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Abstract We present  a  rev iew o f  some modern developments concern ing t h e  
i n t e r a c t i o n  o f  g r a v i t y  w i t h  o t h e r  phys ica l  f i e l d s .  I t  i s  argued t h a t  a  
s u i t a b l e  con tex t  f o r  an account o f  t h e i r  dynamical i n t e r p l a y  i s  t h a t  o f  
the  non-minirnal (e.g. conformal)  c o u p l i n g  o f  these f i e l d s  t o  g r a v i t y .  
Some i n t e r e s t i n g  fea tu res  o f  non-minimal coup l ing ,  such as  the  connec- 
t i o n  wi t h  Wey l- in tegrab le  spacetime (wIST) s t r u c t u r e ,  the genera t ion  o f  
e terna1 Universes, t h e  appearance o f  a  c o s m l o g i c a l  c o n s t a n t  a n d  t h e  
possi b l e  i n d u c t i o n  o f  repu l  s i v e  g r a v i  t y  v i a  spontaneous symmetry breaking 
(SSB) rnechanisms, a r e  discussed. I n  p a r t i c u l a r ,  we examine a s imple case 

o f  s t r o n g - i n t e r a c t i n g  s c a l a r  p a r t i c l e s  (such as t h e  wel l-known e l a s t i c  
r e a c t i o n  TK -+ M ) ,  i n  a  curved background, thereby o b t a i n i n g  t h e  curious 
r e s u l t  t h a t  t h e  a c t u a l ,  observed va lue  o f  the  s t r o n g  c o u p l i n g  constant  
and the  minirnurn a l l o w a b l e  va lue,  i n  o r d e r  t o  p rec lude  a n t i g r a v i t y ,  a r e  
r e l a t e d  by Edd ing ton 's  number 1 0 ~ ~ .  

1. INTRODUCTION 

Though E i n s t e i n ' s  o l d  program towards t h e  u n i f i c a t i o n  o f  t h e  

fundamental f o r c e s  o f  Nature has experienced, d u r i n g  the  l a s t  years, a  

remarkable impulse, due m a i n l y  t o  the  successes achieved by gauge the-  

o r i e s ,  never the less  gravity s t i l  l remains pecul i a r l y  apa  r t  f rom t h e  

o t h e r  fo rces .  Th is  s i t u a t i o n ,  i t  seerns, w i l l  p e r s i s t  f o r  some t ime,  a t  

l e a s t  as long as the m e t r i c  aspects  o f  spacetime a r e  a t t a c h e d  t o g r a v i -  

t a t i o n  o n l y .  

T h i s  state of the art j u s t i  f i e s  a1 t e r n a t i v e  a p p r o a c h e s  t h a t  

have been at tempted by many p h y s i c i s t s  i n  t h e  course o f  the  examinat ion 

o f  rec ip roca1  e f f e c t s  i n  t h e  i n t e r a c t i o n  o f  g r a v i t y  w i t h  the  o t h e r  f o r -  

ces, searching t o  understand how st rong,  weak and e lec t romagnet i c  i n -  

t e r a c t i o n s  a r e  a f f e c t e d  by g r a v i t y ,  t h a t  i s ,  when they a r e  descr ibed  i n  

a curved spacetime and, conversely ,  what t h e  e f f e c t s  o f  these f o r c e s  

a r e  upon t h e  c h a r a c t e r i s t i c s  o f  spacetime. 

G r a v i t a t i o n a l  e f f e c t s  on e lect romagnet ism have been s t u d i e d  



Revista Brasileira de Física, Vol. 17, n? 3, 1987 

e x h a u s t i v e l y .  I t  has been obta ined,  f o r  example, t h a t  t h e  i n f l u e n c e  o f  

g r a v i t y  can be thought  o f  as  being e q u i v a l e n t  t o  t h e  p r e s e n c e  o f  a  

m a t e r i a l  medium descr ibed  by d i e l e c t r i c  cons tan ts  E, )J t h a t  dependonly 

upon t h e  geometry E = ~ ( g  ) ,  P = ~ ( g  -], thus c o n s t i t u t i n g  a m ic ro-  
PV PV 

scopic  responde t o  the  curved backgroundl . Along t h e  o t h e r  d i  r e c t i o n  

o f  i n q u i r y ,  many i n t e r e s t i n g  spacetime c o n f i g u r a t i o n s , e i t h e r  l o c a l i z e d  

(geons)2 o r  g l o b a l  (cosmological s o ~ u t i o n s ) ~ ,  can be g e n e r a t e d  by 

means o f  photons'energy. Moreover, accord ing  t h e  type o f  development 

o f  t h e  i n t e r a c t  i o n ,  an e lec t romagnet i c  f i e l d  may even generate non- 

- s i n g u l a r  expanding un ive rse  models, surmounting i n  t h i s  way t h e  s t rong 

r e s t r i c t i o n s  t h a t  t h e  s i n g u t a r i t g  theorems h a v e  e s t a b l  i s h e d 4 .  The 

o r i g i n  o f  t h i s  f e a t u r e  i s  t o  be found i n  the  f o r n  o f t h e p h o t o n - g r a v i t y  

i n t e r a c t i o n  p i c t u r e ,  which a l l o w s  t h e  v i o l a t i o n  o f  one o f  the  theorems' 
J v 

bas ic  i n e g u a l i t i e s ,  (RvJ - Rg ) $ V  < O ( f o r  a r b i t r a r y  o b s e r v e r s  . Iiv 
endowed wi  t h  f o u r - v e l o c i  t y  e). A concrete,  s o l v a b l e  example o f  a  s i  t u -  

a t i o n  i n  which t h i s  i n e q u a l i t y  does not h o l d  has been ob ta ined  i n  r e f .  

