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~bstract The o  
g r a v i  t a t i o n s  a  
c a l c u l a t e  t h e  

rdered  i n t e g r a l s  f o r  severa1 paths i n  GSdel and Friedmann 
r e  computed i n  a  cornpact form. When t h e  p a t h  i s  c losed  we 
corresponding W i  l s o n  Loop, 

The loop  v a r i a b l e s ,  which i n  the  theory  o f  g r a v i t y  a r e  rnat r ices 

r e p r e s e n t i n g  p a r a l l e l  t r a n s p o r t  a long  con tours  i n  a  space w i t h  a  g iven  

a f f  i n e  connect ion,  were f i r s t  cons idered  i n  g r a v i  t a t i o n  by ~ a n d e l s t a m '  , 
who e s t a b l i s h e d  some equa t ions  i n v o l v i n g  these v a r i a b l e s .  

Recent ly ,  0011 i n i ,  Giambiagi and ~ i o m n o '  computed the  loop v a r i -  

ab les  (pa th  o rdered  i n t e g r a l )  and t h e  Wi lson loop ( f o r  t h e  case whenthe 

pa th  i s  c losed)  f o r  t h e  c o n f i g u r a t i o n  o f  the  g r a v i t a t i o n a l  f i e l d  c o r r e -  

sponding t o  t h e  Ker r  m e t r i c 3 .  

I n  t h i s  paper, we per fo rm t h e  c a l c u l a t i o n s  o f  t h e  loop  v a r i a b l e s  

(pa th  o rdered  i n t e g r a l s )  and t h e  cor respond ing  Wi lson loop  f o r  t h e  con- 

f i g u r a t i o n s  o f  the  g r a v i  t a t i o n a l  f i e l d s  co r respond ing  to :  (a) t h e  Godel 

m e t r i c 4 ,  which p resen ts  an unusual p r o p e r t y  o f  e x i s t e n c e  o f  c l o s e d  t i m e  

- 1 i k e  curves;  and (b) t h e  Friedmann ( o r  ~ o b e r t s o n - W a l k e r )  m e t r i c 5 .  

As t h e  l o o p  v a r i a b l e s  a r e  r e l a t e d  t o  t h e  p a r a l t e l  d isp lacement  

o f  a  v e c t o r  a long  a path,  which i n  the  g r a v i t a t i o n a l  case has a  space- 

- t ime geomet r i ca l  meaning, we b e l i e v e  t h a t  i t  i s  impor tan t  t o  per fo rm 

these c a l c u l a t i o n s ,  because they c o u l d  a1 so h e l p  i n  t h e  unders tand ing  o f  

a  p o s s i b l e  theory  o f  g r a v i  t y  based on loop  v a r i a b l e s .  

The loop  v a r i a b l e s ,  as we have p o i n t e d  o u t ,  a r e  t h e  m a t r i c e s  

r e p r e s e n t i n g  p a r a l l e l  t r a n s p o r t  a long  con tours  which we s h a l l  denote by 

where P means o rdered  p roduc t  a long  a  cu rve  C and r i s  t h e  t e t  r a d  i c  
1-i 

connec t ion .  Tak ing t h e  t r a c e  o f  eq. ( I )  f o r  a  c l o s e d  curve,  we obtain:the 
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w e l l  known Wi lson loop.  

F i r s t l y  we cons ider  a g r a v i t a t i o n a l  f i e l d  corresponding t o  t h e  

Godel s o l u t i o n  descr ibed  by t h e  m e t r i c 4  

where 

g ( r )  = s i n h 4 r  - s i n h 2 r  and f ( r )  = 42 sinhZr . ( 3 )  

To compute t h e  t e t r a d i c  connec t ion  co r respond ing  t o  Gode l ' sso l -  
A 

u t i o n s ,  we s t a r t  by d e f i n i n g  the one-forrns 0 (A = 1,2,3,4) 

i n  which we have s e t  h ( r )  2 (f - g ) ' I 2 .  The geometry g i v e n  by eq. (2 )  i s 

o b t a i n e d  f rom eq. (4 )  by t h e  express ion  

where q i s  t h e  Minkowski tensor  d i a g  (-,-,-,+). AB 
The t e t r a d  frame d e f i n e d  by 8 = e:) h" i) g iven  by 

A s t r a i g h f o r w a r d  c a l c u l a t i o n  g i v e s  t h e  va lues o f  t h e  rPdrcl"s 

(o r  CB hP where and B a r e  t e t r a d i c  i n d i c e s )  . The non-nu1 1 

a r e  
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where t h e  pr ime i n d i c a t e s  d e r i v a t i v e  w i t h  respect  t o  r .  

