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Abstract Numerical work has been done w i t h  a  l i n e a r ,  one d imensional ,  
r e s i s t i v e  MHD code which so lves  a  s e t  o f  r e s i s t i v e  MHD i n s t a b i  1  i t y  
equa t ions  i n  t h e  v a r i o u s  r e l e v a n t  p e r t u r b a t i o n  parameters. A number o f  
models whose e q u i l i b r i u m  c o n f i g u r a t i o n s  a r e  c o n s i s t e n t  w i t h  t b s e f o u n d  
i n  t h e  d i s r u p t i v e  p r o c e s s e s  i n  t o k a m a k s  h a v e  b e e n  c o n -  
s idered;  some o f  the  u n s t a b l e  rnodes y i e l d e d  by them a r e  analysed ac- 
c o r d i n g  t o  t h e i  r r e a l  n a t u r e  (whether t e a r i n g  o r  i d e a l  dominated), t h e  
v a r i a t i o n  o f  t h e i r  growth r a t e s  w i t h  q, ( t h e  s a f e t y  f a c t o r  a t  t h e  cu r -  
r e n t  channel r a d i u s )  and t h e  Magnet ic  Reynolds Number S (wi t h  respec t  
t o  t h e  p o l o i d a l  magnetic f i e l d  a t  t h e  c u r r e n t  channel r a d i u s ) .  I n  par-  
t i c u l a r ,  t h e  c o n d i t i o n s  f o r  t h e  growth o f  t h e  m=2, n = l  mode have been 
s tud ied ,  i n  a  number o f  e q u i l i b r i u m  c o n f i g u r a t i o n s ,  t a k i n g  i n t o  account 
the  f l a t n e s s  o f  t h e  c u r r e n t  d e n s i t y  p r o f i l e  as w e l l  as t h e  r e V a t i v e  
va lue  o f  r e s i s t i v i t y  between t h e  c u r r e n t  channel and t h e  conduc t ing  
w a l l .  The t e a r i n g  mode c h a r a c t e r  o f  the  uns tab le  modes predominated i n  
almost a l l  cases considered,  d e s p i t e  the  h i g h  va lues  o f  S and t h e  h i g h  
degree o f  f l a t n e s s  i n  t h e  c u r r e n t  d e n s i t y  p r o f i l e s  used i n  some o f  t h e  
e q u i l i b r i u m  c o n f i g u r a t i o n s .  The i d e a l  dorninated modes c o u l d  o n l y  be 
found i n  t h e  extreme case o f  t h e  s tep  model. 

1. INTRODUCTION 

a)  M o t i v a t i o n  and aims 

A s e t  o f  r e s i s t i v e  MHD i n s t a b i l i t y  equat ions a r e  so lved  as an 

i n i t i a l  va lue  problem i n  t h e  v a r i o u s  r e l e v a n t  p e r t u r b a t i o n  parameters 

i n  o r d e r  t o  i n v e s t i g a t e  t h e  growth o f  t h e  most dangerous r e s i s t i v e m o d e  

i n  tokamaks v i z . ,  t h e  m = 2 ,  n = 1 t e a r i  ng mode,  r e g a r d e d  a t  

p resen t  t o  be t h e  main cause o f  the  most d e s t r u c t i v e  i n s t a b i  l i t y  i n  

tokamak experiments, known as t h e  d i s r u p t i v e  i n s t a b i l i t y .  The process 

o f  d i s r u p t i o n  i s  i n i t i a t e d  by a  s l o w l y  growing rnagnetic p e r t u r b a t i o n  

and te rmina tes  w i t h  a  sudden l o s s  o f  conf inement; t h e  plasma c u r r e n t  

drops t o  zero, f o r  example, i n  JET i n  as l i t t l e  as - 20 msand sometimes 

s l o w l y  (1 sec) i n  o t h e r  cases. 

A code has been s e t  up t o  so lve  t h e  equat ions i n  a  c y l i n d e r  
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(a s t r a i g h t  tokamak) w i t h  a  prescr ibed cur rent  dens i t y  and r e s i s t i v i t y  

p r o f i l e s  which can be shaped i n  convenient ways t o  reproduce, as c lose 

as possib le,  the  equ i l i b r i um cond i t ions  found dur ing  the d i s r u p t i v e  

process. A c lose look has been taken t o  those resu l  t s ,  which r e v e a  l s 

(i) unstable m=2, n= l  and m=3, n=2 modes w i t h  1 i t t l e  growth r a t e s  

y ie lded by an equi 1  i b r i um conf i g u r a t i o n  wi t h  a  cu r ren t  densi t y  p ro f  i l e  

e x h i b i t i n g  a  p la teau- l i ke  d i s t o r t i o n  near the s ingu lar  surface and ( i l i )  

unstable modes ( tear ings  o r  k inks)  which d i sp lay  a  much f a s t e r  growth 

r a t e  w i t h  a  f l a t  equ i l i b r i um cur rent  dens i ty  p r o f i l e ;  the former would 

i nd i ca te  t h a t  a  t ea r i ng  mode was set  up c rea t i ng  s lowly expanding mag- 

n e t i c  is lands and the l a t t e r  could exp la in  the d i s r u p t i v e- l i k e  nature 

o f  the i n s t a b i l  i t y .  

b) A b r i e f  comnent on major d i s r u p t i v e  process 

Major d i s rup t i on  has been studied by var ious authors i n  the 

past, each o f  them w i t h  a  d i f f e r e n t  proposal f o r  the d e t a i l e d  mechan- 
1 

ism f o r  d i s rup t i on .  As seen by Turner and Wesson , the process o f  d i s-  

rup t i on  begins w i t h  the onset o f  an m 2 ,  n= l  and an m 3 ,  n= l  t ea r i ng  

modes when the sa fe ty  f ac to r ,  a t  the plasma rad ius  q  f a l l s  below a  
a' 

c e r t a i n  value (but w i t h  q(0)  above u n i t y ) ,  due t o  an increase i n  the 

t o t a l  cur rent .  The i r  associated is lands grow around the s ingu lar  sur-  

faces def ined by q(rs)=2 and 3 which, i n  t h e i r  tu rn ,  move towards the 

wa l l  as the  t o t a l  cu r ren t  grows. During t h i s  motion, the cu r ren t  den- 

s i t y  p ro f  i l e  presents small f l a t t e n i n g s  around the s ingu lar  s u r f a c e s  

w i t h  the same sizes as the w id th  o f  the is lands.  These f l a t t e n i n g s  are 

due t o  the ( i n f  i n i  te)  thermal conduction along the f i e l d  1  ines o f  the 

is lands (and nested i slands) which equa l i zes the temperature (and there- 

f o r e  the con$uct iv i ty )  across the is land.  These f l a t t e n i n g s  i n c r e a s e  

the cu r ren t  dens i ty  gradients on the ins ide  o f  the s ingu lar  surfaceand 

decrease them on the outs ide  there fore  leading t o  a  much i n c r e a s e d  

growth r a t e  o f  the is lands.  With a  f u r t h e r  increase i n  the t o t a l  cur-  

ren t  the value o f  q ( 0 )  f a l l s  below u n i t y  g i v i ng  r i s e  t o  an m=l mode 

w i t h  the corresponding expansion o f  i t s  associated is land.  By the same 

token t h i s  again causes a  f l a t t e n i n g  o f  the  cu r ren t  dens i ty  p r o f  i l e ,  
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t h i s  t i m e  near t h e  a x i s ,  which expands around t h e  q=l su r face ;  t h i s  

s u r f a c e  i n  t u r n  moves outward as t h e  t o t a l  c u r r e n t  keeps growing. One 

n e t  e f f e c t  o f  t h i s  process i s  t h e  p r e v e n t i o n  o f  t h e  e x t r a  c u r r e n t  f rom 

accurnulat ing near t h e  a x i s .  I n  t h e  meantime, t h e  q=3 s u r f a c e  disappears 

( t h e  m3, n=l  mode damps o u t )  b u t  ano ther  mode, v i z . ,  m=3, n=2 mode 

begins t o  grow a t  t h e  q=1.5 s u r f a c e  (accord ing t o  t h e  a u t h o r s  i t  seems 

t h a t  t h i s  mode has l i t t l e  e f f e c t  i n  t h e  process o f  d i s r u p t i o n  as com- 

pared w i t h  them=2 mode, and has been s e t  a s i d e  f r o m a  c e r t a i n  p o i n t i n  

t h e i r  a n a l y s i s ) .  Wh i le  t h e  m=l i s l a n d  i s  s t i l l  growing, t h e  m=2 i s l a n d  

expands and moves towards t h e  l i m i t e r  ( o r  an o u t e r  r e g i o n  o f c o l d p l a s -  

ma) making c o n t a c t  w i t h  i t  and c o o l i n g  t h e  o u t e r  r e g i o n  o f  t h e  plasma 

colurnn. T h i s  c001 i n g  propagates inwards ( th rough  an outward hea t  con- 

d u c t i o n )  f l a t t e n i n g  o u t  t h e  temperature ac ross  t h e  i s l a n d  and t h e r e f o r e  

decreasing t h e  c o n d u c t i v i t y  the re .  Bo th  processes t h e r e f o r e  - growing 

o f  t h e  m=l i s l a n d  and t h e  c o o l i n g  o f  t h e  o u t e r  r e g i o n  o f  t h e  plasma - 
have t h e  n e t  e f f e c t  o f  f l a t t e n i n g  t h e  c u r r e n t  d e n s i t y  p r o f i l e  u p t o t h e  

q = l  s u r f a c e  and steepening i t  on t h e  i n s i d e  o f  t h e  q=2 sur faces ,  en- 

hancing t h e  growth r a t e  o f  t h e  m=2 t e a r i n g  mode even f u r t h e r .  The m = 2  

i s l a n d  then grows r a p i d l y ,  l e a d i n g  t o  a d i s t o r t i o n  o f  t h e  plasma b e t -  

ween t h e  two (m=2) i s lands wi  t h  a consequent expul  s i o n  o f  the  c o r e  o f  

t h e  plasma t o  t h e  w a l l ,  and l o s s  o f  plasma c u r r e n t .  