5, and examined i n  f u r t h e r  d e t a i l  i n  r e f .  6, where a n o n - s i n g u l a r ,  

s p a t i a l l y  homogeneous and i s o t r o p i c  cosmic so 

r e s e n t i n g  an eterna1 Universe,  w i t h o u t  beginn 

Mutual i n f l u e n c e s  and feedback a r e  t o  

tempts t o  anal yse p h y s i c a l  processes i n v o l  v  

realms o f  phys ics .  A remarkable example o f  t h  

he found, i n  recent  years, i n  t h e  approaching 

u t i o n  i s  e x h i b i t e d ,  rep-  

ng o r  end. 

be expected when one a t -  

n g  aspects  o f  d i s t i n c t  

s  i n t e r - a s s o c i a t i o n  can 

between t h e  phys ics  o f  

e lementary p a r t i c l e s  and cosmology, a  connec t ion  t ha t has benef i t e d  

both. Some s c i e n t i s t s ,  a p p a r e n t l y  w a r i e r ,  have c a l  l e d  a t t e n t  i o n  upon 

t h e  f a c t  t h a t  t h e r e  i s ,  i n  p r a c t i c e ,  a  l a r g e  d i s p a r i t y  i n  t h e  approx i -  

mat ion quoted above: whi l e  we have p l e n t y  o f  observa t ions  a t  the m ic ro-  

scopic  l e v e l ,  o u r  exper imenta l  knowledge about  t h e  Universe a t  l a r g e  

i s  scarce. Hence, they  argue, we should r e s t r i c t  o u r s e l v e s  t o  i n f e r -  

ences o n l y  f rom e lementary p a r t i c l e  phys ics  i n t o  c o s m o l o g y ,  a n d  n o t  

t h e  o t h e r  way round. Other s c i e n t  i s t s ,  h o w e v e r  , d i  s r e g a r d i n g  t h i s  

reasoning as inconc lus ive ,  have cons idered  t h e  o t h e r  d i r e c t i o n  o f  i n -  

fe rence  and d e r i v e d  conc lus ions  about m ic rophys ica l  p r o p e r t i e s  o f  mat- 

t e r  f rom spec ia l  c h a r a c t e r i s t i c s  o f  ou r  Universe.  Indeed, even d e a l i n g  

w i t h  a r a t h e r  simpl i f i e d  g l o b a l  model o f  t h e  Universe, w h i c h  s t  i 1 l 
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poses some as yet  unsolved questions, cosmologists were ab le  t o  produce 

some ~ a l u a b l e  q u a n t i t a t i v e  re la t i ons ,  re levant  f o r  the desc r i p t i on  o f  

the microworld domain. To quote j u s t  one simple but v e r y  i n te res t i ng  

example, i t  has been possible, due t o  the examination o f  p r i m o r d i a l  

element abundances, t o  set  up an upper bound f o r  admissible mass l e s s  

neut r ino  types7. 

I n  t h i s  same trend,  i t  has been suggested tha t  elementary i n -  

t e rac t i on  processes may depend on some cha rac te r i s t i cs  o f  the Universe. 

Consider, for  instance, the phenomenon o f  d i s i n teg ra t i on ,  described by 

weak i n te rac t i on  theory. Fol lowing evidence put  f o r t h  by various authors, 

i t  was f i n a l l y  establ ished by Lee, Yang and Wu tha t  weak processes can 

be associated t o  s t ruc tures  v i o l a t i n g  specular symmetry ( p a r i  t y  non-  

-conservation)*. The i n te rac t i on  Lagrangian o f  a weak p r o c e s s  can  be 

wr i t t en ,  f o r  example, as 

where the vector  boson W i s  the  mediator between the e lec t ron  and neu- 
Fi 

t r i n o  weak currents.  How could the e f f e c t s  o f ,  say, the expansion o f  the 

Universe, be r e f l e c t e d  i n  a d i r e c t  way on t h i s  i n te rac t i on  p i c tu re?  

One could f o l  low the approach o f  D i  rac, J o r d a n  and  others,  

replacing the Fermi constant g by a coupting scalar  f i e l d  t ha t  should F 
then e x h i b i t  a dependence on the Universe radius, o r  be t te r ,  on cosmic 

time. Due t o  the negative r e s u l t s  concerning a s i m i l a r  phenomenon i n  

electromagnetism, t h i s  attempt can be p r a c t i c a l l y  discarded i n  view o f  

the electroweak u n i f i c a t i o n  we possess today. Nevertheless, i f  one con- 

s iders the y, weak pa r t  o f  the in terac t ion ,  a new, d i s t i n c t  p o s s i b i l i t y  

ar ises,  which has no electromagnetic counterpart .  Since one i s  deal ing 

here w i t h  two types o f  cur rent ,  both a x i a l  and vector ,  there could e x i s t  

a cosmic dependence o f  the r a t e  o f  p a r i t y  v i o l a t i o n ;  t h i s  r a t e  might be 

not  maximal, as i n  the above example, but  rather described by the cur-  

ren t  

where the func t ion  ~ ( t )  t ha t  measures the v i o l a t i o n  r a t e  depends on cos- 

mic t ime on ly ,  due t o  the observed homogeneity o f  the Universe. I n  t h i s  
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case, n e u t r i n o s  and a n t i n e u t r i n o s  a r e  produced i n  m i x t u r e s  o f  b o t h  l e f t  

and r i g h t  p o l a r i z a t i o n  s t a t e s ,  t h e  r a t i o  o f  t h e  m ix tu res  depending on 

t h e i r  ( c o s m ~ l o ~ i c a l )  i n s t a n t  o f  c r e a t i o n .  Note, observer ,  t h a t  s i n c e  we 

now l i v e  i n  a w o r l d  i n  which €=I,  i f  n e u t r i n o s  a r e  indeed massless then 

r i g h t - ( l e f t - )  handed n e u t r i n o s  ( a n t i n e u t r i n o s )  would be comple te ly  i n -  

v i s i b l e  t o  any d e t e c t i o n  apparatus (save one employing g r a v i t a t i o n a l  i n -  

t e r a c t i o n )  . Thus, t h e  o n l  y  observable consequence o f  t h e  model g i  ven by 

eq. (2) wi t h  respec t  t o  t h e  d e t e c t i o n  o f  n e u t r i n o s  ( o r  an t ineu t r inos )on .  

t h e  E a r t h  would be t h e  e f f e c t i v e  decreasing o f  t h e  Un ive rsa l  Fermi con- 

s t a n t .  I n  an e a r l y  paperg, i t  has been eveh h i n t e d  t h a t ,  i n  t h e  same 

ve in ,  CP v i o l a t i o n  cou ld  a l s o  be a (cosmic) time-dependent phenomenon, 

t h a t  should p o s s i b l y  van ish  as the  Universe expands. ~ e c e n t , l ~ ' ~ ,  t h i s  

ques t ion  was reexamined i n  connec t ion  w i t h  t h e  problem o f  p r i m o r d i a l  

element abundances, and a suggest ion was made on how a va lue  o f  E ( t ) 

d i f f e r e n t  from u n i t y  c o u l d  be made t o  appear and be u s e f u l  i n  t h e  r e -  

mova1 o f  some d i  sagreements between t h e  observed r a t e  o f  ( p r i m o r d i a l  ) 

Hel ium fo rmat ion  and t h e  s tandard cosmologica l  model p r e d i c t i o n .  

