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Abstract We def ine  an an t i - pe r i od i c  f i n i t e  l a t t i c e  Hamiltonian through 
the t rans fer  m a t r i x  o f  the two-dimensional I s i ng  model w i t h  a n t  i - p e r -  
i od i c  boundary condi t ions i n  the space d i r e c t i o n  and pe r i od i c  b o u n d a r y  
cond i t ions  i n  the imaginary t ime d i r e c t i o n .  An i n f i n i t e  l a t t i c e  quantum 
f i e l d  theory i s  obtained by tak ing  l i m i t s  o f  vector  s ta tes  on the a l -  
gebra o f  observables generated by f i n i t e  products o f  spin o p e r a t o r s .  
E x p l i c i t  representat ions o f  sp in  and energy-momentum operators are ob- 
ta ined i n  terms o f  f r ee  Fermions ac t i ng  i n  a Fermionic Fock space. The 
i n f i n i t e  l a t t i c e  energy-momentum spectrum i s  analogous t o  the odd spec- 
trum o f  a f ree ,  sca lar ,  massive f i e l d  theory: i n  p a r t i c u l a r ,  the vacuum 
and two- par t ic le  s ta tes  are  absent. The algebra o f  observables admits a 
decornposi t i o n  i n t o  two subalgebras correspondi ng t o  the sol  i ton, a n t i  - 
s o l i t o n  decomposition, P a r t i c u l a r  vec tor  s ta tes  show s o l i t o n  behavior. 
The sca l i ng  l i m i t  i s  a l s o  obtained. An a lgebra ic  c o n s t r u c t i o n  o f  the 
s o l i t o n  sec tor  i s  g iven and s o l i t o n  f i e l d  operators are  defined. I t  i s  
shown tha t  the imaginary t ime s o l i t o n  two-point f u n c t i o n  i s  t h e  two- 
-po in t  f unc t i on  o f  the disorder operator  introduced by Kadanoffand Ceva, 

INTRODUCTION 

l n  ref.1we def ined a quantum f i e l d  theory associated w i t h t h e  

i s i n g  model, the associated Schwinger func t ions  being equal t o  the i n -  

f i n i t e  l a t t i c e  l i m i t  o f  the c o r r e l a t i o n  func t ions  w i t h  per iodicboundary 

cond i t ions  i n  the ho r i zon ta l  (space) and v e r t i c a l  ( imaginary t i m e )  d i -  

rec t ions  o f  the l a t t i c e .  The sca l i ng  l i m i t  was obtained i n  re f .2 .  Ex- 

p l i c i t  representat ions were obtained f o r  the energy, H, momentum,P, and 

space time zero f i e l d  o r  sp in  operator  e. The i n f i n i t e  l a t t i c e  con- 

s t r u c t i o n  i s  the natura l  l i m i t  o f  the f i n i t e  l a t t i c e  Feynmann-Kac (F-K) 

formula where the d iagona l iza t ion  o f  the f i n i t e  l a t t i c e  Hamiltonian as- 
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p a r t i c l e  s ta te ,  the r e s t  o f  the spectrum begins w i  t h  t h r e e - p a r t i c l e  

s ta tes ,  I n  t h i s  l i m i t i n g  process the l i m i t  o f  the spectrum o f  the ad- 

d i t i v e l y  adjusted f i n i t e  l a t t i c e  a-p Hamiltonian i s  the same as tha t  o f  

the i n f i n i t e  l a t t i c e  Hamiltonian. 

Even though the f i n i t e  pe r i od i c  and a-p l a t t i c e  I s i ng  Hamil- 

tonians are i nva r i an f  under sp in  f l i p  the M - fm l i m i t i n g  s p e c t r u m  are  

d i f f e ren t ;  they are  the same f o r  the quantum theory obtained f r o m  the 

c o r r e l a t i o n  func t ions .  We expect t ha t  s i m i l a r  phenomena w i l l  occur f o r  

other l a t t i c e  Harniltonians. For example, i f  4; i s  the t i m e - z e r o  f i e l d  

operator  a t  the p o i n t  i o f  the L - M , ~  l a t t i c e  one space dimensional sine 

-Gordon Hamiltonian then by imposing the bpundary cond i t i on  $M+l=@-M+2a 

the M + m l i m i t i n g  spectrum should be tha t  o f  the n - s o l i t o n  sector .  The 

vacuum sector  o f  the l a t t i c e  sine-Gordon model has been s hown t o  be 

exact ly  so lub le  in  ref.11. For more complicated non-scalar l a t t i c e  f i e l d  

theor ies i n  1,2 and 3 space dimensions d i f f e r e n t  boundary cond i t ions  on 

the Harniltonian are expected t o  g i ve  d i f f e r e n t  topo log ica l  charged sec- 

to rs  . 
S im i l a r  t o  the pe r i od i c  case the energy-momentum and f i e l d  

operators are  expressed i n  terms o f  two sets o f  Fermi operators obeying 

CAR; the two sets being re la ted  by a p l c t .  The representat ion space i s a  

Fermion Fock space and the s t a t e  can be any vec tor  i s  t h i s  Fock space. 

S imi la r  t o  the pe r i od i c  case tha algebra o f  observables a d m i t s  a de- 

composition i n t o  two commuting subalgebras, By spec ia l i z i ng  t o  s p e c i f i c  

s t a t e  vectors we ob ta in  l oca l i zed  s o l i t o n  and a n t i - s o l i t o n  type s ta tes .  

We es t a b  l i sh the connection between the dual algebra ap- 

proach t o  the so l  i ton sector  (see r e f  .8) and our an t i - pe r i od i c  construc- 

t ions  funct ions,  i n f i n i t e  l a t t i c e  representat ions f o r  the sp in  and d i -  

sorder operator  i n  the pure phase o f  the M -+ a l i m i t  o f  the  EM,^ per- 

i od i c  l a t t i c e  model. 

Furthermore we g i ve  an a lgebra ic  const ruc t ion  ~f the s o l i t o n  

sector  which i s  an imaginary time vers ion  o f  the a lgebra ic  automorphism 

const ruc t ion  of s o l i t o n  sectors i n  two-dimensional continuum f i e l d theo ry  

models as given in refs.6,7. Imaginary time i s  technical l y  simpler  as we ex- 

p l o i t  a f i n i t e  propagation speed proper ty  present i n  t h i s  case, I n  our 

const ruc t ion  we introduce s o l i t o n  f i e l d  operators and show t h a t  t h e  
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sociated w i  t h  the t rans fe r  mat r i  x was achieved by LMS i n  terms o f  two 

sets o f  Fermions re la ted  by a l i n e a r  canonical t ransformat ion.  

For T > Tc, T the c r i t i c a l  temperatures, the energy-momentum 
C 

spectrum i s  the l a t t i c e  analog o f  a f r e e  sca lar  massive f i e l d  theory.For 

T < T the energy-momentum spectrum shows a doubly-degenerate space-time 
C 

t r a n s l a t i o n a l l y - i n v a r i a n t  ground s t a t e  and a continuum s tar t ing  s t r i c t l y  

above the ground s ta te .  The analog o f  the s i n g l e  p a r t i c l e  hyperbola i s  

missing. This i s  not  a phenomena specia l  t o  the I s i ng  model mode l  ex- 

pected f o r  a+' + b+* i n te rac t i ng  two-dimensional s c a l a r  r e l a t  i v i s t i c  

f i e l d  theory models wi t h  a > O and b << O .  Numerical s tud ies  by4 o f  the 

energy spectrum o f  a d i sc re te  approximation t o  the Hamiltonian on the 

l i n e  i nd i ca te  s i m i l a r  behavior f o r  pe r i od i c  boundary conditions.Hcwever, 

w i t h  D i r i c l e t  boundary cond i t ions  a spectrum anaiogous t o  a f r e e  par- 

t i c l e  i s  obtained but  w i t h  an almost degenerate ground s ta te .  This i s  

c l e a r l y  seen i n  by tak ing  on l y  a 16 p o i n t  approximation t o  the l i n e .  