T h e i r  t h e o r y  i s  o f  course n o t  complete b u t  has t h e  m e r i t  o f  

g i v i n g  a s imp le  and c l e a r  p i c t u r e  o f  t h e  d i s r u p t i v e  process as a whole. 

I n  t h e i r  t h e o r y ,  however, they  p layed  down t h e  r o l e  o f  t h e  m= 3 , n =  2 

mode f o r ,  i n  t h e  r e g i o n  between t h e  q=l and q=2 sur faces,  t h i  s mode can 

be v i o l e n t l y  u n s t a b l e  as w e l l  as  t h e  above mentioned modes; t h e i r  the -  

o r y  a l s o  f a i l s  t o  e x p l a i n  t h e  d i s r u p t i o n s  t h a t  occur  i n  some exper-  

iments where no m = 1 mode was observed (whose e x i s t e n c e  i s  essent  i a 1  

t o  t h e i r  proposed mechanism o f  d i s r u p t i o n ) .  White et a12 e x p l a i n  t h e  

d i s r u p t i v e  process th rough  t h e  growth and s a t u r a t i o n  o f  a l a r g e  m = 2 

magnet ic  i s l a n d ;  a l though  t h e m =  1 mode p layed  no r o l e  i n  t h e  f i n a l  

s tage o f  d i s r u p t i o n ,  t h e i r  work l e f t  t h e  process o f  t h e  f l a t t e n i n g  o f  

the  c u r r e n t  d e n s i t y  p r o f i l e  i n s i d e  t h e  q = l  s u r f a c e  s t i l l  unexpla ined.  

They argued t h a t  i t  was perhaps due t o  t h e m = l  sawtoo th ing  p r o c e s s  

which ceased t o  e x i s t  FO ms be fo re  t h e  ma jo r  d i s r u p t i o n .  Waddel eta13 
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proposed a  mechanism f o r  the major d i  s rupt ion  whereby t h e  non l i n e a r  

d e s t a b i l i z a t i o n  o f  t ea r i ng  modes by the m = 2 ,  n =  1 tear ing  mode led  t o  

the over lapping o f  the associated is lands,  w i t h  a  rap id  t ranspor t  o f  

heat f rom the center  t o  the l i m i  t e r  due t o  the la rge thermal conduc- 

t i v i t y ' a l o n g  the f i e l d  l i n e s .  For t h e i r  ana lys is  they made use o f  a  

model which included mode coupl ing i n  a  quas i- l inear  theory. 

c )  Outl ine  o f  t h i s  work 

Although none o f  the  e x i s t i n g  theory i s  complete, they a l l  

have i n  common the important r o l e  played by the m = 2, n = 1 t ea r i ng  

mode and the f l a tness  o f  the cu r ren t  densi t y  p ro f  i l e .  I n  t h i s  work we 

have no i n t e n t i o n  o f  proposing another mechanism f o r  d i s r u p t i o n ;  i n -  

stead, we wish t o  understand the nature o f  the main unstable modes i n -  

volved i n  the d i s r u p t i v e  process, as we l l  as t o  i nves t i ga te  how t h e i r  

growth ra tes  evolve from one equ i l i b r i um conf fgura t ion  t o  a n o t h e r .  

Moreover, as po in ted o u t  by ~ . ~ . ~ o b i n s o n ~ ,  the growth ra tes  o f  the m=2 

modes y ie lded by var ious  known equ i l i b r i um conf igura t ions  are  not  h igh 

enough t o  account f o r  the f a s t  t ime scale o f  the d is rupt ion ;  thus, per- 

haps the f i n a l  'phase o f  the d i s r u p t i o n  would be caused by an idea l  MHD 

unstable mode5. This p o s s i b i l i t y  i s  a l so  explored i n  the l a s t  p a r t  o f  

t h i s  work. 
? 1 

To accomplish aim ( i )  mentioned fn  §(a), the e n t r y  d i t a  t o  tùn 

the computing code was set  up t o  access the so-cal led  Cul ham m d e l  ( t o  

be described i n  chapter 3) f o r  the equ i l  i brium conf i gu ra t i on  a'nd i n  the 

two unstab le  m=2, n= l  and m=3, n=2 modes. ~ r a ~ h s '  d'i ' iplaying a  normalized 

growth r á t e  P against  q the sa fe ty  f a c t o r  ai!'the c u r P e n t  c h a n n e l  
a' 

rad ius  a, have béen constructed f o r  t y p i c a l  v'alues o f  the input  par- 

ameters: Th is  f i r s t  p a r t  o f  the  work f i x e s  up a standard se t  o f  resul t s  

whereby a11 the o thers  w i l l  be r e f e r r e d  to .  Next, t o  study the e f f e c t  

t ha t  a  small p la teau- l  i ke  d i s t o r t i o n  on the cur;ent p r o f i l e  Has 'on the 

growth ra te9 o f  'the mdes found before, we made uge af a  f a c  i 1 í t y  

a l ready b u i l t  i n  the code which produces such a  d i s t o r t i o n ,  and whose 

shape and rad ia l  posi t i o n  can be con t ro l  led  by three en t r y  da t a  par- 

ameters. Having chosen the p o s i t i o n  o f  the d;;'sfor>ti6" a t  'sbme ~ á d i ' u s  

and' us ing  t h g  sane en t r y  data as befdre,  the  codè was run f o r  d i f f e r e n t  
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values of qa and p l o t s  o f  the new growth ra tes  against  q a were compared 

w i t h  the corresponding ones o f  the  standard case. Resul ts o f  i n t e r e s t  

i n . t h i s  study are  themselves p a r t  o f  the main r e s u l t s  o f a  r e l a t e d  work 

on i ns tab i  1 i t y  c o n t r o l  by plasma cu r ren t  shaping and pub 1 i shed else- 

where6. For completeness sake however, t h i s  subject  as we l l  as* basic 

equations and assumptions used ( the  same as i n  r e f  .6) wi I 1  be b r i e f  l y  

summarized i n  the fo l l ow ing  chapters. 

To accomplish aim ( i i )  we s ta r ted  from the known f e c t  t h a t  

stronger grad ients  on the cur rent  dens i ty  p r o f i l e  can d r i v e  modes wi th 

increas ing ly  l a rge  growth ra tes .  Th is  was achieved t h r o u g h  two  par- 

ameters of the Culham model, v iz . ,  M and N, which t a y l o r  the f i a tness  

o f  the p r o f i l e .  By increasing t h i s  p a i r  o f  numbers one can ge t i nc reas -  

i n g l y  f l a t t e r  p r o f i l e s  ( the standart  Culham model uses ~ = 4 ,  ~ = Z l l i m i t e d  

o n l y  by the a b i l i t y  o f  the computer t o  handle la rge gradients.  F o r t h i s  

reason, the f l a t t e s t  p r o f i l e  achieved which y ie lded r e l i a b l e  numerical 

r e s u l t s  was w i t h  ~ = 6 0  and N=32..From then on, la rge rounding-of f  e r rors  

occurred and the code broke down. Also f o r  t h i s  reason, we decided t o  

consider d i r e c t l y  the l i m i t i n g  case ( the  step model) by performing the 

c a l c u l a t i o n  w i t h  the equ i l i b r i um p r o f i l e s  m d e l l e d  separately, i n o r d e r  

t o  get  r i d  o f  the la rge grad ients  ( i n  t h i s  extreme case, o f  course, the 

i n f  i n i t e  grad ients  are  o n l y  impl i c i t  i n  the ( f  i n i t e )  d i s c o n t i n u i t i e s  of 

the a x i a l  cu r ren t  dens i ty  and the f i e l d  grad ients ) .  A1 t h o u g h  un -  

r e a l i s t i c  the  unstable ideal dominated modes y ie lded by the step model 

nevertheless e s t a b l i s h  l i m i t i n g  values f o r  growth rates,  and s t rong l y  

suggest the existence o f  idea l  modes i n  o ther  f l a t  (but no t  s tep - l i ke )  

cu r ren t  p r o f i l e  which the code employed could not  cope wi th,  and which 

could be o f  some relevance t o  exp la in  the major d i s rup t i on .  