Along these same l i n e s  o f  i n v e s t i g a t i o n ,  what c o u l d  be s a i d  

about s t r o n g  processes? The s i t u a t i o n  here i s  more i n v o l v e d  since acom- 

p l e t e  f i e l d  theory  f o r  s t r o n g  i n t e r a c t i o n s  i s  y e t  l a c k i n g .  However, one 

can choose c e r t a i n  s imp le  processes and, f rom a d i r e c t  g e n e r a l i z a t i o n  t o  

curved spacetime, proceed t o  i n v e s t i g a t e  t h e  e f f e c t s  one would p o s s i b l y  

f i n d .  T h e b e s t  cand ida te  f o r  such a n a l y s i s  seems t o  be g iven  by e l a s t i c  

i n t e r a c t i o n s  among s c a l a r  p a r t i c l e s ,  analogous t o  t h e  ~ k ~ k  reaction.We 

s h a l l  see l a t e r  on a s imp le  model, a l l o w i n g  a complete a n a l y t i c a l  t r e a t -  

ment o f  such e l a s t i c  process i n  a curved background, which imposes re -  

s t r i c t i o n s  upon t h e  a d m i s s i b l e  va lues  t h a t  t h e  s t r o n g  c o u p l i n g  cons tan t  

cou ld  possess i n  o u r  Universe.  I t  t u r n s  o u t  t h a t  a  v e r y  c u r i o u s  numeri-  

c a l  r e l a t i o n ,  i n v o l v i n g  o l d  Eddington 's  number,appearsalongthisquest. 

I n  f a c t ,  t h e  examinat ion o f  t h e  va lues  presented by c e r t a i n  

cons tan ts  o f  Nature has g iven  o r i g i n  t o  a v a s t  s e r i e s  o f  specu la t ions .  

An approach t h a t  has gathered l o t s  o f  a t t e n t i o n ,  i n  recen t  t i m e s ,  i s  

p rov ided  by  the so- cal  l e d  an th rop i  c  p r i n c i p l e l l ,  whi ch in tends  t o  co r -  

r e l a t e  t h e  a c t u a l ,  e f f e c t i v e  va lues  o f  severa1 cons tan ts  o f  p h y s i c s w i t h  



Revista Brasileira de Física, Vol. 17, n? 3, 1987 

some p r o p e r t i e s  o f  t h e  wor ld ,  m a i n l y  those which imply  t 

man's presence, as  an observer .  T h i s  concept ion has had 

t h e  v e r y  p e c u l i a r  observa t ion  t h a t  c e r t a i n  adimensional 

up wi t h  usual cons tan ts  o f  phys ics,  a1 1 seem t o  be r e l a t ,  

number ]o3'. I f  Nature, i t  i s  argued, had n o t  c o n t r i v e d  

he necessi t y  o f  

i t s  o r i g i n  i n  

r a t i o s ,  b u i  1 t 

ed to  Eddington's 

s u c h  amazing 

c a l i b r a t i o n  o f  t h e  p h y s i c a l  constants ,  and p rov ided  f o r  c e r t a i n  s tab-  

i l i t y  c o n d i t i o n s ,  man cou ld  n o t  have come i n t o  e x i s t e n c e  - so t h e  w o r l d  

mst be what i t  i s ,  s i n c e  man e x i s t s .  Un fo r tuna te ly ,  n e i t h e r  t h i s  pro-  

gram, now any o t h e r ,  so f a r ,  has a c t u a l l y  been a b l e  t o d e v i s e a  complete 

r a t i o n a l e  f o r  these p e c u l i a r  va lues.  We s h a l l  see i n  t h e  f o l l o w i n g  t h a t  

i n  the  present  model the  r e s t r i c t i o n  i m p l i e d  by t h e  presence o f  g r a v i -  

t a t i o n  upon the  s t r o n g  c o u p l i n g  cons tan t  g i s  such t h a t  t h e  r a t i o  be- 
S 

tween the  minimum v a l u e  a l l o w a b l e  i n  p r i n c i p l e ,  a n d  t h e  a c t u a l  v a l u e  

observed, resu l  t s  s u r p r i s i n g l  enough t o  be g iven  by 

Minimum p o s s i b l e  v a l u e  o f  g 
'L 1 0 - ~ ~  . 

Actual  va lue  o f  g 
S 

For an ex t reme ly  c u r i o u s  coincidente, Eddington 's  numbers ap- 

pears i n  t h i s  domain as w e l l ,  suggest ing t h a t  we may have approached a 

new Py thagor i c  mystery. 

2. DYNAMICAL ORIGIN OF WEYL - INTEGRABLE SPACETIMES 

~ e c e n t l ~ " ,  i t  has been shown how a Wey l- in tegrab le  spacetime 

(wIST) s t r u c t u r e  a r i s e s  n a t u r a l l y  when one t r e a t s  the  v a r i a t i o n a l  prob- 

lem o f  the i n t e r a c t i o n  o f  (non-minimal 1 y coupled) mat te r  and g r a v i  t y  by 

means o f  P a l a t i n i ' s  method13, which c o n s i s t s  o f  t a k i n g  b o t h  t h e  v a r i -  

a t i o n s  6g o f  t h e  m e t r i c  and 6 r a o f  t h e  a f f i n e  connect ions as indepen- 
11v 11v 

dent,  i n  the  v a r i a t i o n a l  procedure. The argument i s  s imple and d i r e c t :  

cons ider ,  f o r  instance,  a c o u p l i n g  term represen t ing  the  i n t e r a c t i o n  o f  

a s c a l a r  f i e l d  @ and g r a v i t y ,  such as 

By v a r y i n g  i n  P a l a t i n i ' s  fashion,  one o b t a i n s  
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Since t h e  v a r i a t i o n s a r e  presumed t o  be independent, a  s  t r a  i g h t f o r w a r d  

c a l c u l a t i o n  p rov ides  E i n s t e i n ' s  equat ions f o r  t h e  vacuum and a l s o  the  

condi t i  on 

which indeed c h a r a c t e r i z e s  a conforma1 l y-Riemannian o r  Weyl- i n t e g r a b l e  