This spectrum i s  expected t o  be the approximate spectrum o f  the vacuum 

and the s o l i t o n  sector .  

Consider the I s i ng  model def ined on'a C-M, 4 E,  N] l a t t i c e  

(where the l a t t i c e  extends i n  the space d i r e c t i o n  from - M t o  M )  w i  t h  

ant i- ferromagnet ic coupl ing between -M and M and ferromagnetic between 

1 and N. We ca l1  t h i s  the an t i - pe r i od i c  I s i n g  model. We def ine  a f i n i t e  

l a t t i c e  an t i - pe r i od i c  (a.p) Hamiltonian through the t rans fe r  ma t r i x  o f  

t h i s  model. This Hamiltonian i s  d iagonal ized by the L M S ~  procedure and 

i n  the N + l i m i t  a f i n i t e  l a t t i c e  F-K formula can be obtained f o r  the 

an t i - pe r i od i c  c o r r e l a t i o n  funct ions ( c . f )  i n  terms o f  the a.p. Hami l- 

ton ian and i t s  unique ground s t a t e  eigenvector. We expect t ha t  the 

l i m i t  fo l lowed by the M -+ m l i m i t  o f  the c . f .  w i l l  y i e l d  the sane c . f .  

of the pe r i od i c  I s i n g  model. Thus the r e s u l t i n g  quantim f i e l d  theoryob- 

ta ined from a GNS const ruc t ion  o r  l a t t i c e  0-S const ruc t ion 5 w i l l  be the 

pe r i od i c  one. 

I n  t h i s  a r t i c l e  we def ine,  f o r  T < Te, an i n f  i n i  t e  l a t t i  ce  

quantum theory by tak ing  the l i m i t  o f  f i n i t e  l a t t i c e  vector  s ta tes .  The 

observables are  taken as f i n i t e  products o f  Heisenberg l a t t i c e  sp in  op- 

era tors .  The energy-momentum spectrum o f  the 1 i m i  t i n g  t h e o r y  has no 

space-time t rans la t i ona l  l y  i nva r i an t  s t a t e  and shows an i s o l a t e d  one  
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s o l i t o n  two-point f unc t i on  i s  the two-point f unc t i on  o f  the d i s o r d e r  

operator  introduced by Kadanof f and ceva". 

We descr ibe the organ iza t ion  o f  t h i s  paper. Sect ion 1 develops 

the f i n i t e  l a t t i c e  theory;  sect ions 2, 3 and 4, the i n f  i n i  t e  l a t t i c e  

theory inc lud ing the decomposition o f  the algebra o f  observables. A lso  

s p e c i f i c  s t a t e  vectors are  int roduced which e x h i b i t  s o l i t o n  behavior. 

I? sect ion  5 we ob ta in  the c o r r e l a t i o n  f u n c t  i o n s  and rep- 

resentat  ions f o r  the order  and d isorder  operators o f  the f i n i  t e  E- M, 

l a t t i c e  pe r i od i c  model, t h e i r  i n f i n i t e  l a t t i c e  l i m i t s  and i n  sec t ion  6 

def ine the sca l i ng  l i m i t  theory. I n  sec t i on  7 we g i ve  an a lbebra ic  con- 

s t r u c t i o n  o f  the s o l i t o n  sector .  

I n  an appendix we g i ve  a pedagogical d iscussion o f  the 'zero 

temperature' ground s t a t e  spectrum o f  the pe r i od i  c and a.p. Hami 1 tonians. 

1. THE ANTI-PERIODIC ISING MODEL 

We w i l l  use the same d e f i n i t i o n s  and 

confusion can a r i se ,  Consider a two-dimensiona 

from -M t o  M i n  the ho r i zon ta l  (space) d i  r e c t i  

nota t ions o f  ref .I when no 

1 l a t t i c e  which e x t e n d s  

on and from 1 t o  N i n  the 

v e r t i c a l  ( imaginary time) d i r e c t i o n .  We def ine  the an t i - pe r i od i c  I s i n g  

model i n  a manner s i m i l a r  t o  the usual pe r i od i c  model bu t  which a n t i -  

ferromagnetic coupl ing between the spins a(n,-M) and a ( n , ~ )  f o r  n = 

= 1,2, ... N. Thus the p a r t i t i o n  func t i on  i s  

+ T~ T' are i ntroduced analogous t o  and Spin operators, .r i ,  T,, ,, , 
act  on the 22M+1 dimensional H i l b e r t  space 

I n  terms o f  these operators the p a r t i t i o n  func t i on  can be w r i t t e n  as 

the t race  o f  an operator  which we s t a t e  as 
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Thm.l.1. IVBM = Tr(v: l2 v1v:li) = Tr fl, 

where V = V1V2 , 

and 

2 wi t h  .rf = -.r -2K 
M+ 1 -M and tanhK* = e , 

Let  BM = V:': which i s  s e l f  a d j o i n t .  By su i tab le  t rans-  

formations, BM can be w r i  t t e n  as BM = ( 2  r i n  2 ~ ) ( ~ ~ ) / ~ ,  i, ident-  

i f i e d  as the f i n i t e  volume a-p ~ a m i l t o n i a n .  The diagonal i z a t i o n  o f  H M 
i s  achieved by the LMS procedure which involves mak i  ng  t h e  J o r d a n -  

-Wignar transforrnation 

Thus 

where c: = em + c;. The 

The vec tor  

{c obey canonical anti-cornmutation re la t i ons .  rn 

w i t h  2M+1 fac to rs  has the  proper ty  ernR = O f o r  a11 -M 2 m 4 M ,  ffe(0) 

denotes the  subspace generated by vectors w i t h  an even (odd) number o f  

cAs app l i ed  t o  R. 

We de f i ne  a l i n e a r  canonical t ransformat ion by 

but  no t  both, where are  the 2M+1 elernent sets 
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i s  2(2M+1) - f o l d  degenerate. The f i r s t  exci  ted s t a t e  l ies  2g above o r  

a t  E. + 3g. For T f i n i t e ,  T <  T and M - + m  the 2(2~+1)degenerateground 
C 

s t a t e  becomes rhe analog o f  the one- par t ic le  hyperbola, 

The sets { c  ) and { c k }  are not  independent, they are  re la ted  R 
by the l i n e a r  canonical t ransformat ion 

The reverse t ransformat ion i s  

The vacuum vectors 

+ 
= O f o r  a11 R E A and c $ = O f o r  a l l  k  E A , .  A e ( 0 )  

e  k Ao 
are the posi t i v e  elements ( >  O and < IT) o f  A e ( O ) .  We emphasize i h a t  i n  

cont ras t  t o  the pe r i od i c  case ne i t he r  o f  the vacuum vectors are  eigen- 

vectors o f  the Hami l tonian HM. By the Perron-Frobenius t h e o r e m  t h e  

eigenspace associated w i t h  the lowest eigenvalue o f  HM i s  one -d imen-  

s iona l  and i t  i s  found t h a t  the associated eigenvector i s  5: I) E H,. 
Ae .iPM 

Analogous t o  the pe r i od i c  momentum operator we def ine  t 

P s e l f - a d j o i n t ,  by the proper t ies  M 
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Throughout t h i s  sect ion the l e t t e r  R(k) wi 1 1  r e f e r  to elements o f  A, (A,). 

