  observers  go iny  w i t h  the  t i m e l i k e  c o o r d i n a t e  

l i n e .  For  t h e  l a s t  two systems the  c o o r d i n a t e  l i n e  touches t h e  h o r i z o n  

needing f o r  t h a t  an i n f i n i t e  amount o f  a c c e l e r a t i o n  i n  a f i n i t e  t ime  t. 

I n  system B t h e  observers  a r e  i n i t i a l l y  i n e r t i a l  and a r e  smoothly ac- 

c e l e r a t i n g ,  so t h a t  they  become o f  R i n d l e r  t ype  a s y m p t o t i c a l l y .  T h i s  

system i s  v e r y  i n t e r e s t i n g  f o r  i n v e s t i g a t i n g  t h e  mechanism o f  p a r t i c l e  

c r e a t i o n  w i t h  e x a c t  aethods and w i t h o u t  comparing two d i f f e r e n t  systems. 

Systerns C ( t h e  wel l known R i n d l e r  c o ~ r d i n a t e s ' ~ ) ,  E, F  and H 
+ 

have two even t- hor i zons  a t  cons tan t  .e and R-. I n  system E t h e  hor i zons  

a r e  o f  two d i f f e r e n t  types.  

The l a s t  system, I, covers  o n l y  a compact r e g i o n  o f  Minkowski-  

-space. I t  i s  a  v e r y  p leasan t  f i g u r e  t o  l o o k  a t ,  where one can most 

e a s i l y  see one o f  t h e  impor tan t  p r o p e r t i e s  o f  t h e  o r thogona l  separable 

coord ina tes ,  t h a t  i s  t h e  f a c t  t h a t  t h e  c o o r d i n a t e  l ines  a r e  i n  each case 

con foca l  1 i nes  i n  t h e  Minkowski sense3. 

F u r t h a r  i n f o r m a t i o n  on  t h e  separab le  o r thogona l  system o f  co- 

o r d i n a t e s  can be drawn f rom t a b l e s  1 and 2 ( f o r  d e t a i l s  on t h e  d e r i -  

v a t i o n s  see re fe rence  8 ) .  There t h e  a c c e l e r a t i o n  a a t  t h e  cu rve  X=const, 

i s  g i v e n  by 

A i s  t h e  p roper- t ime i n t e g r a t i o n  o f  t h e  a c c e l e r a t i o n  

8 and $ a r e  r e s p e c t i v e l y  the  ang le  necessary t o  r o t a t e  t h e  hyperbola so 

t h a t  i t s  axes c o i n c i d e s  w i t h  the  R-coord inate axes and t h e  ang le  between 

i t s  asymptote and these axes, as i n d i c a t e d  i n  f i g u r e  14.  They a r e  g i v e n  

by 
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Table 1  - The h y p e r b o l i c  systerns o f  coord ina tes .  

Conforma1 

f a c t o r  

- 
i rans fo rmat ion  o f  

c o o r d i  na tes  o r  I Comments 

cu rve  pararneterç 0,  $ 1  

t a n  20=tan 24= -e 2wx 

t a n  20=tan 24= e  
e - 2 + ,  2wX 3 / r  1 

t a n  20 = -e 
2wT 

tan  24 = t a n  28 

2wT I 
t a n  28 = e  ! w  e 

2wx 

1 a = ( e 2 w ~  -e2wT)3/2 t a n  24 = - t a n  20 , 
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Table 2 - The parabol ic  and e l l i p t i c  systems o f  coordinates. 

C 
Conforma1 

R f a c t o r  
D.  

Tranformat ion o f  

coord i nates 

a- = (T + ~ ) ~ / ~ 2 d  

I,+ = ( T  - X) /fi 

t = a (T' + x') 

2 x = z T X  

Accelerat ion 

s i n  2wX 

Kw ( c o s ~ w T - c o s ' ~ w X ) ~ ~  

for  the curves w i t h  T = constant and f o r  the curves w i t h  X = constant 

by 
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Fig.14 - The parameters 0 and $. 

- 2wX 
did3  - d &  + 4 d :  e + d t  e2*') (& e 

- 2wX + d ;  e2wX)' 
tan 8 = - 

d l d 4  e-2wX + d2d3 e 
2wx 

(31 1 

tan @ = + - 

There are  rni  nor d i f fe rances between ~ a l n i r i s ' ~  rresul t s  and ours.  
+ 

He does no t  rnention the presence o f  the event-hor izont  a t R  = - 2/w i n  

systern D, e i t h e r  i n  the t e x t  o r  i n  h i s  f i g u r e  4. I n  systein A the hyper- 

b o l i c  axes co inc ide  w i t h  the (t,x)-axes, as tan 8 = I l ;  theirasymptotes 

have the d i r e c t i o n  tan $ = ktanh wT, tan $ = I c tanh  wX, which i s  no t  

c l ea r  frorn h i s  f i g u r e  7. 

We have shown here a very easy de r i va t i on  o f  the separable o r -  

thogonal coordinates o f  Minkowski space. These were indeed known a f t e r  

the work o f  Kalnins and ~i ] l e r 5 ,  who however used a tgebra ic  rnethod and 
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d i d n ' t  d iscuss  the  phys ica l  s i g n i f i c a n c e  o f  such coord ina te  systems. As 

we know, one o f  them o r i g i n a t e d  a major  e v o l u t i o n  i n  quantum f i e l d t h e o r y  

i n  curved space and the  o t h e r s  a re  adapted t o  v e r y  i n t e r e s t i n g  s i t u -  

a t i o n s  which we i n t end  t o  s tudy  w i t h  more d e t a i l  i n  l a t e r  papers. 
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Apresentamos uma der i vação  m u i t o  s imples dos 10 sistemas de co- 
ordenadas o r t o g o n a i s  em que a equação de Klein-Gordon se separa. A de- 
r i vação  é .baseada na e s t r u t u r a  conforme do espaço de Minkowski bidimen- 
s i o n a l .  Hor i zon tes ,  tempo p r ó p r i o  e aceleração de observadores que se- 
guem as l inhas de coordenadas de tempo bem como o u t r a s  propr iedades f í- 
s i c a s  dos sistemas são deduzidos. E d i s c u t i d a  a impor tânc ia  destas coor- 
denadas, especia lmente no con tex to  da t e o r i a  q u â n t i c a  de campos em es- 
paços curvo.  


