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Abstract *A g r a v i t a t i o n a l  model, w i t h  an Hermi t ian  m e t r i c ,  i s  proposed 
here. T h i s  approach leads t o  E ins te in- Car tan  equat ions,  f o r  non sym- 
m e t r i c  f i e l d s .  By means o f  a  minimum l i m i t ,  s t a t e d  f o r  the  r a d i u s  co- 
o r d i n a t e ,  the  s i n g u l a r i t y  a t  the  o r i g i n  i s  e l im ina ted .  The r e d s h i f t ,  
the  bending o f  l i g h t  and the  s h i f t  o f  t h e  p e r i h e l i u m  o f  M e r c u r y  a r e  
exami ned. 

1. INTRODUCTION 

The idea o f  cons ider ing  a non symmetric m e t r i c  i n  g r a v i t a t i o n i s  

n o t  new. ~ i n s t e i n '  proposed and anal  i zed  t h i s  s u b j e c t  b e f o r e . ~ a ~ a ~ e t r o u ~  

dealed l a t e r  w i t h  such a m e t r i c ,  f o r  a  s t a t i c a l l y  and s p h e r i c a l l y  sym- 

m e t r i c  case. Recent ly  ~ o f f a t ~  developed a g r a v i t a t i o n a l  model, w i t h  a 

Hermi t ian  m e t r i c ,  and p o i n t e d  o u t  the  ex is tence  o f  a  minimum l i m i t  f o r  

t h e  rad ius ,  which he lps  t o  c l e a r  up s i n g u l a r i t y  problems, a t  t h e  o r i g i n .  

Here we deal w i t h  an approach based on M o f f a t ' s  idea; however 

t h e  geometr ica l  aspects  we take  a r e  e s t a b l i s h e d  on f i b e r  bundle tech-  

n iques.  E ins te in- Car tan  equat ions,  f o r  non symmetric f i e l d s ,  appear n a t -  

u r a l l y ,  and t h e  Poincaré group i s  taken as a symmetry group. The as-  

sumption o f  an assymmetr ical connec t ion  arid s o l d e r  form l e a d s  t o  cu r -  

v a t u r e  and t o r s i o n .  A t o t a l  Lagrangian i s  proposed and, by means o f  

Euler-Lagrange equat ions,  E ins te in- Car tan  equat ions a r e  der i ved .  An ad- 

d i t i o n a l  c o n d i t i o n  i s  r e q u i r e d :  the  s i g n a t u r e  o f  t h e  m e t r i c  cannot be 

changed, and t h i s  p o i n t s  o u t  the  e x i s t e n c e  o f  a  co re  c e n t e r e d  a t  t h e  

o r i g i n .  T h i s  e l i m i n a t e s  the  s i n g u l a r i t y  a t  r = O .  

A t  t h e  end, r e d s h i f t s  o f  e lec t romagnet i c  r a d i a t i o n  a r e  ca lcu -  

l a t e d ,  and t h e  r e s u l t s  g iven  agree w i t h  exper imenta l  data.  A smal l  c o r-  

r e c t i o n  term t o  th,e p r e d i c t i o n  o f  General R e l a t i v i t y  (GR) a r i s e s .  The 

bending o f  l i g h t  by t h e  sun and t h e  s h i f t  o f  the  p e r i h e l i u m  o f  Mercury 

a r e  a l s o  examined. 
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The compact language o f  d i f f e r e n t i a l  forms w i l l  be u s e d  when 

necessary. 

2. GEOMETRICAL ASPECTS 

We consider i n i t i a l l y  a P bundle o f  l i n e a r  f r a m e s ,  where  

Minkowski space-time i s  the base mani fo ld M, and the P o i  n c a r é  g r o u p  

G = SO(3,l) 0 T4 i s  the symmetry group. Let  kkcV)be a holonomic basis 

on M, and 

the met r ic  tensor. 

Now we assume tha t  the components g may be decomposed i n t o  a a% 
syrnrnetrical pa r t  s and i n t o  a skew-symmetrical p a r t  a by means 

aB' aB' 
o f  

To general ize the assumption o f  symmetric components g i n  GR, 
aB 

we requ i re  t ha t  g have Hermit ian symnetry, i .e. 
a6 . 