From now on we consider T < T only.  A B o g o l u i b o v - V a l a t i n  
C 

t ransformat ion i s  def ined by 

E = C O S $  TI +siri$ n* 
4 4 4 4 -4 ' 

q # 0 ,  5, = and the same convention of ref.1 f o r  4 ,O (z )  and E i s  main- 

ta ined,  We f i n d  t h a t  
9 4 

where q E A, or A,, but  not  both, 

I n  terms o f  the E operators we have 
4 

Thm.1.3. H M =  HM + @ HM - , -(+I = HM P 
H~ 

We def ine  a renormal ized H by M = H M + -  ' e &(E) so t h a t  i n f  sp 2 REA, 
= €(O). For la rge M the s t ruc tu re  o f  the energy spectrum o f  H i s  q u i t e  M 
d i f f e r e n t  than the pe r i od i c  spectrum. Th is  d i f f e rence  can be understood 

q u a l i t a t i v e l y  by consider ing the 'zero  temperature' Hamiltonian 

x (see the appendix), With pe r i od i c  b.c. ( r  = T the ground s t a t e  E, 

i s  doubly degenerate (a1 1 up, a1 1 down) and the f i r s t  exci  ted s t a t e  l i e s  
x 29 above E,. With a-p b.c ( rM+,= -rx ) the ground s ta te  i r  a t  E,+g and 

-M 
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Then 

and by an analysis similar to that of9 we have 

The finite volume correlation functions are given by 

< Thm.1.5. If 1 < n ,  = < n 2  E, ... n k =  N ,  then 

Letting N + m we obtain the finite volume F-K formula Corollary 1.5.1.lf 

1 2 n, 5 , . . nk then 

In order to obtain the soliton sector in the M + - Iimit we will not be 

interested in the limit of the correlation functions of Thm.l.5 but in a 

state def ined on an algebra of observables. For M f ini te and fn, gflss(R") 
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an a r b i t r a r y  vector  i n  HM can be w r i t t e n  

rn odd 

+ 1 ( ~ ~ i ) - ~ ~ * f ~ ( k ~ , . . . . , k ~ )  E$ ... 
k , ,  ... k 

n 
n odd 

and we def ine  a vector  s t a t e  by the expectat ions 

The above w i l l  be used t o  def ine  the s o l i t o n  sector  i n  the M +  l i m i t .  

The c o n t r i b u t i o n  o f  5 ,  JIA t o  the M -+m i n  (1.1) wi 1 l be zero. 
e 

I n  addi t i o n  t o  the operators {-r:} we a l so  introduce the so- 

- ca l l ed  l a t t i c e  disorder operator  

i í r  "'1 c*. c 
j=-M 3 i 

x vrn = e = (  + C *  T = c + c*> 
m m m  m (1.2) 

f o r  -M < m 2 M. These operators s a t i s f y  the re la t i ons ,  f o r  -M < m,n <=Ms 

I n  a d d i t i o n  11.3) i s  s a t i s f i e d  w i t h  cn + c; rep lac ing  v*. 

2. INFINITE LATTICE OPERATORS AND THEIR PROPERTIES 

Here we introduce operators and vectors which wi11 be used i n  
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the i n f i n i t e  l a t t i c e  theory. Since many o f  the ob jec ts  are the same as 

the pe r i od i c  case we r e f e r  the reader t o  sec t ion  2 o f  re f .1 .  I n  what 

fo l lows i t  i s  h e l p f u l  t o  keep i n  mind the fo l l ow ing  fórmal c c r r e s p o n -  

dences : 

We def ine  i n  H, the fermion Fock space over ~ ~ ( - ~ , . r r ) ,  6 E Be ,  
A A 

$ = V $  € H o  =ce,  where 5(4) = V i ( 4 )  8" and U i s  the u n i t a r y  which 

implements the l i n e a r  canonical t ransformat ion < ( f )  = 5 ( T 1  f )  + f X ( T z f ) ,  

f -t L ~ .  We def ine  ener5.i-rnoaentum operators by H@) = Ê $ H" (P^ @e) where 

Note t h a t  the vacuum vectors $ and $ are not eigenvectors o f  H , P and 

tha t  the spectrum o f  H,P has the s t ruc tu re  o f  the l a t t i c e  analog o f t h e  

spectrum o f  a f r ee  rnassive scalar  f i e l d  theory w i t h  on ly  an odd number 

o f  p a r t i c l e s .  I n  p a r t i c u l a r  the vacuum and two- par t ic le  s ta tes  are  ab- 

sent. 

We de f i ne  the t ime zero l a t t i c e  f i e l d  o r  sp in  operators by 

where 
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Furtherrnore a  dense se t  o f  vectors i n  H i s  obtained from vectors o f  the 

form 

$ = 1 1 dkl.,.dkn fn(kl,. . . ,kn)e*(kl) . .. e*(kn)$ 
n odd 

+ 1 J d k l . .  .am Ym<k. , . . . ,km) i * ( q  . . .i*(úm)$ 
m odd 1 

where f E & (g), the k i n t e g r a l s  extendi ng over E I T , ~ .  n s  gn  

3. INFINITE LATTICE QUANTUM FIELD THEORY 

Convent ional ly ,  one def ines an i n f i n i t e  l a t t i c e  t h e o r y  by 

tak ing  the i n f i n i t e  l a t t i c e  l i m i t  o f  c o r r e l a t i o n  func t ions  ( c . f ) ,  i .e. 

the expectat ion o f  a  product o f  spins a t  a  f i n i t e  number o f  po in t s  t o  

ob ta in  space-irnaginary t ime t r a n s l a t i o n a l l y  i nva r i an t  c . f .  The f i e l d  

theory i s  reconstructed frorn these c, f ,  through a  l a t t i c e  v e r s i o n o f t h e  

O- S cons t ruc t i on 5.  I f  one c a r r i e s  out  t h i s  procedure f o r  the a-p I s i ng  

m d e l  one expects on i n t u i t i v e  physical  grounds t o  ob ta in  the pe r i od i c  

c . f .  o r  Schwinger func t ions  o f  Thrn. 3 . 1  o f  re f .1 .  Considering the f i n i t e  

W representat ion o f  the Schwinger c . f .  o f  Coro l la ry  1.5.1 and tak ing  

i n t o  account the operators def ined i n  sec t ion  2 we fo rmal ly  have, by 

consider ing m a t r i x  elernents o f  the  sp in  operators a f t e r  s u b s t i t u t i n g  

complete se ts  o f  energy-momentum eivenvectors,  

1 i m  <o(nl , m l ) .  . . ~ ( n ~ , m ~ ) > ~  = 

k- 1 -H(n -n ) -;~(m - mj-l) j j - 1  
= l i m  ($€, mo e e j  

E+O j =  1 
$2 

where 

so tha t  I $E /  = 1 ( fo rmal ly  t h e M + - l i m i t o f  I * $  i s  l i r n i * ( h E ) @ . l t  
O Ae €41 
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i s  no t  obvious tha t  the l i m i t  on the r i g h t  s i de  e x i s t s  o r  t ha t  i t  i s  

equal t o  the pe r i od i c  c . f ,  I f  the pe r i od i c  c . f . ' s  a re  ta ined i n  t h i s  ? 
way than the spectrum o f  che r e s u l t i n g  f i e l d  theory w i l l  be d i f f e r e n t  

(even a f t e r  overal  1 addi t i v e  changes) than the 1 imi t o f  the spectrum of 

the f i n i t e  l a t t i c e  a.p. Hami l ton ian .  l n  p a r t i c u l a r  there wi 1.1 be no 

analog o f  the s ing le  p a r t i c l e  hyperbola. 