Throughout t h i s  work we a l s o  looked a t  the e f f e c t  caused by 

the value of r e s i s t i v i t y  on growth rates,  by v a r y i n g  t h e  m a g n e t i c  

Reynolds nurnber S. I n  theses cases there  were a l s o  upper l i m i  t s  set  up 

by the  code t o  the magnitude o f  S as f a r  as the numerical precison was 

concerned. 

2. BASIC EQUATIONS AND ASSUMPT IONS 

The s i n g l e  f l u i d  plasma i s  described i n  t h i s  work by the MHD 
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equations, v i z . ,  the c o n t i n u i t y  equation, 

& +  v.($) = o , a t 

the equation o f  motion 

Ohmls law, 

and by the combined Maxwellls equations and Ohmls law i n  t h e  s i n g l e  

equa t i on , 

$/at = v x ( ? d )  - (c2/4n)~x(r ivxZ) , (4)  

where o,%, p , 3 , 8 ,  d a n d n a r e  t h e d e n s i t y ,  f l o w v e l o c i t y ,  scalar  

pressure, cur rent  densi ty,  magnetic and e l e c t r i c  f i e l d s  and r e s i s t i v i t y  

respect i ve l y .  

Assuming a zero f low v e l o c i t y  (?,=O) and d e n o t  i n g  by  sub- 

s c r i p t s  (0) and (I) the equ i l  ibr ium and perturbed quan t i t i es  r e s p e c -  

t i v e l y  one gets, f o r  the zero order equations, 

and the l i nea r i zed  equations f o r  the f i r s t  order variabl 'es 

where the r e s i s t i v i t y  has been assumed unperturbed and the zero order 

pressure has been made constant throughout the plasma radius i n  order 

t o  avoid r i p p l i n g  and interchange modes. I n  add i t ion ,  the plasma i s  

consi dered t o  be incornpressi h l e  (v.?~=o) wi t h  a constant densi t y  p =po 
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and in contact wi th the (perfectly) conducting'wall, 

The six equations irnpl ici t in eqs. (7) and (8) can be reduced 

by taking-the curl of eq. (7) to eliminate the perturbed pressure p l  and 

then using v . ? ~ = v . ~ ~ = o  to e1 iminate V and Blz from the resul ting set 1 z 
of equations. Now, assuming only perturbations of the form 

these equations are reduced to 
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where 
mBDo ( r )  m2 

F =-+ k B ( r )  and h =y+ ka . 
r Z ZO r 

An e x i s t i n g  code(a) i s  then employed t o  s o l v e  these equat ions w i t h  a 

s u i t a b l e  s e t  o f  boundar& c o n d i t i o n s  f o r  t h e  m > 2  modes, v i z . ,  Bpl = B O ] =  ' 

=V =V =O a t  r=O,B =V =O a t  r=R ( t h e  conduc t ing  w a í l ) ,  
r1 01 r 1  r 1  w 

+ 
p r o v i d e d  Z.B # O a t  t h e  w a l l  and t h e  p ressure  pi -+ O as  r -+ Rw 

I n  so f a r  as boundary c o n d i t i o n s  a r e  concerned we p o i n t  o u t  

t h a t  no p r o v i s i o n s  have been made t o  i n c l u d e  a vacuum r e g i o n  betweenthe 

plasma and t h e  w a l l ,  a l t h o u g h  one can s i m u l a t e  a vacuum by r a i s i n g  t h e  

r e s i s t i v i t y  from t h e  c u r r e n t  channel r a d i u s  r=a t o  t h e  conduc t ing  w a l l  

and y e t  m a i n t a i n i n g  t h e  same boundary c o n d i t i o n s .  

Now, as one can see f rom eqs. (9)-(121, t h e  c o e f f  i c i e n t s  o f  

t h e  r e s u l t i n g  s e t  o f  equa t ions  depend on t h e  e q u i  1 i br ium p a r a m e t e r s  

B ( r ) ,  B (r)  and t h e i r  d e r i v a t i v e s .  These a r e  e i t h e r  g i v e n  as numeri-  O0 z 0 
c a l  da ta  from the  exper iments o r  by m o d e l l i n g  t h e  e q u i l i b r i u m  c o n f i g u r -  

a t i o n  from a g i v e n  p r o f i l e  o f  a  r e l e v a n t  parameter and d e r i v i n g  a1  1 

(a) a t  Cul ham Laboratory ,  named RIPPLE~A - see a l s o  re fs .7- 9 .  
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others  through Maxwell 's equations. A number o f  equ i l i b r i um models have 

been adopted i n  the past by var ious authors8- l3  t o  s t u d y  MHD i n s t a -  

b i l i t i e s  and amongst them we chose the Culham m d e l  f o r  i t s  v e r s a t i l i t y  

i n  reproducing most o f  the p r o f i l e s  observed i n  the experiments. 

For computation, both the pe r tu rba t i on  and the equ i l  ib r ium 

equations a re  w r i t t e n  i n  normalized forms i n  terms o f  the normal ized in-  

dependent var iab les  x=r/a and t ime T = ~ / T  and the dependent v a r i a b l e s  
R 

JI=Bpl/B, $ =  iBOI/B, W= - i k ~ ~ V ~ ~  and U=k'rRVO1. Here, a i s  the cu r ren t  

channel radius,  -r = 4 r ~ ~ / c ~ < ~ >  i s  the r e s i s t i v e  d i f f u s i o n  t i m e ,  L  and 
R 

<n> being the c h a r a c t e r i s t i c  length  (equal t o  a i n  our case) and res i s -  

t i v i t y  respect ive ly ,  k = ~  + k Rs standing f o r  the r a d i a l  por- 

i t i o n  o f  the s ingu lar  surface and B(=2B ) the c h a r a c t e r i s t i c  value o f  Oe 
the magnetic f i e l d .  The f r e e  parameters f o r  the input  data are the sa fe ty  

f ac to r  a t  the cur rent  channel p o s i t i o n  q =q( l )=%( l ) /R B" ( I ) ,  wi t h  BZ( l ) ,  
a 0 O 

(1) and Wo=R0/a standing f o r  the normal ized z and O componènts o f  the 
O 

magnetic f i e l d  and major rad ius  respect ive ly ,  the magnetic Reynoldsnum- 

ber S = T ~ T ~ .  where T ~ = L ( ~ I K ~ )  " ' /B  stands f o r  the A1 fvén t rans i  t t ime 

w i t h  <p> being the c h a r a c t e r i s t i c  dens i ty  (se t  equal t o  0, i n  t h i s  work), 

the rnode numbers m and n ,  the tokamak approximation f o r  the wave number, 

k =-n/Ro, and the normal ized wa l l  radius I? =R /a. 
Z W W  

F i n a l l y ,  chosen the equ i l i b r i um model, an i n i t i a l  p e r t u r -  

bat ion  and the input data, the code t r e a t s  the system o f  eqs. (9) - (12) 

together w i t h  the boundary cond i t ions ,  as an i n i t i a l - b o u n d a r y  v a l u e  

problem, making use o f  a f i n i  te- d i f fe rence scheme f o r  the four (nor- 

mal ized) equations f o r  Bpl, Boi, VFl and VO1 by reducing them t o  a s in-  

g l e  vector  d i f ference equation and so lv ing  them simultaneously a t  each 

i n teg ra l  t ime step; the normal ized growth r a t e  P = ( ~ + ( X , T ) / ~ T ) / + ,  wi t h  JI 
standing for any o f  the four normal ized var iab les  mentioned above, i s a l  so 

ca lcu la ted a t  each t ime step (Piy-r  where y i s  t h e o r i g i n a l  growthrate). 
R' 

For graphics, the representat ive p r o f i l e s  o f  the eigenmode are f u r t h e r  

normalized, each one t o  i t s  maximum o r  minimum value. 