We s h a l l  cons ider  c i r c l e s  cen te red  a t  t h e  o r i g i n  w i  t h  f i x e d  

va lues  o f  r ,  z and t. So, i n  t h i s  case 

where 

As r i s  independent o f  @ 4 
4 2  

4 ,  'md@ r,(@, - 4,) 
U = P e  = e  (1 0) 

From eqç.(3)  and (9) and the  d e f i n i t i o n  o f  h ( r )  i t  i s  easy t o  

see tha t 

( d e f i n i t i o n  o f  L ) .  
r 

T h i s  r e l a t i o n  i m p l i e s  t h a t  f o r  a  complete c i r c l e ,  eq. (10) be- 

comes 

r r 
= 1 + s i  ) + [I - c o s ( i n ~ ~ ) ]  

r 
(12) 

=r L; 

Taking t h e  t r a c e  o f  eq. (12) ,  we ge t  t h e  c o r r e s p o n d i n g  Wilson 

Loop which i s  g iven  by 
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I t  i s  easy t o  see t h a t  a  segment i n  the z - d i r e c t i o n  c o n t r i b u t e s  

w i t h  a u n i t  f a c t o r .  

Now, cons ider  a  t r a n s l a t i o n  i n  t ime  

wi t h  rt ( f rom eq. ( 7 ) )  g i v e n  by 

r, = JjS 

and 

where 

r" = 
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If we d e f i n e  a c r i t i c a l  r a d i u s  R such t h a t  s i n h  RC = 1 ( o r ~ ~ =  
C 

= h ( l  + n)), then  f o r  R?RC we have g ( r )  = s i n h 4 r  - s i n h 2 r  > O.Thus, 

the  c i r c l e  d e f i n e d  by r = cons t .  > RC, t = cons t .  and z = cons t . ,  i s  a  

c losed  t i m e - l i k e  cu rve .  The e x i s t e n c e  o f  such curves makes p o s s i b l e  t h e  

v i o l a t i o n  o f  causal i t y .  I f  we observe t h e  d e f i n i  t i o n  o f  L' g iven  by eq. r 
L < 0, and t h e r e f o r e ,  (111, we conclude t h a t  f o r  r > Ln(1 + n) = RC, i 

f o r  such va lues  o f  r t h e  U m a t r i x  and t h e  Wi lson Loop c o n t a i n  hyperbo l i c  

f u n c t i o n s  r a t h e r  than n a t u r a l  t r i g o n o m e t r i c  f u n c t i o n s .  Then, eqs. (12) 

and ( 1  3)  become 

and 

f o r  r > &n( 

The 

1 + a). 
r e g i o n  r < & n ( l  + 8) can be d i v i d e d  

1 / 2  

< r .: t n  ( I  + fi) and (b) O < r  < 

i n t o  two p a r t s :  

I n  t h e  f i r s t  p a r t ,  the  U m a t r i x  and t h e  Wi lson Loop c o n t a i n  hyperbol  i c  

f u n c t i o n s  and i n  t h e  second they c o n t a i n  n a t u r a l  t r i  g o n o m e t r  i c func-  

t i o n s .  