spacetirne s t ruc tu re l "  l t  i s  wor thy a t  t h i s  p o i n t  t o  o b s e r v e  t h a t ,  

though i n  e f f e c t  a  WIST can be con fo rma l l y  r e l a t e d  t o  a R i e m a n n i a n  

spacetime (RsT), the  a c t u a l  importance o f  condi t i o n  eq. (51, i n  the  con- 

t e x t  o f  any p h y s i c a l l y  reasonable theory  on t h i s  sub jec t ,  depends fun-  

damenta l ly  upon t h e  o t h e r  terms present  i n  the  Lagrangian d e s c r i b i n g t h e  

i n t e r a c t i o n ;  more p r e c i s e l y ,  i t  depends upon t h e  b e h a v i o u r  o f  t h e s e  

o t h e r  terms under conforma1 t rans fo rmat ions .  Consider, f o r  example, what 

happens i n t h e  theory  expressed by 

P a l a t i n i ' s  v a r i a t i o n  o f  t h i s  Lagrangian g ives  the  f o l l o w i n g  equat ions 

The f i r s t  r e l a f i o n  i s  j u s t  WIST c h a r a c t e r i z a t i o n ,  again;  i n  t u r n ,  the  

equa t ion  f o r  the  s c a l a r  f i e l d  r e s u l t s  t o  be non- l inear ,  due t o  t h e  pres-  
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ence o f  t h e  s c a l a r  o f  c u r v a t u r e  R, w h k h  i n  a  WIST depends on @ a n d i t s  

d e r i v a t i v e s ;  and l a s t l y ,  we observe t h e  r e n o r m a l i z a t i o n  o f  t h e  g r a v i -  
1 

t a t i o n a l  constant  k. I n  v i r t u e  o f  E i n s t e i n ' s  term R i n  t h e  Lagran- 

gian, t h i s  system o f  equat ions i s  not conformal l y  i n v a r  i a n t ,  and so 

t h e  above theory  descr ibes a  Weyl i a n  s t r u c t u r e  t h a t  cannot be reduced 

by means o f  a  conformal t r a n s f o r m a t i o n  t o  a Riemannian one. I n  t h i s  

case, one would expect leng ths  t o  v a r y  d i f f e r e n t l y  u n d e r  p a r a 1  l e i  

t r a n s p o r t  from one p o i n t  t o  another ,  a c c o r d i n g  t o  t h e  c h o s e n  p a t h  

( E i n s t e i n ' s  c r i t i c i s m  a g a i n s t  Weyl 's o r i g i n a l  a t tempt  t o  u n i f y  g r a v i t y  

and electromagnet i sm" r e s t e d  p r e c i  se1 y  on t h i  s  apparent d i  f f  i c u l  t y )  . 
On a  c losed  loop, however, any l e n g t h  v a r i a t i o n  induced by t h e  t r a n s -  

p o r t a t i o n  would be compensated by g r a v i t a t i o n a l  i n t e r a c t i o n  on the  way 

back and so the  t o t a l  l e n g t h  d e v i a t i o n  cancels  o u t .  Thus, a l though  a  
Q 

WIST always d i s p l a y s  a  l o c a l  l e n g t h  v a r i a t i o n  AR = R@ A x , o n  a  c losed  
,a 

c i r c u i t  one s t i l l  ach ieves a  t o t a l  conservat ion,  & I R  = 0, j u s t  as i n  

the Riemannian case. 

Note a l s o  an addi  t i o n a l  p r o p e r t y  o f  system (7 ) :  the  c o n d i t i o n  

f o r  Riemannizat ion i s  g iven  by @ = constant ;  t h i s  s o l u t i o n ,  however, 

w i l l  be compat ib le  w i t h  the  remain ing r e l a t i o n s  o f  the  system o n l y  f o r  

some spec ia l  types o f  p o t e n t i a l  V ( @ )  and hence, i n  genera l ,  i t  w i l l  

depend cons iderab ly  on V. Furthermore, the  s o l u t i o n  @ = const i m p l  i e s  

t h a t  E i n s t e i n ' s  equat ions reduce t o  the  form G uv - - Aeff9Fivt t h u s  i n -  

duc ing a  t rans fo rmat ion  o f  the  bare cosmological c o n s t a n t  I\ (o r  even 

genera t ing  one. Together w i t h  the  r e n o r m a l i z a t i o n  o f  cons tan t  k ( i n  the  

presence o f  m a t t e r ) ,  t h i s  f e a t u r e  permi ts  a  g r a v i t a t i o n a l  behaviour f a r  

r i c h e r  and more complex than i n  usual General R e l a t i v i t y .  

3. COSMIC REPULSION 

High ly  d a r i n g  and s p e c u l a t i v e  ideas a r e  commonplace i n  p h y s i c a l  

i n v e s t i g a t i o n s  today, a rous ing  fewer metaphysical quandaries than i n  

e a r l i e r  t imes, and so nowadays i t  i s  q u i t e  admiss ib le  t o  d iscuss,  say, 

a n t i g r a v i t a t i o n a l  aspects  conveyed by t h e o r i e s  under c u r r e n t  s c r u t i n y  

( f o r  example, i t  has been shown16 t h a t  Superg rav i t y  endowed' w i  t h  

N = 2,3,. . . ,8 f e r m i o n i c  generators  leads t o  a n t i g r a v i t y ) .  Never the less,  
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i t  seems t h a t  the g r e a t  m a j o r i t y  o f  p h y s i c i s t s  s t i l l  suppor ts  t r a d i t i o n  

and takes o n l y  p u r e l y  a t t r a c t i v e  g r a v i t a t i o n a l  phenomena i n t o  consider-  

a t i o n .  

I t  i s  s u r e l y  convenient ,  however, t o  examine t h e  count less pos- 

s i b i l i t i e s  t h a t  Nature would have a t  hand i n  o rder  t o  t u r n  a n t i g r a v i t y  

i n t o  a  t r u e  phenomenon o f  the ac tua l  wor ld ,  s ince  we w i l l  be l e a r n i n g ,  

a t  the same t ime,  why c e r t a i n  c o n d i t i o n s  a r e  fo rb idden ,  o r  why c e r t a i n  

p r o p e r t i e s  may e x i  s t  (see s e c t i o n  6 ) .  S t i  l i more i n t e r e s t i n g  would be 

those schemes i n  which no common law o f  phys ics  were v i o l a t e d  and s i  t u -  

a t i o n s  cou ld  be e l i c i t e d  where common mat te r  (such as photon, neu t r inos ,  

e t c )  accounted f o r  the r e p u l s i v e  e f f e c t s .  One such scheme has been pres- 

ented recen t l y l ' ,  and i t might  be wor thy,  f o r  completeness, t o  d e p i c t  

here a  b r i e f  o u t l i n e  o f  the main ideas concerned. 