3. THE STANDARD AND MODIFIED CULHAM MODEL 

I n  order t o  accomplish aim ( i )  mentioned i n  I.§a, anequ i l ib r ium 
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model based on the  measured temperature p r o f i l e  on t h e  T3-A tokamak was 

c o n s t r u c t e d  i n  which t h e  c u r r e n t  d e n s i t y  has t h e  form 

where N and M were made equal t o  2  and 4  r e s p e c t i v e l y ,  a  i s  t h e  c u r r e n t  

channel r a d i u s  and J ,  i s  a  n o r m a l i z a t i o n  f a c t o r .  The set '  o f  a l g e b r a i c  

express ions f o r  JO0, BOO and BzO, e a s i l y  o b t a i n e d  f rom Maxwel l 's  equa- 

t i o n s ,  c o n s t i t u t e  t h e  Culham model f o r  t h e  e q u i l i b r i u m .  The m o d i f i e d  

Culham model i s  ob ta ined  f rom t h e  s tandard one descr ibed  aboveby super- 

imposing on  i t s  (smooth) p o l o i d a l  magnet ic  f i e l d  BO0 a  g a u s s i a n - l i k e  

f u n c t i o n ,  v i z . ,  B  ( r )  + Sl ~ X ~ [ - S , ( P - R R ~ ) ~ ] ,  w i t h  t h e  J Z O ( r )  c u r r e n t  
00 

d e n s i t y  now a d j u s t e d  by Ampère's law. The l a t t e r  d i s p l a y s  a  d i p  on i t s  

r a d i a l  p r o f i l e  whose h e i g h t ,  w i d t h  and r a d i a l  p o s i t i o n  a r e  c o n t r o l l e d  

by S1 (<O), S, (>O) and RRl r e s p e c t i v e l  y, 

Now, a l though  t h e  v a r i a t i o n  o f  t h e  growth r a t e s  o f t k  r e s i s t i v e  

modes as a f u n c t i o n  o f  t h e  s a f e t y  f a c t o r  q and t h e  magnetic Reynolds a 
number S ,  as weT1 as t h e  n a t u r e  o f  t h e  i n s t a b i l i t i e s  f o r  b o t h  models, 

have been s t u d i e d  i n  r e f . 6  f rom another  v iewpo in t ,  v i z . ,  c o n t r o l  o f  t h e  

i n s t a b i l  i t y ,  we can never the less  e x t r a c t  from t h a t  w o r k  t h e  r e s u l t s  

which serve o u r  purpose f o r  t h e  p resen t  one, For c o m p l e t e n e s s  sake 

t h e r e f o r e ,  we repea t  such r e s u l t s  below, beg inn ing  w i t h  t h e  ones depic-  

t e d  i n  f i g . 1  where t h e  growth r a t e  P o f  t h e  u n s t a b l e  modes found by  t h e  

code i s  p l o t t e d  a q a i n s t  t h e  magnetic Reynolds number S, w i t h  a11 t h e  

o t h e r  e n t r y  data f i x e d  a t  Rw=l ,4, kZ=-0.25, a =4., ( ~ , ~ ) = ( 2 , 4 )  w i t h  q = a 
=2.4 f o r  a  - s e r i e s  o f  runn ing  f o r  t h e  m=2, n= l  modes and wi t h  q = 1.8, a 
RZ =-0.50 f o r  another  s e r i e s  f o r  t h e  m=3, n=2 modes. As one can see 

from t h e  f i g u r e ,  t h e  1  i n e a r  behaviour  ( i n  l o g  vs. l o g  space) shows up 

above S -  3000; i f , w e  d e s c r i b e  t h i s  range o f  v a r i a t i o n  by t h e  formula 

Pa#, t h e  v a l u e  o f  K i s  0.76 f o r  t h e m = 2  mode and  0.756 f o r  the m=3 

mode. T h i s  i s  w e l l  above t h e  sheet p inch 'O v a l u e  whose growth i s  g i v e n  

by P a S 2 l 5 ,  b u t  o n l y  a  f r a c t i o n  g r e a t e r  thart t h e  v a l u e  K=0,74 p r e d i c t e d  

i n  the  peaked m o d e l I 3 .  
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F i g . 1  - Growth r a t e  P versus S f o r t h e m o d e s  
m=2, n=l  w i t h  q =2,4 and m=3, n=2 w i t h  
q = I  .8. 

a  

F igures  2  and 3  show t h a t  i t  i s  p o s s i b l e  t o  i n h i b i t o r e v e n s u p -  

press one o f  the  m d e s  (m=2 o r  rn=3), For comparison t h e  dashed curves 

s tand ing  f o r  the s tandard Culham model ( ~ = 2 ,  ~ = 4 )  a r e  a l s o  e x h i b i  ted.  

The z curves show t h a t  t h e  s i n g u l a r  su r faces  are,  i n  b o t h  cases, away 
S 

f rom the  w a l l ,  showing t h a t  t h e  boundary c o n d i t i o n s  a r e  be ing  s a t i s f i e d .  

Now, a l t h o u g h  no o v e r l a p p i n g  o f  the  s t a b i l i t y  windows occurs,  i t  would 

be i n t e r e s t i n g  t o  e x p l o i t  t h i s  p o s s i b i l i t y  by p l a y i n g  w i t h  t h e  p re -  

s c r i b e d  de fo rmat ion  o f  t h e  c u r r e n t  p r o f i l e .  T h i s  i s  the  v i e w p o i n t  adop- 

t e d  i n  r e f . 6 .  However, these curves can a l s o  be seen as t h e  v a r i a t i o n  

o f  t h e  growth r a t e s  wi t h  qa when t h e  magnetic i s l a n d s  b e g i  n  t o  g r o w  

around the  q=2 and q=3/2 s i n g u l a r  su r faces .  An accura te  ana  1 y s  i s  (see 

chapter  4  f o r  t h e  method) shows t h a t  a1 l t h e  modes found w i t h  e i t h e r  t h e  

s tandard o r  t h e  m o d i f i e d  model a r e  t e a r i n g - l i k e  i n  na tu re .  The ones de- 

p i c t e d  i n  f i g .  4(d)  represen t  the  p e r t u r b a t i o n  p r o f i l e s  o f  one r u n  o f  

the  m o d i f i e d  model f o r  t h e  m=2 mode w i t h  q  =2.2 and whose e q u i l i b r i u m i s  a 
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Fig.2 - The norma l i zed  growth r a t e  P and t h e  s i n g u l a r  
sur face r a d i u s  x as a f u n c t i o n  o f  q, f o r  t h e  rnodi f ied 
Culham m d e l  andsthe m=2, n=l m d e  w i t h  (Si, S 2 ,  RRi) = 
=(-0.013, 75.0, 0 .7) ;  t h e  cu rve  i n  broken 1 i nes  represent  
t h e  s tandard m d e l  r e s u l t s .  

F i g . 3  - As f o r  f i g . 2 ,  e x c e p t  m=3, n = 2 .  
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~ i ~ s . 4  - (a) E q u i l  i b r i a  and (b) per tu rbed  normal i zed  o r o f i  l e s  

4 í d )  

4 

f o r  t h e  
r o d e  m=2, n=l and S=1000 a long  t h e  normal i z e d  rad ius , '  f o r  the s tandard 
Culham rnodel w i t h  qa=2.4; ( c )  e q u i l i b r i a  and (d) per tu rbed  p r o f i l e s  f o r  
t h e  same mode and q =2.2 f o r  the  m o d i f i e d  rnodel. 

a  

559 
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shown i n  f i g . 4 ( c ) .  For comparison, t h e  same mode y i e l d e d  by the s tandard 

model w i t h  q =2.4 i s  a l s o  shown i n  f i g s . h ( a )  and ( b ) .  00th r e p r e s e n t  
a 

the  g r e a t e s t  growing mode f o r  each model. These a r e  t h e  modes whichplay 

a  r o l e  i n  t h e  i n i t i a l  phase o f  d i s r u p t i o n .  As t h e  i s l a n d s  grow, t h e  

f l a t t e n i n g  process on t h e  c u r r e n t  p r o f i l e  outwards f rom the  a x i s  takes 

p lace  and the  mode grows w i t h  a  much enhanced r a t e .  A  s tudy  o f  t h e e q u i -  

l i b r i u m  c o n f i g u r a t i o n s  and modes which bear these c h a r a c t e r i s t i c s  w i l l  

be d e s c r i  bed n e x t .  

4. THE SEARCH FOR THE FASTEST GROWING MODE 

T h i s  p a r t  o f  t h e  work i s  m a i n l y  concerned w i t h  t h e  search o f  

t h e  m=2, n = l  u n s t a b l e  modes, which c o u l d  be i d e n t i f i e d  w i t h  those modes 

which m igh t  e x p l a i n  t h e  process o f  major  d i s r u p t i o n  by v i r t u e  o f  t h e i r  

unusua l l y  l a r g e  growth r a t e s ,  Dur ing t h i s  search, we a l s o  looked a t  t h e  

n a t u r e  o f  the  modes f o r ,  as p o i n t e d  o u t  by D . C . ~ o b i n s o n ~ ,  t h e d i s r u p t i o n  

might  be caused by an i d e a l  ( k i n k )  mode. Moreover, accord ing  t o  0. V .  