So, the mat r ix  representat ion f o r  the tensor g i s  

and the spur of (g ) i s  r ea l ,  
aB 

4 
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The s i g n a t u r e  S o f  (gaB) may be nega t i ve ,  nu1 1 o r  pos i  t i v e ,  depending 

on t h e  s igns  o f  sm. The components ga6 a r e  g iven  by 

where the  o r d e r  o f  the  indexes must be taken i n t o  account.  

A connec t ion  form W, on t h e  P bundle, i s  a I - form valued on the  

L i e  a lgebra  o f  G '. Consider ing W as a l i n e a r  connect ion,  i t  may be 
5 

g iven  by 1 

w = r + s ,  (2 .7)  

Here the connect ion r i s  va lued on the  a lgebra  o f  the  Lorentz  group, 

and S i s  t h e  s o l d e r  form6, va lued  on the  a lgebra  o f  the  T,, group, 

!J Both connect ions a r e  w r i t t e n  on the  b a s i s  {da: 3 mentioned be fo re .  I n  
b 

express ions ( 2 . 8 )  and (2.9) Ja and Ia a r e  the  generatorç  o f  the  Loren tz  

group and the  group o f  t r a n s l a t i o n s ,  r e s p e c t i v e l y .  T h e s e  g e n e r a t o r s  

s a t i s f y  the commutation r u l e s  below
7
, which e s t a b l  i s h  t h e  Poincaré group 

a l gebra 

where a, b ,  ... = 1 ,  ..., 4 and T l  i s  the  Minkowski m e t r i c .  

The c u r v a t u r e  F ,  o f  the connect ion r ,  i s 4  

and ha s the  componen t s 
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I n  the  articular case o f  a  L e v i - C i v i t a  connect ion,  and f o r  a  

r e a l  and symmetr ical m e t r  i c ,  e q .  ( 2 . 1 8 )  r e d u c e s  t o  Yang's g r a v i -  

t a t  i o n a l  equat i o n  

*UB;A - *UX;B = O  , (2.19) 

f o r  the R i c c i  tensor 7.  I t  has E i n s t e i n  sourceless equa t ion  

as a  ve ry  p a r t i c u l a r  s o l u t i o n .  So, e q .  (2. 1 8 )  i s  a  g e n e r a l  i z a t i o n  

o f  Yang's equat ion.  

YM equat ions may be w r i t t e n  i n  a  e q u i v a l e n t  way t o  eq. (2.16) :  

where 

n- s  
- I p(n -p )  + -2 

6 = * d * =  (- 1)  * d *  , 

i s  the c o d e r i v a t i v e  e x t e r i o r  o p e r a t o r
a
;  p i s  the degree o f  the  d i f f e r e n -  

t i a 1  form t o  be used, n i s  the  dimension o f  the base m a n i f o l d  and s i s  

t h e  s i g n a t u r e  o f  space-time m e t r i c .  I n  the  above case p=3 and n=4. The 

s i g n a t u r e  rnay assume the va lues  O, 22 and *4 .  I n  o rder  t o  be coherent  

t o  G R  theory,  we w i l l  choose e i t h e r  the  va lues +2 o r  -2. 

The t o r s i o n  T, o f  the connect ion r ,  i s  g i ven  by the  c o v a r i a n t  

d e r i v a t i v e  o f  the so lder  form, r e l a t e d  t o  r i t s e l f
g

:  

and has the cornponents 

i n  the  holonomic b a s i r  {dz?. By choosing a  bas is  where = 6; and 

supposing the connect ion r as a l r e a d y  p r o j e c t e d  on to  the  base m a n i f o l d  
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M, the  components o f  T a r e  

3. LAGRANGIAN FORMALISM 

The Lagrangian dens i t y ,  which leads t o  t h e  f i e l d  equat ions,  i s  

where 

s'"" = J=g g'-'v , 

E i s  the  s t r e s s  energy and k i s  a cons tan t .  
Fiv 

The a c t i o n  i n t e g r a l  i s  

and t h e  externa1 c o n d i t i o n  6A = O g i v e s  Euler-Lagrange equat ions.  To 

make up f o r  t h i s  v a r i a t i o n  we have t o  cons ider  t h a t 1 °  

A f t e r  a s t r a i g h f o r w a r d  c a l c u l a t i o n  we a r e  l e d  t o  t h e  equat ions 