Le t  us consider  the i n t e r a c t i o n  o f  a  s c a l a r  f i e l d  w i t h  g r a v i -  

t a t i o n  accord ing  t o  the  theory  descr ibed by t h e  non-minimal Lagrangian 

Che equat ion o f  motion, i f  we assume a prior; t h a t  spacetime 

1s Riemannian, a r e  

i n  which the  double bar means c o v a r i a n t  d i f f e r e n t i a t i o n  i n  RST sense. I f  

we l i m i t  ou rse lves  t o  a  q u a r t i c  p o t e n t i a l  such as 
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then the trace of Einstein's equations reduces to the form 

Consequently, eq. (9a) for the scalar field turns into 

(where @2 = @*(I ) ,  which means that the gravitational effects upon the 

field amount just to the renormalization of the mass 

and self-interaction constant, 

1 o - + o  = o - - k p 2  . 
eff 12 (14)  

The next step should be the search for a fundamental solution 

@ = @, = constant, which would also be a minimum of the energy of field 

@. Here a smal l diff icul ty presents i tself, concerning the appropri- 

ate definition of the energy of a field coupled non-rninirnal ly with 

gravitation. This obstruction is easily surmounted if we adhere to the 

conventional approach, that is, if we take the energy expression from 

In this case, we obtain 

1 1 T = tu, - m2~liv + ( 0@2~uv - . 
uv 

where t is the energy-momentum tensor of minimal coupling, 
uv 

Solution @ = @, = constant is given, according to eq. (12), by either 



Revista Brasileira de Fisica, Vol. 17, n? 3, 1987 

The energy E i s  provided by the formula 

which has extrema, f o r  the n o n- t r i v i a l  case, g iven by the so lu t ions  of 

an a lgebra ic  eq'uation o f  f o u r t h  degree, 

A s t ra igh t fo rward  c a l c u l a t i o n  al lows one t o  see tha t  eqs. (18b) and (20) 

are  not  always compatible; t h i s  wi11 be the case on l y  i f  among themass 

p, the s e l f - i n t e r a c t i o n  constant a and the bare cosmological constant 

A the f o l  lowing r e l a t i o n  holds 

This i s  c e r t a i n l y  a strong and pecu l i a r  cond i t ion ,  but  nevertheless a 

p laus ib le  one". Curiously, i n  t h i s  case the ground-state fundamental 

so lu t i on  eq. (18b) coincides w i t h  i t s  corresponding value i n  Minkowski 
b 

space, 

Since gauge symmetry i s  broken, we ca l1  t h i  s  an  i n d u c e d  symmetry  

breaki ng ( I sB) mechani sm. 

Some f i n a l  observations are  worthy o f  note. Consider the graph 

o f  the energy E ( $ ~ )  w i t h  respect t o  $ o  ( f i g . l ) .  

Observe tha t  po in ts  $0  = O and $I+ = ?r 2 a / p  are a l l  minima, - 
provided tha t  (2kA-3u2) > 0, but the n o n- t r i v i a l  so lu t ions  r e p r e s e n t  

s ta tes  tha t  are more s tab le  against  a r b i t r a r y  perturbat ions;  a t  these 

extremum po in ts ,  furtherrnore, the equation o f  motion f o r  geometryturns 
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Fig.1 - P l o t  o f  E($,) - A  versus $,, when 2kA-  3p2 > 0. 

i n t o  the  f r e e - f i e l d  form G  = O .  Hence, .when the  f i e l d  4 i s  a t  I S B  
Fiv 

ground s t a t e s  $+, t h e  system behaves as rna t te r- f ree  i n  what concerns - 
g r a v i t a t i o n .  What would happen, on the  o t h e r  hand, 'if some o t h e r  matter 

were p resen t  and t h e  f i e l d  $ had reached e i t h e r  o f  s t a t e s  $,? We 

a l r e a d y  know t h a t  cons tan t  s o l u t i o n s  $ = 4, l ead  t o t h e r e n o r m a l i z a t i o n  

o f  t h e  g r a v i t a t i o n a l  cons tan t  k; thus, a  r a p i d  c a l c u l a t i o n  w i l l  g i v e  

GpV = - kren :T (mat te r )  = - - 
V) [3,1!1J -T,. 

When t h e  minimum c o n d i t i o n  ( 2 k ~ - 3 p 2 )  > O ho lds,  s o l u t i o n s + +  a r e  s t a b l e  

and 

- 3 3 
as i t  should. However, i s  t h e  mass i s  s u f f i c i e n t l y  small  (p<10 eV), 

so t h a t  ( 3 p 2 - 2 k ~ )  < 0, then t h e  systern i s  a t  an uns tab le  (maxirnum) con- 

d i t i o n  i n  which antigravity ( i  .e., 
kren 

< 0) can be generated. 

The f r e e - f i e l d  form G  = O o f  E i n s t e i n ' s  equat ions i s  due t o  
,v 

the  r e l a t i o n  imposed upon H, u and A  (eq. (21) ) .  L e t  us now d i  s c a r d  

t h i s  c o n d i t i o n .  The energy p i c t u r e  i n  t l i i s  case, i n  t h e  a b s e n c e  o f  

o t h e r  mat te r  c o n s t i t u e n t s ,  i s  d i sp layed  on f i g .  2 .  
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F ig .2  - P l o t  o f  E ( $ , )  - A versus $, f o r  the  a = O case. 

For any v a l u e  o f  A, t h e r e  i s  no extremum c o n d i t i o n  compat ib le  
P 

w i t h  the  n o n - t r i v i a l  cons tan t  s o l u t i o n s  4, = -+(/6u2-kA)/u; t h e i r c o r r e s -  - 
ponding energy s ta tes ,  which we l a b e l l e d  s ( - L ) ,  a r e  h i g h l y  uns tab le  and 

decay a s y m p t o t i c a l l y  t o  the De S i t t e r  s o l u t i o n .  The equa t ion  o f  mot ion 

f o r  the geometry, i n  t u r n ,  r e s u l t s  t o  be 

2 where t h e  e f f e c t i v e  cosmological cons tan t  i s  A = + 5 . 
e f  f 

T h i s  a n a l y s i s  shows t h a t  t h e  presence o f  a  s e l f - i n t e r a c t i o n  con- 

s t a n t  a, i n  t h i s  theory,  he lps t o  increase the  s t a b i l i t y  o f  s y m m e t r y  

b reak ing  s o l u t i o n s .  