Waddel e t  a2 the  q p r o f  i 1 es observed i n t h e  PLT tokamak b e f o r e  a  d i  srup- 

t i o n  suggest t h a t  one should l o o k  f o r  u n s t a b l e  modes y i e l d e d  by a n e q u i -  

l i b r i u m  c o n f i g u r a t i o n  which p resen ts  a  f l a t  c u r r e n t  p r o f i l e .  We s t a r t  

t h e r e f o r e  w i t h  an e q u i l i b r i u m  model which can p r o v i d e  us w i t h  t h e  ap- 

p r o p r i a t e  f l a t  c u r r e n t  p r o f i l e  and, f o r  some f i x e d  q by l o o k i n g a t t h e  a' 
v a r i a t i o n  o f  t h e  growth r a t e s  and changes i n  the  p e r t u r b a t i o n  p r o f i l e s  

as S i s  increased.  More s p e c i f i c a l l y ,  i f  w i t h  an inc rease  i n  S, t h e p r o -  

f i l e  o f  Brl near t h e  w a l l  depresses towards t h e  a x i  s  (eventual  l y  c ros -  

s i n g  i t )  and t h e  p o i n t  where Vrl crosses t h e  a x i  s  moves towards the w a l l  

( o r  even tua l  l y  ma in ta ins  t h e  same s i g n ) ,  then we have a  t y p i c a l  case o f  

a  k ink- dominated mode; o therw ise ,  i f  t h e  form o f  B  does n o t  change 
r 1 

s i g n i f i c a n t l y  and t h e  p o i n t  where V crosses t h e  a x i s  moves towardsthe r 1 
s i n g u l a r  su r face ,  then we have a  tear ing- dominated mode. Th is  rnetho8has 

been used i n  the  p a s t 5 ' 6  and w i l l  a l s o  be used i n  t h i s  work t o  i d e n t i f y  

the  r e a l  n a t u r e  o f  t h e  u n s t a b l e  modes found i n  t h e  computat ion.  

(a) Numerical r e s u l t s  f o r  a  f l a t  c u r r e n t  p r o f i l e  

As no ted  p r e v i o u s l y ,  a  f l a t  c u r r e n t  p r o f i l e  J Z O ( " )  can be 
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achieved by u s i n g  l a r g e  va lues f o r  the  p a i r  (N,M) i n  the  Culham model. 

There i s  a  l i m i t a t i o n  however, t o  how l a r g e  these numbers can be, im- 

posed by t h e  cornputer. T h i s  i s  because these numbers appear i n  combi- 

n a t o r i a l  forms i n  t h e  c a l c u l a t i o n  o f  t h e  e q u i l i b r i u m  p r o f i l e s  o f  B ( r ) ,  z o 
B ( r )  and t h e i r  d e r i v a t i v e s  and one has t o  be c a r e f u l  i n  n o t  exceeding 
O  o 

the  c a p a c i t y  o f  t h e  machine i n  d e a l i n g  w i t h  l a r g e  nurnbers. I n  t h e  o l d  

Culham rnodel, a11 the  e q u i l i b r i u m  q u a n t i t i e s  as w e l l  as t h e i r  d e r i v a -  

t i v e s  were w r i t t e n  i n  terms o f  sums d e r i v e d  f rom t h e  summation formulas 

f o r  J ( r ) ,  B ( r )  and B ( r ) ,  and t h i s  f a c t  was a  major  source o f  nu- 
z o z o O0 

mer ica l  e r r o r s  and t h e  eventual  code breakdown, The m o d i f i c a t i o n  i n t r o -  

duced t o  m in im ize  these problems c o n s i s t e d  o f  u s i n g  a  Pascal t r i a n g l e  

p r o p e r t y  t o  generate the  c o m b i n a t o r i a l  numbers t o  be used i n  the  ( r e -  

w r i t t e n )  formulas f o r  BgO and ao, d e r i v e d  f rom t h e  normal ized c u r r e n t  

d e n s i t y ,  <O(x)=(l-x)M)N, x <  I, i O ( x ) = O ,  x 2  1 ,  v i z . ,  

and u s i n g  known express ion  d e r i v e d  f rom pressure  balance and Ampère's 

law t o  c a l c u l a t e  the  d e r i v a t i v e s ,  v i z . ,  
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F ig .5  - The growth r a t e  P and t h e  s i n g u l a r  su r -  
face  r a d i u s  x as a  f u n c t i o n  o f  q f o r  theculham 
Model wi t h  ( ~ : ~ ) = ( 3 2 , 6 0 ) .  

a  

i t s  n a t u r e  however, a  s e r i e s  o f  cases were run  w i t h  q f i x e d  a t  thevalue a 
1.85 and v a r i o u s  va lues  o f  S; t h e  corresponding growth r a t e  a g a i n s t  S  i s  

presented i n  f ig .7 .  F igs .8 (a ) ,  (b)  show j u s t  two o f  these cases t o  i l -  

l u s t r a t e  t h e  behaviour  o f  t h e B  and V p r o f i l e s  (as we have done 
r l r 1 

b e f o r e ) ,  where one can see t h a t  f rom S=2000 t o  S=5000, B remainsalmost  r1 
u n a l t e r e d  whereas t h e  p o i n t  where V crosses t h e  a x i s  s h i f t s  towards 

r 1 
t h e  s i n g u l a r  su r face ;  t h e  f a s t e s t  growing mode i s  t h e r e f o r e  a  t e a r i n g  

dominated mode, The r a t e  a t  which t h e  growth r a t e s  increased w i t h  S  as 

compared w i t h  t h e  s tandard Culham Model (see f i g . 1 )  i s  s i g n i f i c a n t ,  as 

shown by t h e  s lope  o f  t h e  cu rve  i n  f i g . 7 ,  f rom ~ - 2 ~ 1 0 ~  up t o  l o 4 .  The 

s lope  i s  now g i v e n  by K=0.826 and comparing t h i s  case w i t h  t h e  s tandard 

Culharn Model (K=0.76) a t  S=5000 one concludes t h a t  t h e  growth o f  t h e  re-  

s i s t i v e  modes i s  now 1.75 t imes  f a s t e r  than t h e  s tandard case, These 

modes however a r e  s t i l l  t e a r i n g  dominated ones. T h i s  i s  perhaps due t o  

t h e  r a t h e r  low v a l u e  o f  S  we a r e  usíng.  i" o r d e r  t o  reach t h e  S s c a l i n g ,  

va lues  up t o  105 should be used, which i s  n o t  p o s s i b l e  w i t h  t h e  p resen t  

work ing  code. 

Having f a i l e d  t o  f i n d  near- idea l  modes w i t h  t h e  p rev ious  model, 

one migh t  t h i n k  t h a t  t h e  absence o f  a  vacuum r e g i o n  i n  t h a t  model c o u l d  

account f o r  the  absence o f  i d e a l  ( k i n k )  modes. A t  t h i s  p o i n t  we r e c a l l  



F ~ c J s . ~ ( ~ ) ,  (b) - (a) Equi 1 i b r i a  and (b) p e r t u r b a t i o n  p r o f  i l e s  wi t h  

q  a  
= I .85, (N,M)  = (32,60). 
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F ig .7  - Growth r a t e  P versus S f o r  t h e  f l a t  
c u r r e n t  p r o f  i l e  wi t h  q =1 .85, ( ~ , ~ ) = ( 3 2 , 6 0 ) .  

t h a t  f o r  a11 t h e  cases we have considered,  t h e  r e s i s t i v i t y  was s e t  equal 

t o  a  cons tan t  (q=1 . )  throughout  the  plasma ( i n  c o n t a c t  w i t h  the  conduc- 

t i n g  wal I ) .  I n  o r d e r  t o  s i m u l a t e  a  vacuum, we have r a i s e d  t h e  r e s i  s- 

t i v i t y  o u t s i d e  t h e  c u r r e n t  channel by u s i n g  t h e  fo rmu la  

and run  s i m i l a r  cases again.  

F i g . 9  shows t h e  growth r a t e  P and t h e  s i n g u l a r  s u r f a c e  r a d i u s  

x p l o t t e d  a g a i n s t  q f o r  a  nurnber o f  cases w i t h  O = 0.05, meaningthat  
s a r 

o u t s i d e  t h e  c u r r e n t  channel where J =O we have now a  twenty t imes more z 
r e s i s t i v e  plasma than i n s i d e  t h e  c u r r e n t  channel,  i . e . ,  Sedge=50. The 

r e l a v a n t  e n t r y  da ta  f o r  runn ing  these cases were as f o l l o w s :  m=2, k = 
z 

=-0.25, S=1000, Rw=l .5, R0=4,0, ( ~ , ~ ) = ( 3 2 , 6 0 ) ,  JMAX=501, NMAX=2000. 

The maximurn growth was found a t  q = I  .80 w i t h  t h e  v a l u e  123.17, a 
and the  i n t e r v a l  where t h e  uns tab le  modes were found was 1 .31Cqa~2.25 .  