Onr const ruc t ion  of the i n f i n i t e  l a t t i c e  theory w i l l  f o l l o w  

d i f f e r e n t  l i n e s ,  The representa t ion  space f o r  our i n f i n i t e  l a t t i ce theo ry  

w i l l  be H and f o r  any vec tor  i n  H we def ine  expectations o f  f i n i t e p r o d -  

ucts o f  sp in  operators as l i m i t  o f  the analogous f i n i t e  l a t t i c e  objects. 

I n  the representa t ion  space H the energy-momentum and f i e l d  operators 

are those def ined i n  sec t ion  2 and nei ther  the vacuum vector  $ nor $ 
are  eigenvectors o f  the  energy-rnomentum operators.  The l i m i t o f  the 

spectrum o f  the f i n i t e  l a t t i c e  a.p. Hamiltonian i s  equal t o t h e  spectrum 

o f  the i n f i n i t e  l a t t i c e  theory.  

With $ and $ as i n  (1.1) and (2.2) we have 

Thm. 3.1. 

Furthermore, f o r  the l i m i t  o f  the expectations o f  the s t a t e  vector  
""I 

\ we have 
e 

where 
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Pr f .  o f  Thm. 3.1: We g ive  the proof  fo r  s = 2 .  By making t h e  f o r m a l  
1 1 2  .-iqM 

correspondence ( m + l )  Sq w i t h  c (4 )  o r  c ( 9 )  we show tha t  a1 l 
i i q M  

e fac tors  are proper ly accounted f o r .  By w r i  t i n g  

+iP m 
the s ingle-under l  ined e fac tors  are  absorbed by the and i<;}. 
In the double underl ined terms M o f  course cancels. To ca r ry  out  be M* 

1 
l i r n i t  proceed by the method of i n teg ra l  equations as i n  . 
P r f ,  o f  Thm.3.f. Consider (note tha t  lim = (cm+e;)'$ = ?(C C*)) m m m 

where. p i r  replaced by P; . Express c +c* i n terms o f  5% and S z . ~ o t i n ~  
M m rn 

t ha t  

i ~ ;  (M*. 1" -ip; (M-m) 
E $ = O  and e . (cm + c:) e dx2 = 1, 

Ae 
-M 

so tha t  
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and a11 e-iqM f ac to rs  are  proper ly  accounted f o r ,  The M-tm l i m i t  i s  

us ing eiPn = u e U - I  i n  the above gives 

Noting tha t  eiPm U $ = eiAn U eih $ the r e s u l t  f o l l o w r .  

4. DECOMPOSITION OF THE ALGEBRA OF OBSERVABLES 

Simi la r  t o  the pe r i od i c  case we have the decomposition o f  the 

algebra o f  observables given by 

~h.. 4.1 . 4 = pimq = [eimH, I?] = 0 and P+ - = (1%) 12 

are  mutual ly  orthogonal s e l f - a d j o i n t  p ro jec t i ons .  Thus i f  i s  any f i -  

n i t e  products o f  õ 
o '  

then 

O  = O  + O  
$ $+ $- 

We omit  the proof  which p a r a l l e l s  t h a t  o f  ~hm.4.1 o f  , bu t  w i t h  H and P 

defined as i n  sec t ion  2 o f  t h i s  paper. 
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I n  p a r t i c u l a r  we have f o r  the decomposition o f  (3.1) o f  Thm.3.2. 

CoroZZary 4.1. 

b) same f o r  s odd, 

5. INFINITE LATTICE REPRESENTATIONS OF THE ORDER AND DISORDER OPERATORS 

I n  t h i s  sec t ion  we obtain,  f o r  T < T an i n f i n i t e  l a t t i c e  rep- 
c *  

resenta t ion  f o r  the sp in  and disorder operators o f  sec t ion  1 ( see eq . 
(1 .w) .  We ob ta in  these representat ions i n  t e m s  o f  the M +m l i m i t  o f  

the operators associated w i t h  the f i n i t e  l a t t i c e  pe r i od i c  I s i ng  rnodel. 

from -M < m < M. I n  re f . 1  the i n f i n i t e  l a t t i c e  operators areconstructed 

f o r  the M - t  m l i m i t  o f  a l a t t i c e  from 1 i rn M. As an analogous diag- 

ona l i za t i on  process o f  the f i n i t e  l a t t i c e  t rans fe r  ma t r i x  and construc- 

t i o n  o f  the i n f i n i t e  l a t t i c e  theory holds f o r  the 1-M,M~ case we on ly  

g ive  the d e f i n i t i o n s  and r e s u l t s  which p a r a l l e l  those of sec t ion  1 ofl; 

the i n f i n i t e  l a t t i c e  ob jec ts  are  those o f l .  

We def i ne 

Furthermore we have V = V:" V, vii2 , V = V+ % V' , 

where 
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c,,, = (*i)-"' a 1 eip qq, a = e 
- in /4  , - M6 rn ÇM. For = -C -M ' 

4 

The Bogolubov - V a l a t i n  t ransformat ion i s  

i n  terms o f  which 

c + c* = ( 2 ~ + 1 ) - ' / ~  + h.c.1 , a = e - ia /4  
m rn 9 

4 

We have 

1 / 2  Thtn.5.1. Let  BM = V2 V V = (2sinh 2 ~ )  
(2M+1)/2 e-fl M Then 

+ - 
H = H  @HM 

1 +(-I = ,yM H e ( 0 ) ,  where H*. = 1 + ~ ~ ( 5 ;  SE - 7 ) a n d  
M E i I  H~ 

1 
RES 

H; = - and s i m i l a r l y  f o r  PM. 

The l i n e a r  r e l a t i o n  between and C k  i s  as i n  the a n t  i - per-  

i od i c  case from I-M,M/, i .e. f o r  k E S-,  

The vacuum vectors are  $ 
s- 
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and $ + i s  the eigenvector associated t o  the lowest eigenvalue ofHM.The s 
momentum operator  P obeys 

M 

Keeping i n  mind the formal correspondencer $ S + (s-1 -+ i (?), eimck4(q), 

-i !?M x e ~ l t + ~ ( q ) , ~ , M + ~ o a s M + ~ w e o b t a i n t h e s a m e i n f i n i t e  l a t t i c e  

representat ion as i n  the 11 ,MI pe r i od i c  case, We have f o r  the M->co 1 i m i  t 

Remark. The n-po in t  f unc t i on  l i m i t  i s  a l s o  the same as the 1 1  ,M\ per-  

iPM 
But e $S+=$S+SO 

-iqM 
P i s  P; and by the l i m i t  o f  e M Sq using formal c o r r e s p o n d e n c e s  

We now ob ta in  the i n f i n i t e  l a t t i c e  representa t ion  f o r  products 
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o f  d isorder operators um o f  eq. 1.2. 