The former i s  s i m i l a r  t o  E i n s t e i n ' s  g r a v i t a t i o n a l  equat ion,  and t h e  se- 

cond i s  Car tan 's  equat ion,  f o r  t h e  to rs ion" . E q s .  ( 3 . 7 )  a n d  ( 3 . 8 1  
s t a t e  c o n d i t i o n s  f o r  the  p a r a l e l  displacement, i.e. t h e  c o v a r i a n t d e r i v a-  
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t i v e  o f  the met r ic  tensor, r e la ted  t o  r ,  i s  i d e n t i c a l l y  n u l l .  I n  the 

Riemannian =ase eq. (3.5) reduces t o  E ins te in  equàtion o f  GR and eq. 
Q 

(3.6) disappears na tu ra l l y ,  because the r are  symmetrical. Even so, 
Bri 

eqs. (3.7) and (3.8) a re  s t i l l  v a l i d .  

4. CONSIDERATIONS ABOUT THE METRIC 

We w i l l  s t a r t  w i t h  the met r ic  proposed by ~ a ~ a ~ e t r o u ~ ,  f o r  the 

s t a t i c  case, w i t h  spher ical  symmetry and imposing s ignature -2. 

Here a, y and w a r b i t r a r y  funct ions o f  the coordinate r .  For t h i s  case 

and so, the onl  y components gGv) d i f f e r e n t  from zero are  

From eq. (3.8) we conclude tha t  a1 1 equations g k J  :v = 0 are  

s a t i s f i e d  f o r  = 1,2,3, except f o r  the case = 4, which i s  

ar ( m 2  sen e/=) = O . (4.4) 

The so lu t i on  o f  eq. (4.4) i s  

where C i s  a constant. The components o f  t h e  c o n n e c t i o n  r ,  i n  t h e  

holonomic basis I&') are 
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where the  pr ime means d/&. The remainning components o f  r a r e  n u l l .  

Wi th  t h e  components g iven  i n  eq. (4 .6 )  and u s i n g  express ion  (2.131, 

we f i n d  t h e  components F which a r e  n o t  n u l l :  
a B 

For t h e  sourceless case, eq.(3.5) becomes 

and assuming t h a t  

a = expCf(r)] and y = e x p k ( r ) ]  , ( 4 . 9 )  

w i t h  f and g a r b i t r a r y  f u n c t i o n s  o f  r, we f i n d ,  a f t e r  s o l v i n g  t h e  d i f -  

f e r e n t i a l  equat ions ob ta ined  
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where C i s  t h e  same cons tan t  considered i n  t h e  s o l u t i o n  ( 4 . 5 )  and m 

i s  another  cons tan t .  

Since we want a Hermi t i a n  m e t r i c ,  we impose t h a t  c2 = i R 2 ,  where 

i s  a  cons tan t  w i t h  the  dimension o f  l eng th .  Wi th  s o l u t i o n s  (4.10) 

m e t r i c  (4.1) i s  

the  

From the  m a t r i x  ( 4 . 1 1 )  we conclude t h a t  t h e  o n l y  p o s s i b i l i t y  t o  

have s i g n a t u r e  -2 i s  f o r  r>R and r > 2 r n .  The o t h e r  p o s s i b i l i t y  R <  r < 2 m  

i s  rneaningless, f o r  the  weak f i e l d s  considered here.  

5. EXPERIMENTAL TESTS 

5.1 - R e d s h i f t  

The r e d s h i f t  o f  e lec t romagnet i c  r a d i a t i o n  i s  d e r i v e d  here w i t h  

the  same procedure as i n  GR.  However, we have t o  take  i n t o  account the  

c o r r e c t i o n  terrn, which rnodi f ies the m e t r i c .  The s h i f t  i n  f requency Av 

r e l a t e d  t o  the  o r i g i n a l  frequency v, i s  now g iven  by 

where R i s  the  r a d i u s  o f  the  c e l e s t i a l  body (ear th ,  sun, e t c ) ,  M i t s  

mass and r the d i s t a n c e  between the r e c e i v e r  and the  c e n t e r  o f  the  body. 

L e t  r = R + h ,  where h i s  the  d is tance  between the  r e c e i v e r  and the  

neares t  p o i n t  o f  t h e  sur face o f  t h e  body. 

Ear th  experiments g i v e 1 2  
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Expanding t h e  express ion  (5.1) i n  a power s e r i e s  up t o  h 2 / ~ f ,  

we f i n d  f o r  R  

which g ives ,  w i t h  the  va lues o f  eq. (5.2) 

R@ = 6.1599 km. 