There fo re ,  t h e  U m a t r i x  ( t r a n s p o r t  o p e r a t o r )  and t h e  W i  1 s o n  

loop  each have a unique express ion  i n  t h e  r e g i o n  where t h e  e x i s t e n c e  o f  

c losed  t i m e - l i k e  curves i s  a l lowed,  and a double e x p r e s s i o n  o u t s i d e  

t h i s  reg ion .  Then, t h e  U m a t r i x  and t h e  W i  1 s o n  L o o p  d i s t i n g u i  s h  

partially t h e  two reg ions .  Equations (12) and (14) a r e  the  exac t  ex- 

press ions  f o r  the  holonomy t rans fo rmat ions  f o r  a  c i r c l e  f o r  t h e  G6del 

s o l u t i o n .  

L e t  us compute U(C) corresponding t o  a r a d i a l  segment. Frorn eq. 

( 7 )  we o b t a i n  t h a t  rr i s  independent o f  r and i s  g iven  by 
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Using formulae (17) and (20) t o g e t h e r  w i t h  t h e  f a c t  t h a t  

~ e x p ( r ~ d z )  = 1, one can compute more general ioops. ~n  p a r t i  c u  i a  r f o r  

t h e  pzaque t te  z l  < z  < z 2  and ti < t < t 2  t h e  r e s u l  t i s  

V ( C )  = 1 

From eq. (21) we g e t  f o r  t h e  Wi lson loop  

w = 4  

which i s  t h e  vacum (o r  f l a t )  v a l u e  i n  g r a v i t a t i o n .  The same r e s u l t  i s  

ob ta ined  f o r  the  p l a q u e t t e  r 1  < r <  r 2  and z l  < z  < 22. 

Now, cons i d e r  t h e  Friedmann m e t r i c  which can be w r i  t t e n ,  by a  

convenient  cho ice  o f  coord ina tes ,  i n  t h e  f o l l o w i n g  form 

where dX
2 + o ~ ( ~ ) ( ~ O ~  + ~ i n ~ e d 4 ~ )  i s  t h e  m e t r i c  o f  a  three-space o f  con- 

s t a n t  c u r v a t u r e  and i s  independent o f  t ime.  The geometry f o r  t h i s  t h r e e  

-space i s  q u a l i t a t i v e l y  d i f f e r e n t  accord ing  t o  .the va lue  o f  t h e  s c a l a r  

c u r v a t u r e  R, which can assume t h e  va lues - 1 ,  O o r  +I. The f u n c t i o n  U ~ X )  

depends on t h e  va lues o f  t h e  c u r v a t u r e  

The c o o r d i n a t e  x runs f rom O t o  m i f  R  = O o r  - 1 ,  b u t  f rom O t o  

2n i f  R = + ! .  
A 

D e f i n i n g  the  one- forms 0 (A = 1,2,3,4) 
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the  l i n e  e le rnen tg iven  by eq. (22)  rnay be w r i t t e n  as 

where n i s  the  Minkowski m e t r i c  tensor ,  namely, 
AB 

With  d e f i n i t i o n  eq. (24) ,  t h e  t e t r a t i c  connect ion corresponding 

t o  t h e  Friedrnann rne t r i c  i s  g iven  e x p l i c i t l y  by 

where 

We s h a l l  cons ider  o n l y  c i r c l e s  w i t h  x = t = cons t .  and 8 = ~ / 2 .  

Then, i n  t h i s  case we have from eq.(26)  t h a t  

where 
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From eq. (27) i t i s  easy t o  see t h a t  

r; = -(,I. - & 2 c 2 ) r m  I -L2r m 

( d e f i n i t i o n  o f  L ) 
0 

Using eq. (28) and t h e  f a c t  t h a t  r i s  independent o f  $, we ob- 
4 

t a i n  t h e  f o l l o w i n g  r e s u l t  f o r  a  complete c i r c l e ,  

Eq.(29) i s  t h e  exact  express ion  f o r  t h e  holonomy t r a n s f o r m a t i o n  f o r  t h i s  

case .. 
Taking the  t r a c e  we have f o r  the  Wi lson loop, 

As we know, t h e . d e n s i t y  decreases as t h e  u n i v e r s e  expands, and 

converse ly  the  d e n s i t y  was h i g h e r  i n  the  pas t ,  i nc reas ing  w i t h o u t  bound 

as a ( t )  -t O .  

