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Abstract Through a  t ime-dependent l inear  t r a n s f o r m a t i o n  a n d  t h e  t ime 
s u b s t i t u t i o n ,  we can eva lua te  e x a c t l y  t h e  propagator  f o r  a  charged par- 
t i c l e  i n  a  time-dependent e lec t romagnet i c  f i e l d  s u b j e c t e d  t o  a  t ime-  
-dependent q u a d r a t i c  p o t e n t i a l .  

1. INTRODUCTION 

I t  i s  w e l l  known t h a t  f o r  a  q u a d r a t i c  Lagrangian, t h e  propa- 

ga to r  i s  r e l a t e d  t o  t h e  c l a s s i c a l  a c t i o n  through t h e  Van U l e c k - P a u  l i 

f ~ r m u l a l ' ~ .  However, t h e  e v a l u a t i o n  o f  t h e  c l a s s i c a l  a c t i o n  i s  n o t  

always s imple.  The time-dependent l i n e a r  c o o r d i n a t e  t r a n s f o r m a t i o n s  

w i t h  new-time have been used by Junker and lnomata3, and by cheng4 t o  

t rans fo rm t h e  o r i g i n a l  q u a d r a t i c  a c t i o n  i n t o  a  new q u a d r a t i c  a c t i o n  

whose c l a s s i c a l  a c t i o n  can be eva lua ted  e x a c  t 1 y  . L a t e r  s e v e r a 1  

a ~ t h o r s ~ ' ~  der  ived such t rans fo rmat  ions i n  a  broader sense by app ly  i n g  

a  non-l  i near  s u p e r p o s i t i o n  law o f  Ray and ~ e i d ' .  I n  t h i s  paper we a r e  

a b l e  t o  deduce them from a  Feynman p a t h  i n t e g r a l  by c o n s i d e r i n g  t h e  mid 
8 - 1 0  

- p o i n t  expansion f o r  each s h o r t - t i m e  a c t i o n ,  and t o  o b t a i n  t h e  pro-  

pagator f o r  a  time-dependent harmon ica l l y  bound charged p a r t i c l e  i n  a  

time-dependent e lec t romagnet i c  f i e l d .  

' F o r  a  time-dependent harmon ica l l y  boundcharged p a r t i c l e  o f  

charge q and massmsubject  t o  a  time-dependent e1 e c t r o r n a g n e t  i c  f i e l d  
-+ 
E ( t )  and $ ( t )  (a long t h e  z d i r e c t i o n ) ,  t h e  Lagrangian has t h e  form 

T h i s  work  was suppor ted by CNPq u n d e r t h e r e s e a r c h  f e l l o w s h i p  (Proc. n? 

301515-8I/FA). 
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-+ -+ 
where w ( t )  = q ~ ( t ) / r n c  i s  t h e  c y c l o t r o n  f requency, r ,  and E, ( t )  denote t h e  

3 
components o f  and Ê ( t )  perpend icu la r  t o  ~ ( t )  . Here w x ( t ) ,  ; ( t )  and 

w ( t )  are ,  r e s p e c t i v e l y ,  the  o s c i l l a t o r  f requenc ies  a long  x ,  y and z d i -  
z 

3 
r e c t i o n s .  S ince t h e  z c o o r d i n a t e  i s  separated from t h e  r ,  (z and y )  co- 

o r d i n a t e s  i n  eq. ( I ) ,  t h e  propagator  i s  o f  the  form 

being the  propagatorl l  o f  a  t irne-dependent harmon i c  o s c i  1 l a t o r .  I n  eq.(5) 

t h e  f u n c t i o n s  f (t) and g ( t !  s a t i s f y  t h e  f o l l o w i n g  d i f f e r e n t i a l  equat ions . - 

, N o w w e a r e o n l y  l e f t  t o  e v a l u a t e  t h e  p r o p a g a t o r  o f  t h e  

Lagrangian ( 3 ) ,  which wi 1 1  be c a r r  ied o u t  by us ing  t ime-dependent 1 i near  

c o o r d i n a t e  t r a n s f o r m a t i o n  w i t h  new-time f o r  a  s p e c i a l  case. 

2. SPACE TRANSFORMATION AND TIME SUBSTITUTION 

For the  Lagrangian ( 3 1 ,  t h e  propagator  can be expressed as t h e  

pa th  . i n t e g r a l  

(8) 
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where ~ x ( t ) ~ ~ ( t )  i s  the  usual two-dimensional Feynrnan d i f f e r e n t i a l  

measure. Us i ng Feynrnan's po l  ygonal paths,  t h e  propagator  (8)  becomes 

For l a t e r  convenience we s e t  ~ ~ = t ~ - t ~ - ~  and F.=l" ( t  .) and F =F(; .) ( t .  = 
3  3  i 3 3  

= ( t j+ t j - l ) /2 )  f o r  any f u n c t i o n  F ( t ) .  