M - + m  iP(m1-m,) 
Thm.5.3. (+s+,~ml  s2 +s+) -(e. U e  U  $1 

Remhrks. 1 .  U$ i s  i n  the odd Fermion number subspace. 

2. A s i m i l a r  formula holds f o r  a product o f  n !.i's. 

New P = P; i n  the above so tha t  
M 

- 
e -ipM ("+n72) r-M I $ ~ + S ~ )  

Use c i n  terms o f  the se t  S - ( k  set )  and note t h a t  
rn i 

Thus 

ipM(M+rnl) - ~ P M ( M  +ml) 
(QS+' !.irn V, JiS+) = ( T - M  Ji T-M e e T-M T-M 

1 2  

The fo l l ow ing  r e s u l t  from Thm.2.4 o f l  w i l l  p l a y  an important 

r o l e  i n  what fo l lows:  
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We l e t  

= e - in /4  
and êm = (sgn m) cm . 

and the r e s u l t s  f o l i o w s .  

By Thrn. 2 , 4  o f l  {(f) = G ( H ~ )  so t h a t  t h e  theorem f o l  lows. 

We now o b t a i n  a  r e p r e s e n t a t i o n  f o r  t h e  i n f i n i t e  l a t t i c e  sp inand  

d i s o r d e r  o p e r a t o r  and t h e i r  commutation r e l a t i o n s .  

x ê + ê* o e = e'iB(c +c:) and assume ,sJ = O. Then 
m m m  o m  
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Remark. The s comute  a t  l eas t  on the subspace D generated by 
m 

i s  a c o r r e l a t i o n  func t ion .  

x x Pr f :  Using [sm,s,] = O and c: sn = s c we have s do = s c ,  s o  = n n m m 

S 
x " But s = c x V and {c: , c: ) = O so t h a t  smd0 = m C~ ' ' O  sm m -m m 

- v 2 e:. From mm.s.5, e-'% u = (ssn u e o r n o  e 0 t h a t  

x %do = -(sgn m) s 0  ao Um cm = (-sgn m )  U,, \ 

= -(sgn m )  do s m' 

& SCALING LIMIT 

I n  a manner analogous t o  t h a t  o f  r e f s .  2 and 3 we can ob ta in  

se r i ss  representat ions f o r  ($, .8 4 +) and (3.1). Scal ing  l i m i t  ex- 
z= l  i 

pectat ions are  def ined as i n 3  w i t h  the mod i f i ca t i on  tha t  one f a c t o r  o f  

the magnetization m* d i v i des  the i n f  i n i  t e  expectat ion f o r  each fac tor  o f  

U occurr ing;  the i n f i n i t e  l a t t i c e  expectations being expresses i n  terms 

o f  the c ( q )  Fermion operators only.  

7. ALGEBRAIC CONSTRUCTION OF THE SOLITON SECTOR 

A. H e u r i s t i c  considerat ions.  To mot iva te  our const ruc t ion  o f  

the s o l i t o n  sector  we f i r s t  g i v e  a formal1 i l l - d e f i n e d  const ruc t ion  and 

then show how we make i t  wel l- def ined.  For temperatures below the c r i t i -  

ca l  temperature T the t r a n s l a t i o n a l l y  i nva r i an t  vaccum vector  Q + o f t h e  
C 

quantum f i e l d  theory obtained from the c o r r e l a t i o n  func t ions  o f t h e t w o -  

dimensional I s i ng  model w i t h  p lus  boundary cond i t ions  has spinspredomi- 

nante ly  up and (h, a z ( i )  L+) > O .  Formal l y  the Hi l b e r t  space i s  an in-  

f i n i t e  tensor product o f  mo-dimensional H i l b e r t  spaces Hi , i E Z de- 

not ing  the s p a t i a l  l a t t i c e  s i t e ,  and A w i l l  denote the algebra o f  oper- 

a to rs  generated by l i n e a r  combinations o f  tensor p r o d u c t s  o f  P a u l i  

matr ices.  The "kinkl' operator  

= .n a (i) , = 1 
%<O x 
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f l  i ps  a1 1  spins t o  the l e f t  o f  zero. We l e t  H+(H~)  denote the vacuum 

(so l  i ton) Hami l t o n i a n  and set  R  = ~i R+; H  obeys i n f  spec H+ = O and 
S + 

H+ R+ = O .  

Ignor ing boundary e f f e c t s  we def ine  the dynamics o f t h e H i l b e r t  

space vector  $ = A Rs, A E A ,  by 
S 

Not ice tha t  the r i g h t  s ide  can be w r i t t e n  as 

where 

so t h a t  

(7. i a )  

(7 . lb )  

( 7 .  l c )  

i s  a  uni  t a r y  group; r ( t )  i s  uni  t a r y  and abeys the property 

7 
r ( t ,  + t,) = r(t,) T~ ( r ( t 2 ) )  . 

1 

We now descr ibe how we rnake the above formal const ruc t ion  w e l l -  
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+ 
-de f ined .  F i r s t  we pass t o  imaginary d i s c r e t e  t ime  t -t i n ,  ~ E Z  . Due 

t o  the  s p e c i a l  p r o p e r t i e s  o f  e-H+ (e-H+ i s  p r o p o r t i o n a l  t o  the t r a n s f e r  

m a t r i x ) ,  n o t  possessed by the  t ime-continuum 1  imi  t Hami 1  ton ian ,  and i g -  
+ 

n o r i n g  boundary c o n d i t i o n s o n H  I ' ( i n ) , n ~ Z  , can b e d e f i n e d a s a l o c a l  +' 
o b j e c t  w i t h  f i n i t e  norm (we do n o t  know i f  r ( n )  i s  a  l o c a l  ob jec t ) .  A l s o  

i f  A  i s  an element o f  the l o c a l  a lgebra  A(0) c A,  O bounded, then  P(A)  

o f  (7 .  l c )  can be d e f i n e d  as an automorphism on A(O) and T ~ ~ ( A )  i s  a  

l o c a l  o b j e c t  w i t h  f i n i t e  norm. What we a r e  e x p l o i t i n g  here  i s t h e f i n i t e  

p ropaga t ion  speed o f  e-H+n, YEZ'. 

The H i  1 b e r t  space H+(ffs) o f  the  vacuum ( s o l  i ton)  s e c t o r  i s  ob- 

t a i n e d  frorn the  GNS c o n s t r u c t i o n  appl  i e d  t o  t h e  s t a t e  w+(ws= w+.p) and 

A.  w+ i s  t h e  i n f i n i t e  space l a t t i c e  l i m i t ,  o f  t h e  v e c t o r  s t a t e  assoc i -  

a t e d  w i t h  t h e  vacuum v e c t o r  o f  t h e  quantum f i e l d  theory  ob ta ined  fromthe 

t r a n s f e r  m a t r i x  w i  t h  p l u s  boundary condi t i o n s  i n  the  space d  i r e c t  i o n .  

The s o l i t o n  s e c t o r  serni-group e-Hsn i s  t h e  imaginary t ime  v e r s i o n  o f  (7.2). 

1-i i s  d e f i n e d  as a  map f rom + t o  ff,, f o r m a l l y ,  w i t h  A  Q+ E H+, A  53+ = 

= r i  A U P  S = F(A)  SZs. 