Consider now t h e  f o l  l ow ing  expressions f o r  a ( t l 5 :  

From the  d e f i n i t i o n  o f  L, ( c f .  eq. ( 2 8 ) )  and frorn eq. (31) we 

see t h a t  f o r  t -+ O ,  & ( t )  + 0; consequent ly  the  V-matr ix  tends t o  t h e  

u n i t a r y  m a t r i x  i n  4-dimensions and the  Wi lson Loop tends t o  i t s  vacuum 

va lue .  Then, near the  s i n g u l a r i t y  the  Wilson Loop does n o t  d i s t i n g u i s h  

the  t h r e e  d i f f e r e n t  geometr ies. 

I f  we cons ider  o n l y  the  p a r t  o f  t h e  m e t r i c  corresponding t o t h e  

three-space which has a cons tan t  c u r v a t u r e  and i s  independent o f  t ime,  

we o b t a i n  the  f o l l o w i n g  express ion  f o r  the  U- mat r i x  
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where 

I f  we t r a n s p o r t  a  v e c t o r  para 

c losed  curve,  i t  w i l l ,  i n  genera l ,  no t  

r o t a t i o n  th rough  a  c e r t a i n  ang le .  Cons i der ,  then, 

g i n a l  v e c t o r  nor  t h e  transposed one has a  tempora 

case we can d e f i n e  t h e  r e a l  angu la r  d e v i a t i o n s  wh 

I l e l  t o  the  c i r c l e  around t h i s  

r e t u r n  t o  i t s e l f  b u t  w i l l  undergo 

t h a t  n e i t h e r  the  o r i -  

I cornponent. I n  t h i  s  

i c h  a r e  g iven  by 

where A i s  a  t e t r a d i c  index.  

The non-nu11 angu la r  d e v i a t i o n s  occur  i n  our  case f o r  A=l and 

3 ;  U(X) = s i n  X, and U(X) = s i n h  X. For o(x) = X, a l  l the angu la r  d e v i -  

a t i o n s  a r e  zero,  which i s  c o n s i s t e n t  w i t h  t h e  f a c t  t h a t  t h e  s c a l a r  c u r -  

v a t u r e  i s  ze ro  i n  t h i s  case. Then, i n  t h e  t h r e e  dimensional case the  

p a r a l l e l  t r a n s p o r t  o p e r a t o r  d i s t i n g u i s h e s  between d i f e r e n t s  s o l u t i o n s a s  

we can see f rom t h e  d i s t i n c t  angular  d e v i a t i o n s .  For U(X) = 

t h e  expect  r e s u l t ,  t h a t  i s ,  a l l  angular  d e v i a t i o n s  a r e  n u l l  

For the  Friedrnann case we can compute U(C) f o r  a  

ment, f o r  a  pure temporal segment and f o r  a  cu rve  i11 a  rneri 

I n  these cases t h e  r e s u l t s  are,  r e s p e c t i v e l y ,  

x we o b t a i n  

r a d i a l  seg- 

d i a n  p l a n e .  
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where L i s  g i v e n  by eq. (28) and u 

Eq. (37) i s  the  exac t  express ion  f o r  t h e  holonomy t r a n s f o r m a t i o n  

f o r  an a r c  o f  c i r c l e  corresponding t o  t h e  Friedrnann's s o l u t i o n .  W i t h  

t h e  use o f  eqs. (29 ) ,  (35),  (36) and (37), we can compute U(C) f o r  more 

genera l  loops. 
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de Desenvolvimento C i e n t í f i c o  e Tecnológico o f  B r a s i l  f o r  t h e  f i n a n c i a 1  

suppor t  f o r  t h i s  research.  
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scaZar structure of space- 

São ca lcu ladas  i n t e g r a i s  de t r a j e t ó r i a  ordenadas, em forma com- 
pacta,  para v á r i a s  t r a j e t á r i a s ,  para as soluçÕes de Godel e Friedrnann. 
Quando a t r a j e t ó r i a  é fechada, calculamos o "Loop" de W i  1 s o n  correspon-  
dente. 