I n t r o d u c i n g  t h e  time-dependent l i n e a r  t rans fa rmat ions  o f  space 

and t h e  t ime s u b s t i t u t i o n  

we o b t a i n  the  f o l l o w i n g  r e l a t i o n s 1 °  

5 . - x  = s .AX. + E.; .? , yj-yj-I = s .AY. + E.; .? ( I ) )  3  i - 1  x3 J J X J i  Yd 3  J Y I j '  

by expanding e q . ( l l )  about t h e  rn id- point  t i n  t h e  t i m e  i n t e r v a l  
j 

[ti-, ,t$ t o  terms o f  o rder  E.. Here we have l e r  AX = X(T .) - x ( T ~ - ~ ) ,  
3  J' 3 n .  = ( x ( ~  . ) + ~ ( ~ ~ - ~ ) ) / 2  and s i m i l a r  f o r  AY. and S u b s t i t u t i n g  eq. ( l ) )  

3  3  3  i' 
i n t o  eq . ( lO) ,  we have 
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AGj,j-i = (1 5 )  
2s 

yj- 1 

a f t e r  s  irnpl i f i c a t  ions.  

I n  o rder  t o  ge t  r i d  o f  the  X Y t e m  i n  eq. ( I b ) ,  we rnust l e t  
J' i 

We now choose 

. + w 2 Z  = O  and + w 2 . s  = O  . 
x~ xj xj ~j YJ ~j 

I n  o rder  t o  s a t i s f y  b o t h  eq. (16) and eq. (17) ,  we have t o  consider  t h e  

f o l l o w i n g  spec ia l  case h e r e a f t e r :  

Using t h e  t ime s u b s t i t u t i o n  eq. (12)  o r  õ = - r .  - T = Ü E we o b t a i n  j J j-l j j' 
f rom eqs. (14) and (17) 

Choos i ng 

wi t h  w be ing  a  cons tan t ,  eq. (19) becornes 
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Using eqs. ( I ] ) ,  (12) and ( i 8 ) ,  t h e  Feynrnan p a t h  d i f f e r e n t i a i  

measure i s  g iven  

by symmetr iz ing about t h e  end p o i n t s  i n  t h e  t 

Combining eq.(19) w i t h  eq. (22) ,  we o b t a i n  o u r  

irne i n t e r v a l  [ti-l ,t$. 

p r i n c i p a l  r e s u l t  

where K(R;,T~~;R;,T') i s  t h e  propagator  o f  a  charged p a r t i c l e  i n  a con- 

s t a n t  rnagnetic f i e l d  w i t h  the  c y c l o t r o n  frequency o, and i n  a t ime-  
+ + 

-dependent e l e c t r i c  f i e l d  &(.r) = ~ ( t ( - r ) ) s ~ ( t ( - r ) ) ,  w h i c h  h a s  b e e n  

evaluated by us13.  

Wi thout  l o s s  o f  g e n e r a l i t y  we now cons ider  t h e  case o f E  (t)=O 
5 

o r  E ( T )  = E (7) h e r e a f t e r .  We then have13 (T  = TI' - T I )  
Y 
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Combining eq. (5)  wi t h  eq. (23) we have t he  propagator eq. (4) as ou r  f i- 

na1 resu l  t . As a f i n a l  remark we should mention t h a t  s i nce  s ( t )  =s,(t) 

= s ( t )  and R ( t )  = wx( t )  = w ( t )  , we have i n  the  continuum case 
Y Y 

s 2 ( t ) u ( t )  = ~ g ,  ç 2 ( t ) u ( t )  = 1 and Ç ( t )  + ~ ' ( t J s ( t )  = O (27) 

as we e ~ ~ e c t ~ ' ~ .  Un fo r tuna te ly ,  t he  present  method can no t  be appl ied 

t o  the  case o f  w ( t )  # w ( t ) ,  which wi I 1  be s t ud i ed  i n  the  near fu ture.  
x .  Y 
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Resumo 

Achando a transformação l i n e a r  dd coordenada dependente dotem- 
po e a s y b s t i  t u  ição do tempo, podemos c a l c u l a r  exatamente o propagador 
para uma p a r t i c u l a r  carregada, no campo e1 etromagnét i c o  dependente do 
tempo, e com um po tenc ia l  quadrá t i co  também dependente do tempo. 