F i n a l l y  we i n t r o d u c e  s o l i t o n  f i e l d  o p e r a t o r s  y(R,m), R(m) a  
iH, t 

t ime  (space) p o i n t ,  and show t h a t  f o r  imaginary d i s c r e t e  t ime (Os, e  

R) i s  t h e  two- point  f u n c t i o n  f o r  t h e  Kadanott  and Ceva d i s o r d e r  oper-  - 
a t o r 1 ' ,  Forma l l y ,  

and t h e  r i g h t  s i d e  i s  shown t o  

( a n t i - f e r r o m a g n e t i c  a long  t h e  1  

be equal t o  a  m o d i f i e d  p a r t i t i o n  f u n c t i o n  

i n e  j o i n i n g  (0,O) and (&,O) d i v i d e d b y  t h e  

p e r t i t i o n  f u n c t i o n .  We remark t h a t  by u s i n g  chessboard e s  t i m a t e s  t h e  

s t a t i c  s o l  i t o n  energy can be bounded below by t h e  s u r f a c e  t e n s i o n  ( s e e  

a t s o 7  ) .  A l s o  our  c o n s t r u c t i o n  can be c a r r i e d  o u t  f o r  o t h e r  b o u n d a r y  

condi t i o n s  one o b t a i n s  the  a n t i - s o l  i t o n  ( s o l  i t o n- a n t i - s o l  i t o n  s e c t o r )  . 

B.  H i l b e r t  space and a lgebra  o f  observables 

L e t  H '  be t h e  p r e - H i l b e r t  space generated by elements o f  the  
O 

tensor  p roduc t  Ji Hi, Hi = C ,  S a r b i t r a r y  b u t  f i n i t e .  u x ( i ) ,  % < i ) ,  

i E S C  Z 
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u ( i )  a r e  tensor  p roduc t  o p e r a t o r s  i n  H ; ;  on Hi they a r e  t h e  Pau 1 i 
Z 

mat r i ces ,  on H  j # i, they a r e  t h e  i d e n t i t y .  We l e t  ff d e n o t e  the  
j' 

comple t ion  o f  H : .  

For any bounded s e t  i n  2, l e t  A(Ù) be the  a lgebra  generated 

by a ( i )  and u Z ( i ) ,  i E Ù and l e t  A, t h e  q i i a s i - l o c a l  C *  a lgebra  o f  ob- x 
servables,  denote t h e  norm c l o s u r e  o f  U A(Ù), i . e .  A = 

O O 

C .  Some r e a l  ( imagi nary)  d i s c r e t e  r ime automorphi sms ( t r a n s f o r m a t i o n s ) o f  

t h e  a lgebra  o f  òbservables 

The f i n i t e  M t r a n s f e r  m a t r i x  w i t h  p l u s  boundary c o n d i t i o n s  i n  

t h e  spase d i r e c t i o n  f o r  t h e  (-M,M) x (-N,N) l a t t i c e  I s i n g  model i s  de- 

f ined as 

v' ( M )  = v:12 V i  ++ 1 2  

where 

and 

As V V '  V V i s  s e l f - a d j o i n t  and i n v e r t i b l e  we can w r i t e  

and e" a r e  a l s o  s e l f - a d j o i n t  and inver t ib !e  and e-" i s a  con t rac -  

t i o n .  

Lema 7.1. For A E A(O), z E C, d e f i n e  T~ : A(O) + A by 

Then 

a) For z r e a l  T~ extends by c o n t i n u i t y  t o  an automorphism o f  A, 
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b) For z = in, n E 2 ,  and M suff iciently large T ~ ~ ( A )  is independent of 

M and bounded wi th Irdn(A) I independent of M but possibly dependent 
on O. 

Prf. a) For z real, /-r. (A) I <= IA1 . b) fol lows from the product nature 
271 

of and the comutation relat ions obeyed by %(i), \(i) . 

D. The vacuum sector. 

The correlation functions of the Ising model on a (2 +1)x(2 +1) 

(space x imaginary time) lattice with plus (per iodic) boundary con- 

ditions in the space (imaginary time) direction are given by 

a 

Taking the N -t m limit and letting R (M) denote the eigenvector of e 
'UM 

+ 
wi th eigenvalue 1 (of mul ti pl ici ty 1 by the Perron-Frobenius theored we 

obtain the finite space lattice Feynmann-Kac formula. 

k iz 2 -iz JT 
Thm.7.2. Let OM(zl..,zk) = E e "cJ,(n.) k? M. Then 

j= 1 3 

a) O (z = iMi, i = 1 ,2 ,  ... k) E A(O) for some O and is independent of 
M i 

M for large M. 

~)U+(A) = 1 im hM(A) 5 (RM, A RM)] exists for A C O (Z = imi), mi+l>mi 
M-roo m 

c)w+ extends to a state on A by taking a sui table subsequence of uM. 

We expect the vectors OM to generate the ful 1 algebra A so that 
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the extension o f  i s  unique. + 

P r f .  a) as i n  Lemma Z.lb. 

For p lus  boundary cond i t ions  i n  the space and imaginary time d i rec -  

the c o r r e l a t i o n  func t ions  can be expressed i n  terms o f  the t rans fe r  

ma t r i x  w i t h  the t race replaced by an appropr iate inner product, The 

N-too l i m i t  gives the same F-K formula as above. For a l l  p lus  boundary 

cond i t ions  G r i f f i t h s  2nd i nequa l i t y  impl ies the c o r r e l a t i o n  functions 

are  monotone decreasing i n  M so tha t  the M+- l i m i t  e x i s t s .  

Follows by tak ing  a s u i t a b l e  diagonal subsequence. 

Construct ion o f  the s o l i t o n  sector ,  

For each jo E z we def ine  the automorphi sm p ( j  ) : A + A  as the 

continuous extension o f  

p ( j o )  (ox ( i ) )  = o ( i )  and we se t  p(0) E p. To see tha t  Ip(A) I 2 I A [  f o r  x 
A l oca l ,  i . e .  A E A(O), we use the f a c t  t ha t  f o r  such , 

P ( A ) =  n u x ( i ) ~  II ux ( i )  
i E S = P ~  ~ E S ~ O  

where s(O C S)  i s  f i n i  te .  

From Thm. 7.2  ws = w+.p a l so  def ines a s t a t e  which we def ine  

as the so1.i ton s t a t e  and we l e t  H + ( \ )  denote the GNS Hi l b e r t  space con- 

s t ruc ted  from w+(ws) and A .  

I n  order t o  const ruc t  the imaginary t ime s e m i - g r o u p  i n  t h e  

sol  i ton sector  Hi l b e r t  space H we def ine  ~ ( z )  E A by 
S 

where H - i s  obtained from H by rep lac ing  o (-M) by - o (-M) . The above 
M M z z 

d e f i n i t i o n  does not  con t rad i c t  the formal d e f i n i t i o n  o f  ( 7 . l a ) ;  the 

h e u r i s t i c  d e f i n i t i o n  i s  so ignore boundary e f f e c t s  and as the next l e m a  

shows t h i s  i s  exac t l y  what the above d e f i n i t i o n  does fo r  imaginary d i s -  
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crete time. We have 

f iciently large M and is independent of M. Furthermore jr(in) lz(n)<m 

and lr(il)I 5 cosh K + e3K e sinh K : C ' .  

zi = ini , i = 1,2, for sufficiently large M 

Prf. a) The formula for r(&) is obvious. For n = 1 by explicit calcu- 

lation 

-HM e-K~z(0)~z(l) HM 1 í2.K mC- az h) oz h+ 1 )  
e e = cosh K - [e 

1 

-4P (U~~O)+U~(~)) -1/2K C u,(rn)oz(m+l) 
m=- l . e e 1. az(0)%(l) rinh X 

and the bound for ( r (il)) fol lows. For n>l we can commute the n factors 
of e - H ~  to the right to cancel eH@; what remains is some B E A ( 0 )  of fi- 

nite norm. 