4. WEYL-RIEMANN REDUCTION AND THE COSMOLOGICAL CONSTANT 

I n  o r d e r  t o  examine some consequences o f  spacetime Weyl izat ion, 

l e t  us consider  t h e  same non-minimal c o u p l i n g  between a s c a l a r  f i e l d  $ 

and g r a v i t y  as i n  t h e  p rev ious  sec t ion ,  b u t  h e r e  i n  t h e  con tex t  o f  

P a l a t i n i ' s  v a r i a t i o n .  Non-minimal Lagrangian eq.(8) ,  i n  t h i s  case, a l -  

lows dynamical equat ions s i m i l a r  t o  eqs. (7) :  
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where 4' = 4.4 anci % = C-log($ - $11 a (WIST characteriration) . 
For a quartic potential V ( @ ' )  5 -m2$2+~($2)2, contraction of 

Einstein's equations,eq. (271,and the use of eq. (26) give 

so that the equation for the scalar field $ turns out to be 

We also known from WIST theorylg that 

where u2 = w up, and the double bar refers to RST covariant differen- 
Fi 

tiation, employing Christoffel symbols only. 

Now we try to elaborate an homogeneous and isotropic universe, 

choosing a Friedrnann-Robertson-Walker line element S U C ~  as 

For the sake of simplicity, we take + = +* from now on and adopt the 

ansatz $ = $(t), so that 

1 +2(t) 6 where a(t) = Elog(z - ,)I ; conversely, m2(t> = - k (~-ke-"(~'). 
Eq. (30) for the scalar field then reads 
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km 2 
( w i t h  b ( t )  = l o g ~ ' ( t ) ,  B =  (- - ZU),  y =  (mZ -3a)), w h i l e  com- 

6 
ponents (0-0) and (1-1) o f  E i n s t e i n ' s  equat ions eq. (27) g ive,  respec- 

t i v e l y ,  

(6-b)' - 4 ~ e - ~  = (Q-P) (35) 

k9z , PL] = ea[yt2ii]. and where, i n  view o f  the  i n  which Q G , ~ ]  = - - 
requi  r e d  equal i t y  : f (e fh$)spat ia I  components o f  the  mixed tensor  G'~, 

1 d21 we have taken - - = E = cons t .  = (0, -+I). 
dx2 

In t h e  case o f  Eucl idean sec t ion ,  E = 0, and we o b t a i n  

2 112 
i n  which F&,&] = (3 (Q-P)) . 

For the  homogeneous equa t ion  f o r  F, t h a t  i s ,  when @O, we g e t  

F = cons t .  e -a/2 (39)  

But Q = O i m p l i e s  a = const . ,  so t h a t  F = H = const . ;  then, 

s2 = eb = const .  e +Jlt . 
(40) 

E q .  ( 3 4 )  f o r  t h e  s c a l a r  f i e l d  s e t t l e s  t h e  v a l u e  o f  the  cons tan t  H, 

i n  terms o f  t h e  f i e 1 d . I ~  b a s i c  q u a n t i t i e s :  

Since a = cons tan t  amounts t o  uCL = O,  we achieve f o r  t h e  homogeneous  

case a De S i t t e r  s o l u t i o n  i n  a Riemannian spacetime s t r u c t u r e .  As we 

have seen i n  the  l a s t  sec t ion ,  a spontaneous symmetry b reak ing  mchanism 

can generate a cosmological constant ,  thus induc ing  De S i t t e r - t y p e  u n i -  



Revista Brasileira de Física, Vol. 17, no 3, 1987 

verses. I n  t h e  present  theory,  however, i t  appears t h a t  t h e  e x i s t e n c e  

o f  a  cosmological constant  can be assoc ia ted  t o  the  Riernannian n a t u r e  

o f  spacetime. Hence, t h e  dynarnical i n t e r p l a y  between g r a v i t y  and s c a l a r  

f i e l d s ,  i n  t h i s  con tex t ,  a l l o w s  an i n t e r e s t i n g  i n t e r p r e t a t i o n :  t h e p r e s -  

ence o f  a  cosmologica l  cons tan t  i n  o u r  Universe as a consequence o f  a  

r e d u c t i o n  f rom a WIST s t r u c t u r e  t o  a Riemannian one. 

5. AN ETERNAL UNIVERSE 

A s  we have comrnented a t  the  I n t r o d u c t i o n ,  i t  i s  p o s s i b l e  t o  

generate non- s ingu la r  cosmological models through t h e  non-rninimal coupl- 

i ng  o f  a  vec to r  f i e l d  and g r a v i t a t i o n .  We s h a l l  now e x h i b i t  a  concre te  

exarnple o f  a  s o l u t i o n  d i s p l a y i n g  t h i s  p r o p e r t y 5 ' 6 .  

Consider, f o r  an a priori RST s t r u c t u r e ,  t h e  t h e o r y  g iven  by 

i n  which, as usua l ,  fev = A b ,  The equat ions o f  m t i o n  a r e  

I t i s  then p o s s i b l e  t o  show t h a t ,  choosing a Friedrnan-Robertson 

-Walker 1 i n e  elernent such as eq. (31) and the  ansatz A' = A 2 ( t ) ,  a s o l -  

u t i o n  o f  t h i s  system i s  g i v e n  by 
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(Novel lo-Sal im s o l u t i o n )  i n  which P  i s  a  cons tan t  ( i n  f a c t ,  theminimum 

o f  the  Un ive rsa l  r a d i u s )  t h a t  measures t h e  i n t e n s i  t y  o f  t h e  v e c t o r  

f i e l d  a t  t=O; when P=O, one o b t a i n s  Minkowski spacetime i n  M i l n e  co- 

o r d i n a t e s .  I n  the  P#O case, one may indeed b u i l t  models t h a t  p resen t  

no s i n g u l a r i t i t y ,  and thus can be i n f i n i t e l y  o l d .  