A l though we have a  d i f f e r e n t  fl f rom t h e  p rev ious  cases w i t h  cons tan t  w 
r e s i s t i v i t y  ( q = l ,  and R = i  , 4 ) ,  we can see here an almost t w o f o l d  i n -  w 



8 (a) 

F igs.8(a) ,  (b) - Per tu rbed  p r o f  i l e s  wi t h  S=2000 and (b) S=5000, both wi t h  
qa=l .85. 
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Fig .9  - P l o t s  P versus q and x versus q f o r  
the Cul ham Model wi t h  (~:~)=(32:60) and r z s i s -  
t i v i t y  p r o f i l e  (6r=0.05, 9=20. f o r  x >  1) .  

H 

crease on t he  maximum growth r a t e  (compare f i g . 9  w i t h  f i g . 5 ) ;  t he  i n -  

t e r v a l  o f  q f o r  uns tab le  modes however d i d  no t  change appreciably .Agaib 
a 

i n  o rder  t o  look  a t  t he  na tu re  o f  the  growing modes, we have run  cases 

where q was f i x e d  a t  1.80 ( t he  f a s t e s t  a t  5=1000) and q =2.0 and S was 
a a 

var ied ;  the  r e s u l t s  a r e  represented i n  f i g . 10 .  The curve  w i t h  qa=2.0 has 

a s l i g h t l y  g rea te r  s lope (~=0.95)  than t he  one w i t h  q =1.8 (K=0.89) i n  
4 

the i n t e r v a l  shown ( 5 - 1 0 ~ - 1 0 ~ )  which i n d i c a t e s  t h a t  t he  maximum i n  f i g .  

9 may s h i f t  s l  i g h t l y  t o  the  r i g h t  (a long the  q a x i s )  f o r  S >  l o 4 .  The 
a 

values o f  K f o r  bo th  curves suggest however t h a t  w i t h  t he  i n s e r t i o n  o f  

a vacuum, between the  c u r r e n t  channel and the  w a l l  s i m u l a t e d  wi t h  a 

h igher  r e s i s t i v i t y  i n  t h i s  case, t he  r e s i s t i v e  modes w i l l  grow f a s t e r  

than i n  p rev ious  m d e l s ,  approaching t he  i dea l  MHD case o f  K=l .  I n  a11 

these cases however, t he  t e a r i n g  mode charac te r  s t i l l  seems t o  dominate, 

as one can i n f e r  by app l y i ng  the  same a n a l y s i s  as be fo re  i n  f i g s . 11  ( b ) ,  

(c) f o r  the  cases w i t h  q =1.80 and S=1000 and S=10000. However, now 
a 

Sedge=50 and t he  magnitude o f  P and s c a l i n g  w i t h  S seem t o  i n d i c a t e  tha t  

t h i s  would be an i dea l  mode which would become apparent w i t h  h i g h e r  

S (- 108) .  

(b) Numerical r e s u l t s  f o r  t he  s tep  model 

I n  so f a r  as t he  na tu re  o f  t he  modes i s  concerned we have n o t  
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F i g .  10 -  Same as f o r  f i g .  9 
except p l o t  P versus S .  

been ab le  t o  p inpo in t  a  c l ea r  case o f  a  k i nk  dominated mode w i t h  the 

previous models. I s  the f l a tness  o f  the cur rent  p r o f i l e  no t  enough t o  

generate such modes? I s  the vacuurn r e s i s t i v i t y  not  h igh enough t o  simu- 

l a t e i t ?  ' 

To answer these questions we beqin by f i r s t  consider ing thecase 

o f  a  constant r e s i s t i v i t y  p r o f i l e  (q (x )= l . ,  O $.r $ R  ) i n  the extrerne 
W 

l i r n i t  o f  cur rent  f la tness ,  v iz . ,  the step model f o r  i t  was not  poss ib le  

w i t h  the Culham model t o  ra i se  the numbers M and N much f u r t h e r  w i thout  

g e t t i n g  meaningless numerical r e s u l t s  from the code. I n  order t o  avoid 

i n f  i n i  t i e s  i n  the gradients o f  J Ba  and B however, we def ined these 
20' z o 

q u a n t i t i e s  i n  a separate rou t i ne  w i t h i n  the code as fo l lows:  
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4 . 0 s  EQUIL IBRIA PROFI LES 

3.0.- 

2. o -- l i  (a)  
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Figs. 1 1  (a), (b), (c) - Prof i les for the Culham Model wi th 
(~,~)=(32,60), {=20 for x >  1, of the equil i bria (a) and 
the perturbation with (b) q =1.8 and S=1000 and (c) qa= 
=I .8 and S=10000. a 

x i l  

Jl (x) = 3 1  (x) = O  everywhere, 
z o z o 
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The f i n i t e  d i s c o n t i n u i t i e s  i n  the equations above  p r e s e n t  no 

numerical problems f o r  the running o f  the code, f o r  before c o n s i d e r  i n g  

cases o f  i n t e r e s t  we have made var ious t e s t s  by vary ing the mesh s i ze  and 

time step and the r e s u l t s  from each t e s t  d i d  not  very s i g n i f i c a n t l y .  

I n  f ig.12 we present p l o t s  o f  the  growth r a t e  versus qa f o r  a  

ser ies  o f  cases w i t h  d i f f e r e n t  RWs of the unstable mdes  y ie lded by t h i s  

m d e l .  The re levant  data se t  used were as l i s t e d :  m=2, kZ=-0,25, s=1000, 

a =4.0, jMAX=501, NMAX=2000, f o r  each I? =I .2,1.3,1.4,1.5,1.6,1.7. w W 

The s ingu lar  surface rad ius  xs can be shown t o  obey the r e l a t i o n  

f o r  the step model, i .e., independent o f  I? and i t s  p l o t  w' 
against  q i s  a l so  inser ted  i n  the f i gu re ,  i l l u s t r a t i n g  the  l i m i t  o f  va- a 
l i d i t y  o f  the curves f o r  the desc r i p t i on  o f  the range i n  qa where the 

equations a re  solved co r rec t l y .  Th is  i s  because near and on the l e f t  o f  

the v e r t i c a l  broken l i n e s  the boudary cond i t ions  are  v io la ted,  i .e. ,  the 
-+ 

s ingu lar  surfases (where ~ . B = o )  f a l l  near p=hW o r  o u t r i d e  i t .  Therefore, 

l i nes ,  f o r  each Rw, 

, s p u r i o u s  edge 

the segments o f  t he  curves on the l e f t  o f  the broken 

can be discarded from our anal y s i  s  ( they are, perhaps 

modes) . 
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2 0 0  
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1 0 0  

o 
O . 4  . 8  1 . 2  1 .  6 

'a - 
Fíg. 12 - Growth r a t e  P and t h e  s i n g u l a r  s u r f a c e  r a d i u s  x S  as a  
f u n c t i o n  o f  q f o r  the  s t e p  model w i t h  fi=1 throughout  t h e  p l a s-  
ma r a d i u s  anda8 =1.2,1.3,1.4,1.5,1.6,1.7. 

W 

The f o l l o w i n g  t a b l e  1  l i s t s  the  main c h a r a c t e r i s t i c s  o f  t h e s e  

curves, w i t h  q  and q deno t ing  t h e  minimum and t h e  maxirnumqafor 
ami n amax 

i n s t a b i l  i t y ,  Prnax(qa) s tand ing  f o r  t h e  rnaximum growth r a t e  found a t  q  a = 

=q* (two va lues  i n  t h e  case o f  two branches) and t h e  l a s t  column l i s t i n g  
d 

the  s t a b i l i t y  window i n  q between qamin 
a and qamax* 

I n  what f o l l o w s ,  we p resen t  t h e  c h a r a c t e r i s t i c s  o f  t h e  unstable 

modes found on t h e  curves i n  f i g . 1 2  f o r  t h e  cases Rw=l . 2  and %=I .S, for  

a l l  the  o t h e r  curves show modes w i t h  s i m i l a r  behaviour .  