We denote the inner product in +(HS) by ( , )+  ( ( , ) s )  
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and f o r  n o t a t i o n a l  sirnpl i c i  t y  we do n o t  d i s t i n g u i s h  between A  E A and A  

considered as a  r e p r e s e n t a t i v e  o f  the H i l b e r t  space v e c t o r  equiva lence 

c l a s s  o b t a i n e d  f rom the  GNS c o n s t r u c t i o n .  Thus i f  A, B E A 

We wi  1 1  a l s o  denote by R+(R ) the v e c t o r  assoc ia ted  w i t h  I i n  +(Hs). 
s 

The vacuum s e c t o r  semi-group T+(n) o f  imaginary t ime  l a t t i c e  

t r a n s l a t i o n s  i s  d e f i n e d  as t h e  c l o s u r e  o f  the  o p e r a t o r  assoc ia ted  w i t h  

the  quadrat  i c  form, wi t h  A, B E A ( 0 )  , 

Lema 7.4. T ( n ) ,  n E 2, i s  a  s e l f - a d j o i n t  c o n t r a c t i o n  s e m i  - g r o u p  and + 
T  ( n ) l  = I , o r T  (n) R = R .  + + + + 

P r f .  T h i s  c l e a r l y  ho lds  f o r  wM, M s u f f i c i e n t l y  l a r g e ,  by lemma 7.1 and 

thus a l s o  f o r  the  subsequent ia l  M + l i m i t .  

D e f i n e  a map v ;  H+ + ffs as t h e  c l o s u r e  o f  

I n  p a r t i c u l a r  V(I) = p(11 = I o r  n(R ) = R . + S 

Lema 7.5. u i s  i s o m e t r i c  and onto.  

P r f ,  u i s  i s o m e t r i c  as 

and as f i n i t e  l i n e a r  c m b i n a t i o n s  o f  p ( ~ ) ,  A E A ( Ú ) ,  a r e  dense i n  8 
i s  on to .  

51 1 
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+ The sol i t o n  sec tor  semi-group T (n), n E Z , i s  def ined as the 
S 

closure o f  the operator  associated w i t h  the form 

where A, B E A(0). 

~hm.7.6.  Ts(n), n E z', i s  a s e l f - a d j o i n t  semi-group and there i s  a 

constant c < such tha t  l ~ ~ ( n )  ( 2 ecn. 

Remark. Ç ( n )  i s  expected t o  be a c o n t r a c t i o n  s e m i - g r o u p  wi t h  

I T ~ ( ~ ) I  ' e - m ~ n ,  where rn i r  the s o l i t o n  mass, bu t  t h i s  i r  d i f f i c u l t  t o  - S 
prove i n  our abs t rac t  frarnework. 

P r f .  a) Boundedness. We have 

so tha t  

= l i m  w M ( .  . ) .  
m- 

But f o r  M l a rge 

l lows.  By the 

sem;-group property (shown below) /T S (n) ( 5 IT ( I )  In 2 l r ( i 1 )  l n  6 ecn s 
bv lemma 7.3d.  
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b) Semi-group property.  For A, B E A(O) we have 

On the o ther  hand 

w+ip(B*)i(inl)rinl (p(Ts(in2)A)) 1 

= w+{p(~*) r (in,) ri,, [r (in2)rin;(A) I] > . (7.4) 

Thus (2.31 equals (1.41, i .e. Tç(n1+n2) = ~ ~ ( n 1 ) ~ ~ ( n 2 )  = Ts(n2)TS(nl). 

c) Self- adjo intness.  By d e f i n i t i o n ,  f o r  C E A(O), we have 

T s h )  C 83 P [ l ) ( i n ) ~ ~ ~ ( ~ ( ~ ) ) ] ~ ç ~  

and thus, f o r  A, B E A(#') f o r  some 0 ' .  

- K U ~ ( O ) C F ~ O )  -IiM - ~ ( o ) u z ( I )  
where J = e e e , On the other hand 
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and as J = J* t h e  r e s u l t  f o l l o w s .  

I n  o r d e r  t o  d e f i n e  space t r a n s l a t i o n s  i n  H i t  i s  c o n v e n i e n t t o  
s 

d e f i n e  a E A by 
j 

Thus p j(A) = p (a Aa .) = a . p (Ala 
3 3 3 Li' 

We l e t  T '  : A + A denote the  automorphism o f  space t r a n s l a t i o n s  which 

when r e s t r i c t e d  t o  t h e  generators  o f  A i s  d e f i n e d  by 

A lço  l e t  p H+ -t Hs denote the  map i. 

and d e f i n e  the  un i  t a r y  s o l  i t o n  s e c t o r  space t r a n s l a t i o n  opera to r  

We have 

P r f .  a)  U n i t a r y .  To see t h a t  Us(O,j) i s  i s o m e t r i c  we c a l c u l a t e  



Revista Brasileira de Física, Vol. 17, n9 4, 1987 

where we have used a2 = I and t h a t  w+ i s  t r a n s l a t i o n a l  

e q u a l i t y .  As Us(O,j)  i s  i n v e r t i b l e  u n i t a r i t y  f o  

b) The group p r o p e r t y  f o l  lows by d i  r e c t  c a l c u  

t h i  r d  

F) So 

w r i  t e  

l y  i n v a r i a n t  i n  the 

'1 lows. 

l a t i o n .  

i t o n  f i e l d  o p e r a t o r  and t h e  Kadanoff  and Ceva d i s o r d e r  o p e r a t o r .  

Assuming t h a t  t h e  nu1 1  space o f  T ( n )  (T+(n) )  i s  ze ro  we can 
-H n  s  -H n  + 

Ts ( n )  = e (T+(n) = e ) and d e f i n e  the r e a l  t ime  u n i  t a r y  
-H t - H + t  

s  
t r a n s l a t i o n a l  o p e r a t o r  on H s ( H + )  by U s ( t , O )  = B ( U + ( t , O )  = e ) .  

Thus u s ( t , j )  : u s ( t ,  O )  ç ( O , j )  i s  t h e  l a t t i c e  space- t ime t r a n s l a t i o n  

o p e r a t o r .  Furthermore we d e f i n e  the  s o l i t o n  f i e l d  o p e r a t o r  l i ( i , j ) :H++ffs  

where p ( 0 , O )  2 p .  

We now o b t a i n  a formula f o r  the imaginary t ime s o l i t o n  f i e l d  

two-point  f u n c t i o n  i n  terms o f  a  r a t i o  o f  p a r t i t i o n  f u n c t i o n s  which i s  

shown t o  be t h e  d i s o r d e r  o p e r a t o r  two- point  f u n c t i o n  d e f i n e d  byKadanof f  

and ceva". For  s i m p l i c i t y  l e t  t h e  two p o i n t s  l i e  a long  a l i n e  i n  the  

t ime d i r e c t i o n .  Using t h e  d e f i n i t i o n s .  