Such models can be b e t t e r  v i s u a l i z e d  by means o f  a  dynamical 

s y s t e m a n a l y s i s o f  t h e g e n e r i c e q u a t i o n s o f  mot ion (eq. (44))  f o r  a  

FRW m e t r i c ,  which a r e  

1  where we have p u t  Q = + BA A') ; c a l  l i n g  x = 3 5 / ~ ,  g = h m ,  t h i  s  s e t  
Fi 

reduces t o  an autonomous p l a n a r  system: 

CCY (49b) 

t h i s  dynamical system a r e  sum- 

i t ,  p r o j e c t e d  on t h e  P o i  n c a r é  

The c h a r a c t e r i s t i c  aspects  o f  

mar ized i n  t h e  f o l l o w i n g  phase p o r t r a  

sphere ( f i g .  3 ) :  

A 

Fig.3 - G r a p h o f t h e  non-mini-  
mal l y coupled photon- g r a v i  t y  
system eq. (49). Nove1 10-Sal im 
s o l u t i o n s  belong t o  quadrants  
11 and 111. 
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Some considerat ions about t h i s  d y n a m i c a l p i c t u r e :  N o v e l l o -  

-Salim so lu t ions  belong t o  quadrants I1 and I11 ( the remaining so l -  

u t ions  a re  o f  i n te res t  i n  t h e i r  own r i g h t  and were examined exaustively 

i n C. Romero ' s' work Some Remzrks Concerning and Etemza'l Universe, t o  be 

published). Each so lu t i on  i s  Minkowskian when i t beg i ns a t  p o i n t  

~ ( t  = -m);  i t s  po in t  o f  maxirnurn con t rac t i on  i s  reached a t  ~ ~ ( t  =O),and 

i t  terminates a t  po in t  ~ ( t = + m ) ,  Minkowskian again. Hence, we may say 

tha t  i n  t h i s  m d e l  the Universe i n i  t i a t e s  from Minkowskian Nothing, a t  

the i n f i n i t e  past, cont rac ts  up t o  the minimum radius P, a t  (+O)-and 

so presents no s ingu la r i  t y  - and then expands i n d e f i n i  t e l y  u n t  i 1 i t 

wears out  i n  Minkowskian Nothin again, a t  the i n f i n i t e  fu ture .  

We observe fu r the r  t ha t  an i n t r i g u i n g  so lu t i on  o f  t h i s  very non 

-minimal scenario, but  using P a l a t i n i ' s  method instead, has been re-  

cen t l y  obtainedZ0, i n  which a non-minimally coupled vector  f i e l d  (which 

can be regarded as the physical  cause o f  the evo lu t ion  o f  t h e  met r ic  

p roper t ies  o f  the universe) r e s u l t s  t o  be an indeterminate f u n c t i o n o f  

time, re la ted  t o  the degree o f  Weyl i z a t i o n  o f  the spacetime structure,  

and which i s  not  s e t t l e d  down by the dynamics. Such property, t ha t  can 

be conceived as a 'driven- from-without'  feature,  endows t h i s  model w i t h  

a cur ious m r i o n e t t e - l i k e  character .  

6. STRONG INTERACTION IN  A CURVED SPACETIME 

We have atternpted t o  survey, i n  preceding sections, some m d -  

ern approaches towards the problem o f  the reciproca1 inf luences between 

weak and electromagnetic processes and g rav i t a t i on .  Let us now posethe 

question: what could one say about s t rong i n te rac t i on  processes i n  a 

curvedspacetime?This i s ,  doubtless, a much more complex domain, s ince 

a complete f i e l d  theory f o r  the strong i n te rac t i on  i s  s t i l l  l a c k i n g .  

However, notwi thstanding the present t heo re t i ca l  l i m i t a t i o n s ,  we sha l l  

be concerned i n  what fo l lows w i t h  a strong process tha t  does possess 

a Lagrangian representation, v iz . ,  the i n te rac t i on  amongnandk mesonic 

scalar  f i e l d s ,  described by 
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This  must be understood as a  phenomenological L a g r a n g i a n  i n  

which g stands f o r  a  strong coupl ing constant (observe tha t  L i s  con- 
S 

formal 1 y i nva r i an t ) .  How can we invest iga te  gravi  t a t i ona l  e f f e c t s  upon 

t h i s  i n te rac t i on?  Two po in t s  must be c lea r  from the outset :  f i r s t ,  the 

fo l l ow ing  genera l iza t ion  from a f l a t  space-time context t o  a  curved one 

i s  by no means unique; second, the order o f  magn i tudeof theper turbat ion  

su f fe red by t h i s  i n te rac t i on ,  due t o  the curved background, might be so 

small t ha t  one could, i n  principie, disregard any g r a v i  t a t  i o n a l  e f -  

f e c t s  as phys i ca l l y  i r r e levan t .  Though t h i s  account seems t o  be t rue  

a t  f i r s t  s i gh t ,  we w i l l  see l a t e r  on tha t  i n  f a c t  i t  i s  not co r rec t  i n  

general . 
A sui t ab le  extension o f  the f lat- spacet ime ($,$I i n t e r a c t  i o n  

o u t l  ined above t o  a  curved spacetime (@,$,gpy) conf i gu ra t i on  ma y  be 

given by the quasl-conforma1 theory 

i n  which, instead o f  using the ac tua l ,  experimental value g o f  t h e  
S 

strong constant, we have chosen a  f ree parameter 5 i n o r d e r  t o  f ind 

out  whether the coupl ing w i t h  g r a v i t a t i o n  imposes any const ra in ts  upon 

the spectrum o f  admissib le values o f  5 .  Observe tha t  both scalar  f i e l d s  

are  non-minimally coupled t o  g r a v i t y .  