Fig.13 shows the  e q u i l  i b r i u m  p r o f  i l e s  f o r  t h e  1 S t  case presen- 

ted i n  f i g s . 1 4 ;  these e q u i l i b r i u m  p r o f i l e s  a r e  v e r y  s i m i l a r  t o  a l l  t h e  

o t h e r  cases and f o r  t h i s  reason we w i l l  o m i t  them h e r e a f t e r .  I n  f i g s .  

p r o f  i l e s  f o r  two cases wi t h  R = I .5 
W 

i n  f i g s .  l Ç ( a ) ,  (b) ,  we p resen t  s i -  

a t  f i g s .  1 4  and 15 shows a  k i n k -  

i t e r i o n  employed be fo re .  Such a  

i cked  up c l o s e  t o  and on  t h e  l e f t  o f  

14 (a ) ,  (0)  , we p resen t  t h e  per tu rbed  

a t  S=1000, v i z . ,  q  = 1 . 5  and 1.9 and 
a  

r n i l a r  runs f o r  S=5000, A c l o s e  look 

-1 ike  behaviour  accord ing  t o  t h e  c r  

c r i t e r i o n  however f a i l s  f o r  cases p 



Revista Brasileira de Física, Vol. 17, nP 4, 1987 

Table 1 - ~ h a r a c t e r i s t i c  va lues  f rom t h e  p l o t s  o f  t h e  g rowth  ra te  
versus t h e  s tep  model parameter.  

s t a b i  1 i t y  
w i ndow 

EQUILIBRIA PROFILES 

Fig.13 - E q u i l  i b r i a  p r o f i l e s  f o r  the  s tep  model w i t h  q,=l .2, R =1 .5,  
S=,lOOO, W 

li i 



Figs.lb(a), (b) -The perturbed profiles for the step model with (a) q 4 . 5  
and (b) q,=I .9 and a comnon R 11.5 a t  511 000. a 

W 

574 



~ i ~ s . l S ( a ) , ( b )  - Same as for f i g .  14 except S=5000. 
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t h e  p o i n t  where t h e  v e r t i c a l  broken l i n e s  i n  f i g . 1 2  i n t e r s e c t  t h e  c u r-  

ves (where t h e  boundary condi  t i o n s  a r e  i n v a l  i d ) .  We can say however 

t h a t ,  a p a r t  f rom t h e  reg ions  i n  q s i t u a t e d  on t h e  f a r  l e f t  o f  t h e  a 
broader branches o f  the  curves i n  f i g . 1 2 ,  most o f  t h e  cases represented 

t h e r e  a r e  k i n k  dominated modes. 

~ i g . 1 6  shows t h e  v a r i a t i o n  o f  t h e  growth r a t é  P versus S f o r  

cases w i t h  two d i s t i n c t  r a d i i  and t h r e e  d i s t i n c t  q ' s .  Wi th  a =1.2, t h e  
a w 

l i n e a r  r e g i o n  i s  reached a t  S - 500 and p e r s i s t s  up t o  S - 3 x 1 0 ~  w i t h  

t h e  s lope  g i v e n  by K = 1.12, a f t e r  which the  s lope  grows b u t  t h e  cu rve  

does n o t  seem t o  reach another  l i n e a r  reg ion .  For t h e  case w i t h  R" = 1  .5 
W 

the  l i n e a r  r e g i o n  i s  around S - 3 x 1 0 ~  w i t h  s lopes K =  1.05 and K =  

= 1.42 f o r  qa = 1 ,s  and qa = 1.9 r e s p e c t i v e l y ,  and t h e  s lope  grows be- 

yond the  v a l u e  K = 1.37 i n  t h e  former case b u t  f o r  S - 104 decreases t o  

K = 1.33 f o r  t h e  l a t t e r .  A l though  these l a s t  f i g u r e s  should r io t  be 

taken t o o  s e r í o u s l y  due t o  the  I i m í t a t í o n  o f  the  code f o r  h i g h  vaques 

o f  S, t h e  o v e r a l l  r e s u l t s  i n d i c a t e  never the less  t h a t  i t  i s  p o s s i b l e  t o  

have an u n s t a b l e  mode ( i d e a l  dominated i n  these cases) growing f a s t e r  

than the  ones found i n  t h e  i d e a l  MHD l i m i t  ( K = l ) .  

Having found t h e  u n s t a b l e  i d e a l  modes w i t h  the  s tep  model w i t h  

cons tan t  r e s i s t i v i t y  throughout  t h e  plasma (:(x)=l,O b x < R ) t h e  next 
W 

task  was t r y i n g  t o  improve t h e  model i n  o r d e r  t o  ge t  higher growth ra tes  

f o r  k i n k s  by s i m u l a t i n g  a vacuum between the  c u r r e n t  c h a n n e l  a n d  t h e  

w a l l ,  i . e . ,  by r a i s i n g  t h e  r e s i s t i v i t y  i n  t h a t  r e g i o n  as we done be-  

f o r e  (see chap te r  4 ( a ) ) .  One can see, f rom formula (22) ,  t h a t  t h e  r e -  

s i s t i v i - t y  has now a s t e p - l i k e  form, v i z . ,  c = ] ,  x Ç 1; r)=1/6,, x >  1. 

+ I n  f i q . 1 7  we show p l o t s  o f  g rowth  ra*es versus q f o r  two d i s -  
a 

t i n c t  va lues  o f  t h e  (normal ized)  r e s i s t i v i t y  o u t s i d e  t h e  c u r r e n t  channel, 

v i z . ,  :=20. and :=50. w i t h  a f i x e d  f i = 1 . 5 .  The curve  f o r  fi=l. (a l ready  
W 

descr ibed  i n  f i g . 1 2 )  i s  a l s o  shown f o r  comparison, as w e l l  as t h e  cu rve  

i n  broken 1 i nes d e s c r i  b i n g  Shaf ranov is  f ree-boundary s tep  model" . One 

can see f rom t h i s  f i g u r e  t h a t  w i t h  the  i n c l u s i o n  o f  a Vacuurn r e g i o n , t h e  

rnaximum growth  r a i s e s  by a lmost  four times -more p r e c i s e l y ,  P =419. 40 
max 

a t  qa=  1 . 1  and 437.60 a t s q a  = 1.2 f o r  fi = 20.0 and fi = 50.0 r e s p e c t -  

i v e l y  - f rom the  va lue  i t  had w i t h  cons tan t  r e s i s t i v i t y  (fi=l .O); a t  t h e  

same t ime, the  range i n  q f o r  i n s t a b i l  i t y  a lmost  doubles - mare p r e -  
a 
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Fig.16 - Growth r a t e  P versus S f o r  t h e  s tep  
rnodel w i t h  cons tan t  r e s i s t i v i t y  w i t h  a ~ 1 . 2 ,  

W 
q =1.40 and a = I  .5, qa=l  , 5  and qa=l .9. 

W 

F ig .17  - Growth r a t e  P 
versus qa f o r  t h e  s t e p  
model w i t h  r e s i s t i v i  t y  
p r o f  i 1e (i j (x)=20. ,50. f o r  
x >  1) and f o r  t h e  Sha- 
f r a n o v ' s  i d e a l  s tep  model 
broken I i nes  p t o t t e d  f rom 
formula (32) o f  r e f  . 6 ) .  
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c i s e l y ,  0.743 < q < 1.99 and 0.68 < qa < 1.99 f o r  5 = 20.0 and 50.0 
a 

respect ive ly .  For fi > 50.0, st rong numerical i n s t a b i l i t i e s  a re  se t  up 

i n  the code and the output  r e s u l t s  a re  rendered meaningless. The re-  

levant  input  parameters f o r  these cases were as 1 i s ted :  m=2, k =-0.25, z 
S=1000, R =1 .5, R,=4.0, NMX=2000, JHAX=501, f o r  both {=20.0 and ?=50,0 

W 
respect ive l  y. 

We note t h a t  the curves exh ib i t ed  i n  f i g .17  f o r  fi=l and the 

idea l  case (broken 1 ines) have near l  y the same i n te rva l  f o r  i ns tab i  I i ty. 

Also, as al ready po in ted out ,  a constant r e s i s t i v i t y  extending ou ts ide  

the cu r ren t  channel introduced a f u r t h e r  i n t e r v a l  f o r  i n s t a b i l i t y  as 

shown i n  the l e f t  branch o f  the curve Rw=l .5 i n  f i g .  12; the step r i s e s  

i n  r e s i s t i v i t y  (curves 6 ~ 2 0 . 0  and ij=50.0) ou ts ide  the cur rent  channel 

have now enlarged and connected-these separate regions. 

F igs . I8 (a) ,  (b) i l l u s t r a t e  the t y p i c a l  p r o f i l e s  o f  the per-  

turbed q u a n t i t i e s  o f  the rodes found f o r  the case fi=50.0 w i t h  qa= 1.2 

and S=1000 and 5000 respect ive ly ,  represent ing the f a s t e s t  mode o f  the 

curve <=50.0 i n  f ig.17.  I t s  k i n k  mode features are  i l l u s t r a t e d  i n  f i gs .  