( u ( o , o ) Q +  , d t , O ) Q +  1 ,  

con t inued  t o  imaginary t ime  i s  

(Fi(~,O)~+,~s(in)iI(O,O)fl+)s = = (n+,r( in)n+)+ 

so t h a t  t h e  imaginary t ime  two- po in t  f u n c t i o n  i s  

(n,, r ( i a ) $ ) +  = i i m  ( n  (M), ia Q + ( M ) )  
w + 
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where 

Si nce 
-R -i$N-R) lim M e 

M-Sm 
and 

lim Tr e -22' = (R+(M) , R+(M) ) 
1i5Mo 

we have, letting 

which is the limit of the modifi 

netic along the 1 ine joining (0 ,  

functíon. 

-H~(N-R) 

=lim lim T~(M' e - 
ni"M. N- Tr e ' 

ed parti tion function (ant i - ferromag- 
0) and (RIO) divided by the parti t ion 

APPENDIX: Zero temperature finite lattice Hamiltonian 

We give a pedagogical discussion of the qualitative difference, 

for T < Te, between the periodic and anti-periodic Hamiltonians which can 
M 

be understood by dropping the kinetic energy-l ike term T: f'orn the 

partition function and considering the zero temperature periodic (anti- 

-periodic Hamiltonian 

V, acts in H and the vectors M 

si = -i 1 ,  form an orthonormal basis for fl where M 
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1 1  S 
M 

s 
M 

s -M S +I M X,=- ( ) and < x - ~  ... xM = S m X - M  ... xM , 
n 

F i r s t  l e t  us consider the t r a n s l a t i o n  operator f o r  the more 

general Hamiltonian 
M 

For the pe r i od i c  case def ine  the  t r a n s l a t i o n  operator ,  S ,  by 

For the a-p case de f i ne  the 'approximate' t r a n s l a t i o n  operator ,  A, by 

Then 

Ir,sl = / T , A J  = O ,  J S , L  P J = Js,Y,,~J = O  , J A , L ~ J  = I A , V ~ ~ J  = O .  

We now expl  i c i  t l y  compute, i n  terms o f  the above basis ( ra the r  

than the non- i n t u  i t i v e  Fermion basi  s) , the ground s t a t e  eigenvectors and 

associated eigenvalue. Per iod ic :  For the Hamiltonian VOP t h e  g r o u n d  

s ta te  i s  doubly degenerate w i t h  eigenvectors 

and eigenvalue -g(2~+1) r E,. The next  h ighest  eigenvalue i s  a t  Eo+2g. 

AI so 

An t i - pe r i od i c :  For the Hamiltonian V we consider the 2 ( 2  + I )  dirnen- 
OA -M M-1 -M M-1 s iona l  subspace fl0 o f  H ordered as fo l lows:  Jis , . . .J is ,$+,JiA , . .$A , M +- where 

4 ( A )  
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a r e  s o l  i t o n  ( a n t i - s o l  i t o n )  t ype  v e c t o r s .  A and VOA leave H, i n v a r  i a n t  

and f o r  any x E H,, VOAx = ( B ~  + g)x. However, A i s  n o t  d iagonal  i n  H,; 

i t has t h e  r e p r e s e n t a t i o n  

where 

\ 

and C = 

B and C a r e  2M+1 dirnensional square m a t r i c e s .  

The simultaneous e i g e n f u n c t i o n s  o f  A and VOA a r e  found t o  be 

where r 
k = e  

-2nik12(2M+1), k  = 0,  1 ,  2 ,  . . . , , I and A+k = 

= e -2nik/2(2M+1) Bk. The n e x t  h i g h e s t  e igenva lue  o f  VOA i s  a t  Eo+ 3 and 

t h e  ground s t a t e  o f  VOA i s  p r e c i s e l y  2 ( W + l )  f o l d  degenerate. Furtherrnore 

as 

and 

- 1 
we f i n d  (Qk, T - ~  T~ +k) = - 0 - ( 2 ~ + 1 )  ) .  A l s o  ($k, T~ qk) = 0. 

For T < T $0 becornes the  unique ground s t a t e  ( t h e  o t h e r  leve ls  
C 

a r e  r a i s e d  i n  energy) and as M -+ t he  o t h e r  e igenvalues o f  VOA P H 
o 

f i l l  i n  t h e  i n f i n i t e  l a t t i c e  ano log  o f  the o n e - p a r t i c l e  hyperbola.  

To rnake c o n t a c t  w i t h  the  Fermion s o l u t i o n  r e c a l l  t h a t  5* $ i s  
' e  
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the unique ground s t a t e  o f  H the  a-p Harn i l ton ian,  Thus i n  the  l i m i t a s  M' 
T + O,  E: iYAe i s  p r o p o r t i o n a l  t o  + . To rno t i va te  the  cho ice  o f  t h e  

o 
v e c t o r  $ i n  Thm. 3.2 we see t h a t  

e 

f o r  -M < m < M. Since 5 $A 
= O no te  t h a t  

O e 

- 1 / 2  - 
and s i n c e  e* = ( 2 ~ + 1 )  a C c we see t h a t  ( T  ,< I z 0  and {T-,$< 1 = O m rn M o o 

(up t o  t e n s  o f  ( 2 ~ + 1 ) - ~ ' ~  t imes an o p e r a t o r  o f  norm 1) so t h a t  
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Resumo 

D e f i n i m o s  uma Hami l ton iana a n t i - p e r i Õ d i c a  numa rede f i n i t a  
a t r a v é s  da m a t r i z  t r a n s f e r ê n c i a  do modelo de I s i n g  b i- d imensional  com 
condições de f r o n t e i r a  a n t i - p e r i õ d i c a s n a  d i r e ç ã o  espac ia l  e p e r i ó d i c a s  
na d i r e ç ã o  temporal imag inár ia .  Uma t e o r i a  quân t i ca  de campos numa r e-  
de i n f i n i t a  é o b t i d a  tomando-se l i m i t e s  de estados v e t o r i a i s  na á l g e-  
bra de observáveis  gerada por  produtos f i n i t o s  de operadores de sp in .  
Representações e x p l í c i t a s  dos operadores de s p i n  e energ ia-  momentum 
são o b t i d o s  em termos de Fermions 1 i v r e s  agindo num espaço de Fock Fer-  
miônico.  O espec t ro  do operador energia-momentum na rede i n f i n i t a  é a-  
nálogo ao espec t ro  ímpar de uma t e o r i a  e s c a l a r  l i v r e  e massiva: empar- 
t i c u l a r ,  o vácuo e o estados de duas p a r t í c u l a s  estão ausentes. A 51- 
gebra de observáve is  admi te uma decomposição em duas subálgebras c o r -  
respondentes ao s o l i t o n  e a n t i s o l i t o n .  Estados v e t o r i a i s  p a r t i c u l a r e s  
mostram comportamento t i p o  so l  i ton.  O l i m i t e  de escala também é o b t i d o .  
Uma construção a l g é b r i c a  do s e t o r  de s o l i t o n s  é dada e operadores de 
campo de s o l i t o n s  são d e f i n i d o s .  Mostramos que a função de d o i s  pontos 
de s o l i t o n s  para tempos imag inár ios  c o i n c i d e c o m a  função de d o i s  pontos 
do operador de desordem i n t r o d u z i d o  por  Kadanoff e Ceva. 