I f  spacetime i s  a priori  supposed t o  be Riemannian, v a r i a t i o n  

o f  Lagrangian eq. (51) y i e lds  
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where har the form 

(55) 

and analogously for T b]; once again, we take potentialsvand Wgiven 
,,v 

by quartic expressions, 

= - m 2 ~ 2  + 04" , (56a) 

Contraction of Einstei n's equations eq. (54) and the use of eqs. (52) and 

(53) give 

1 - R = rn2@2 + M ~ $ ~  - 4 A  . 
k (57) 

Remark that self-interaction constants a, q do not appear explicitly in 

the trace expression; hence, from now on we will specialize to the case 

of nu22 self-interaction constants (a = 0 = 0 ) .  

if now we ask whether there exists a solution of tliis system 

for non-trivial constant values @ = m o  , $ = $,, the answer is affirm- 

ative. Indeed, from eqs. (52) and (53) we obtain 

Use of eq. (57) for the trace then yields 
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Thus, when the  system (@,+ ) i s  found i n  s t a t e  (4 = @,, I) = * g,,v 
= $,, g ) ,  the  equa t ion  f o r  geometry reduces t o  

P V  

so t h a t  we can w r i t e ,  i n  genera l ,  t h a t  

T (mat te r )  . 
Gpv = A e f f  gpv - k ren  ,,v 

[since (A/~:) ?. 1 the  presence o f  t h e  bare cosmological cons tan t  A 
i s  o f  no importante f o r  our  l a t e r  r e s u l t s  and so we drop i t  f r o  

on 3 
Two s i g n i f i c a n t  fea tu res  deserve comment: t h e  g r a v i  t a t  

cons tan t  k i s  renormal ized,  

i n  which 

and an e f f e c t i v e  cosmologica l  cons tan t  i s  generated, 

m now 

i o n a  l 

F igures  4 and 5 d i s p l a y  t h e  behaviour  o f  b o t h  kren and Aeff  as 

f u n c t i o n s  o f  t h e  s t r o n g  parameter 5. 

Observe t h a t  t h e  s igns  o f  b o t h  k and Aeff change accord ing 
ren  

t o  the  range o f  va lues o f  5. lndeed, we can see from f i g .  6 below t h a t  

t h e r e  a r e  ranges o f  5 i n  which k i s  negat ive,  and so r e p u l s i v e  grav-  
r en 

i t y  i s  generated. 
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Fig.4 - Graph o f  t h e  renormal i zed  q r a v i t a t i o n a l  c o n s t a n t  
k  (eq. (63))  as a f u n c t i o n  o f  t h e  s t r o n g  parameter 5 ,  i n  
t h e n s t a t e  (@.,io ,guv). P o i n t  A corresponds t o  <=k(M2+m')/6. 

F ig .5 - Graph o f  t h e  e f f e c t i v e  cosmological cons tan t  
A-, ,  (eq,(65)) as a f u n c t i o n  o f  t h e  s t r o n q  parameter - .  
< T T i n  t h e  s t a t e  (40,)u,giiv). P o i n t  A corresponds t o  

= k(M2+m2)/6. 
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- 
'(+I - 'min 

F ig.6 - A n a l y s i s  o f  the  s i g n  behaviour o f  kr u i t h  respect  t o  
the  parameter 5. Dashed s e c t i o n s  correspond ?o nega t i ve  va lues 
o f  kren and hente t o  a n t i g r a v i t y .  P o i n t  C corresponds t o  5 = 
= k ( ~ ~ + r n ~ )  /6. 

Thus, i f  we r e q u i r e  g r a v i t y  t o  be s t r i c t l y  a t t r a c t i v e ,  we a r e  

l e d  t o  impose a lower bound f o r  parameter 5 ,  i n  o r d e r  t o  e n s u r e  t h a  t 

kren remains always p o s i t i v e 2 1 .  I t  i s  c e r t a i n l y  a remarkable f a c t  t h a t  

t h i s  simple, bas ic  p r o p e r t y  o f  g r a v i t y  i m p l i e s  a r e s t r i c t i o n  upon the  

s t r e n g t h  o f  t h e  s t r o n g  i n t e r a c t i o n .  

What i s  the  r a t i o  between the  minirnum v a l u e  a l lowed f o r  p a r -  
k 

ameter 5 ,  cmin = E ( + )  = 7; (~+m)',  and the  a c t u a l ,  o b s e r v e d  v a l u e  

gi % 15Kc? Taking i n t o  account t h a t  uT % uk ,  we o b t a i n  t h a t  

Though one would s u r e l y  expect t h a t  Nature had se lec ted  a v e r y  

I a r g e  va lue  f o r  the  a c t u a l  s t r o n g  cons tan t ,  v e r y  f a r  from the  minirnurn 

a l lowed,  i t  i s  indeed s u r p r i s i n g  t h a t  such r a t i o  reproduced p r e c i s e l y  

o l d  Eddington 's  number! 

As-we have s a i d  a t  the  I n t r o d u c t i o n ,  the  r e l a t i o n  o f  Eddington's 

number w i t h  l a r g e ,  a d i m e n s  i o n a l  r a t  i o s  o f  p h y s i  c a l  cons tan ts  has 

t r o u b l e d  p h y s i c i s t s  s i n c e  long ago. Though t h i s  new coilzcidence, a r i s i n g  

from an as y e t  unexpected phys ica l  domain, a d d s n o f u r t h e r  understanding 

t o  t h i s  puzz le,  i t  c e r t a i n l y  increases the  mystery surrounding t h i s  ap- 

parent  connect ion between the  mic roscop ic  and the  macroscopic wor lds .  
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Apresentamos um panorama de a lguns desenvolvimentos recentes no 
estudo da i n t e r a ç ã o  da g r a v i t a ç ã o  com o u t r o s  campos f í s i c o s ,  adotando o 
acoplamento não-mínimo e n t r e s  es tes  campos e a g r a v i  tação como o cená- 
r i o  apropr iado  para a descr i ção  dos fenômenos envo lv idos .  D i s c u t i m o s  
algumas c a r a c t e r í s t i c a s  de i n t e r ê s s e  e x i b i d a s  por  acoplamentos não-míni- 
mos, t a i s  como a re lação  com espaços-tempo de Weyl i n t e g r á v e i s ,  a gera-  
ção de un ive rsos  e te rnos ,  a apar i ção  de uma cons tan te  cosmol6qica como 
r e s u l t a d o  de uma t r a n s i ç ã o  e n t r e  e s t r u t u r a s  g e o m é t r i c a s  de  Weyl e 
Riemann, e a p o s s i v e l  i n d u ~ ã o  de grav idade r e p u l s i v a  a t r a v é s  demecanis- 
mos de quebra expontánea de s i m e t r i a .  Em p a r t i c u l a r ,  examinamos um caso 
s imples de i n t e r a ç ã o  f o r t e  e n t r e  p a r t í c u l a s  esca la res  (como no caso da 
bem conhecida reação e l á s t i c a  TK -+ TK), acopladas não-minimalmente a um 
espaço curvo,  que fornece um novo e c u r i o s o  con tex to  para a apar i ção  do 
número de Eddington (1 