18(a), (b) ,  where Brl crosses the a x i s  w i t h  V maintain ing i t s  sign. 
r l 

Cases w i t h  {=20.0 present i d e n t i c a l  features.  F i n a l l y ,  i n  f i g s .  19 and 

20 we present the v a r i a t i o n  o f  the growth ra tes  w i t h  S f o r  :=20,0 and 

50.0 w i t h q  =1.1,1.8 a n d q  = 1.2.1.9 respect ive ly .  For f i g .  19, the 
a a 

k ink  mode fea tu re  i s  more apparent (wi t h  Bpl crossing the ax i s )  i n  the 

case q =1 .8 than i n  the case qa =1 .1  ( t he  f a s t e s t  mode) where t h i s  
a 

fea ture  shows up from 5-700 upwards. The l i n e a r  regions f o r  both how- 

ever are  around S-1000 w i t h  approximately the same slope o f  K=1.05, i .  

e., near the ideal  MHO l i m i t  o f  K = l .  F ig .  20 presents s i m i l a r  cases 

f o r  fi=50.0 where the l i n e a r  regions a re  around 5-103 w i t h  slopes given 

by ~ = 1 . 0 6 a n d ~ = 1 . 0 3  f o r  q =1.2 and 1.9 respect ive ly .  The s l o p e s  i n  
a 

both f i g u r e s  f o r  h igher values o f  S (-10" seem t o  i nd i ca te  t h a t  the  

k i n k  dominated modes found are  much f a s t e r  than i n  the l i n e a r  reg ion 

(s - ]o3) ,  which i n  i t s  t u r n  i s  a b i t  fas ter  than the ones found i n  the 

ideal  MHD l i m i t  ( ~ = l ) .  

5. CONCLUSION 

We can now draw some conclusions o f  the  work done as described 



o. 0 

o. 4 

o. o 

-0. 4 

-0. 8 

F i n s .  l 8 ( a  
p r o f i l e  ( 

(b) - Perturbed pro f  i les  f o r  the step model \ v i  t h  res i  s t i v i  t y  
50.) w i t h  qa=1.9 and (a) S=10 and (b) s=5x103. 
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F ig .19  - Growth r a t e  P ver-  
sus S f o r  the step modelwith 
a r e s i s t i v i  t y  prof  i l e  (-=20.) 
w i t h  q - 1 . 1  and q =1.8. a a 

Fig.20 - Same as f o r  f i g . 1 9 ,  except qa=1.2, 
, i .gá f fd - f i=50 .  
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i n  previous chapters w i t h  the a i d  o f  the fo l l ow ing  tab le  2. 

Table 2 - Main cha rac te r i s t i cs  o f  the nodels used i n  t h i s  work 

model 
studiec 

Cu l ham 
Model , 
N=2 ,M=4 

Cu 1 harn 
Model , 
N=32 
M=6 0 

Cu 1 ham 
Model , 
r e s i s t .  
p ro f  i l e  

step 
mode l 

step 
model 
r e s i s t .  
p ro f  i l e  

Shaf ra -  
nov's 
step 
mode 1 

mode i n te rva l  
nurnbers o f  qa f o r  
m/n 1 i ns tab i  1 i t y  

value o f  slope 

pma~(qai  a t  s=loOo I n ( x > I , l l  

208.92 (O. 95) 
and 
157.72(1 ,501 

character  

o f  modes 

tear  i ng 

tear  i ng 

tear  ing 

k i n k  

k i n k  

k i n k  

Inspect ion o f  the above tab1e ind ica tes  tha t  the maximum growth 

r a t e  increases w i t h  the f l a tness  o f  the  cu r ren t  p r o f i l e ,  as one would 

expect from known a n a l y t i c a l  r esu l t s .  The i n s e r t i o n  o f  a u a w m  region 

between the cur rent  channel and the wa l l  has a l so  cont r ibu ted t o  t h e i n -  

crease o f  the rnaximurn growth ra te ;  the onset o f  k inks  however d i d  not  

seern t o  depend on the existence o f  a vacuum region, as can be seen i n  
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t h e  f o u r t h  l i n e  o f  t h e  t a b l e  ( t h e  s tep  model wi t h  $ = 1 .O) a1  t h o u g h  

these k i n k s  have t h e i r  maximum growth increased when t h e  v a c u m  was 

i n s e r t e d  back ( f i f t h  l i n e ) .  One can a l s o  see t h a t  f rom t h e  s tandard 

Culham Model (N=2, M=&) t o  t h e  f l a t  one (N=32, M-60) wi t h  r e s i s t i v i  t y ,  

t h e  maximum growth has increased about  f o u r  t imes;  f rom t h e  same o n e t o  

t h e  s tep  model w i t h  r e s i s t i v i t y  p r o f i l e ( f i f t h  l i n e ) ,  t h e  inc rease  i s  

about 15 t imes  a t  S=1000. The r a t e s  a t  which t h e  growth r a t e s  inc rease  

w i t h  S have a l s o  gone up towards t h e  K=l i d e a l  MHD l i m i t  ( l a s t  l i n e )  

r e v e a l i n g  t h e  appearance o f  k i n k  dominated modes i n  t h e  l a t t e r  models 

s tud  i ed. 

One may c o n j e c t u r e  t h e r e f o r e  t h a t  t e a r i n g  modes f o u n d  w i t h  

t h e  s tandard Cul ham Model would be s u i t a b l e  f o r  d e s c r i b i n g  t h e  begin-  

n i n g  o f  t h e  process o f  d i s r u p t i o n ,  whereas t h e  t e a r i n g  modes found w i t h  

the  Culham Model w i t h  N=32, ~ = 6 0  would be s u i t a b l e  f o r  t h e  f i n a l  s tage 

o f  the  d i s r u p t i o n  i f  the  process i s  n o t  so f a s t  ( - l s e c ) ;  a i  t e r n a t i v e l  y, 

t h e  k i n k  modes found i n  t h e  s tep  model wi t h  r e s i s t i v i  t y  p r o f  i l e  ( o r  a  

Culham Model w i t h  N >> 32, W>>60) m igh t  be t h e  ones which a r e  assoc i -  

a t e d  w i t h  the  f a s t  growing mode p reced ing  d i s r u p t i o n .  

The r e s u l t s  ob ta ined  i n  t h i s  work are,  o f  course, l i m i t e d  i n  

many aspects .  One o f  them i s  t h a t  we a r e  d e a l i n g  w i t h  a l i n e a r , o n e d i -  

mensional code and t h e r e f o r e  s a t u r a t i o n  o f  t h e  modes cannot be p r e d i c -  

ted.  The o t h e r  one i s  t h a t  t h e  code o n l y  g i v e s  r e a l i a b l e  numer ica l  r e -  

su l  t s  f o r  t h e  m=2 modes f o r  S 10'. The des tab i  1  i z a t i o n  o f  o t h e r  m d e s  

by t h e  m=2, n=l  mode can o n l y  be accessed w i t h  a mode-coupl ing/quasi- 

- l i n e a r  code, so one cannot be sure  about t h e  r o l e  o f  t h e  m=3, n=2mode 

i n  t h e  f i n a l  s tage o f  t h e  d i s r u p t i o n ,  The r e s u l t s  never the less  g i v e  an 

i n d i c a t i o n  o f  t h e  o r d e r  o f  magnitude o f  growth r a t e s  and v a r i a t i o n  w i t h  

S which may be r e l e v a n t  t o  ma jo r  d i s r u p t i o n s  and leave  open the  ques- 

t i o n  whether the  f i n a l  cause migh t  be a t e a r i n g  o r  a  k i  n k  mode,  o r  

whether a t e a r i n g  m d e  would a f t e r  a l l  evo lve  t o  a k i n k  mode. 
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Resumo 

Trabalho num6rico f o i  r e a l  izado com um cód igo  MHD r e s i s t i v o ,  
l i n e a r  e unidirnensional o q u a l  r e s o l v e u m  sistema deequações para a 
i n s t a b i l i d a d e  HHD r e s i s t i v a  nos v á r i o s  parâmetros r e l e v a n t e s  da p e r t u r -  
bação. Um número de modelos com as con f igu raçoes  do e q u i l í b r i o  cons is-  
t e n t e s  com aquelas encontradas nos processos d i s r u p t i v o s  emtokamaksfo-  
rarn considerados e a lguns dos modos i n s t á v e i s  o b t i d o s  com o código f o -  
ana l i sados  do ponto de v i s t a  de suas r e a i s  naturezas (se do t i p o  " t e a r -  



Revista Brasileira de Fisica, Vol. 17, nQ 4, 1987 

i ~ g "  ou do t i p o  "kink") , de suas razões de crescimento e do numero mag- 
net  i co  de Reynolds S (com respe i to  ao campo magnético po lo ida l  na posi-  
ção do r a i o  do canal de cor rente) .  Em p a r t i c u l a r ,  as cbndições para o 
crescimento do modo m = 2 ,  n = 1 num c e r t o  número de c o n f i g r  
r a ç õ e s  de equ i 1 í b r  i o  foram estudadas levando em conta o grau de a- 
chatamento do p e r f i l  da densidade de corrente,  assim como o va lo r  r e l a -  
t i v o  da res i s t í v i dade  en t re  o canal de cor rente  e a parede condutora. O 
cará ter  do modo do t i p o  " tear ing" nos mados i ns táve i s  estudados preva- 
leceu em quase todos os casos considerados apesar dos grandesvaloresde 
S e do a l t o  grau de achatamento nos ~ e r f i s  das densidades de cor rente  
usados em algumas dessas configurações. Os modos i dea i s do t i p o  "ki nk" sÕ 
puderam ser encontrados no caso extremo do modelo escada. 