For t h e  sun the  express ion  f o r  R i s  

and w i t h  t h e  data 

we f i n d  f o r  R 

R @ =  15,438.1153 k m .  

The above r e s u l t s  show t h e  e x i s t e n c e  o f  a  core, w i t h  a r a d i u s  R 

s t a t i n g  a minimum l i m i t  f o r  r and e1 i m i n a t i n g  t h e  s i n g u l a r i t y  a t  r =  O. 

There i s  no s i n g u l a r i t y  a t  t h e  p o i n t  r = R ,  b e c a u s e  i n  t h i  s  c a s e  

de t  g =  -R4 sen20. Moreover, t h e  cases r = 2m and r < 2m r e f e r  t o  s t r o n g  

f i e l d s ,  and we a r e  d e a l i n g  w i t h  weak f i e l d s  o n l y .  The case r < R  suggests 

a rne t r i c  w i t h  s i g n a t u r e  d i f f e r e n t  f rom +2, which i s  n o t  i n  accordance 

w i t h  GR. 
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5.2 - L igh t  Bending 

The procedure used here t o  der ive  the 1 

i s  the same developed i n  GR theory. We w i l l  f o i  

i g h t  bending by the sun, 

low, f o r  ins tance,  - f i e  

technique o f  A . B . s . ' ~ .  For photons ds2 = O, so we assume the extrema1 

condi t i o n  

where q i s  a parameter. For the me t r i c  given i n  eq.(4.11), i n  spher ical  

coordinates r, e, 4 ,  we have 

r2i = h and [ I  - $1 [I - $12 r = c 
- 

where dot "." denotes d i f f e r e n t i a t i o n  wi t h  'respect t o  q,and h and C a r e  con- 

stants.  For 8 = a/2 and assuming r = l/u, the cond i t ion  

g a ~  d3ca &@ = o , (5.6) 

becomes 

h2 - ( ~ - R ' u ' ) ~ ~ u ' ~  - h 2 ~ 2 ( 1 - ~ 4 ~ 4 ) ( 1 - 2 m ~ )  = O . (5.7) 

I f  we d i f f e r e n t i a t e  t h i s  expression w i t h  r e s p e c t t o 4  and assume 

tha t  h # O ,  we are  l ed  t o  

T h i s  l a s t  equation i s  analogous t o  equation 6.125 given i n  A.B.S.: 

except f o r  the co r rec t i on  terms. I n  the case o f  the sun 

m = 1.47666 x 10' cm , r = 6.96050 x 10" cm , R = 1,543,811,527crn 

Expanding (1 -9.'~')-' i n  a power series, eq. (5.8) becomes .-. 

U " + U  = 3m2 + 2&'u3us2 + ~ R ~ u ~ u ' ~ + . . .  (5.10) 
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We no t i ce  tha t  eq. (5.9) o f  GR i s  taken up t o  order  r-3, and we 
- 7 

see tha t  the f i r s t  co r rec t i on  term ineq.(5.10) i s  p ropor t iona l  t o  r , 
which gives a co r rec t i on  o f  the order o f  I O - ~ ~ .  So, t h i s  term and the 

next are neg l i g i b le .  Then eq. (5.10) reduces t o  eq. (5.9) and t h e r e s u l t  

f o r  the l i g h t  bending by the sun i n  i s  the same pred ic ted by GR theory, 

5 . 3  - S h i f t  o f  the Per ihel ium 

By the same procedure o f  ABS 

equation 

where the dash denotes d/@, u = ] / r  

l 3  we o b t a i n  t h e  d i f f e r e n t i a l  

and C i s given i n  expression (5.5). 

Expanding (I -!L4u')-I i n  a power ser ies  up t o  the order o f  u4, 

we get  

Now, d i f f e r e n t i a t i n g  eq. (5.12) w i t h  respect t o  @ and e l im ina t i ng  the 

p a r t i c u l a r  so lu t i on  u' = O ( c i r c u l a r  o r b i t s ) ,  we f ind 

and by means o f  expressions (5.5) the c0nstant.C may be determined: 

This constant inser ted  i n  eq. (5.13) gives, a t  leas t ,  a co r rec t i on  term 

o f  order r-7, which i s  negl i g i b l e .  So, eq. (5.13) reduces t o  

leading t o  the same r e s u l t  p red ic ted  by GR theory: the s h i f t  o f  the 

per ihe l  ium o f  Mercury i s  42.6" per century. 
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6. CONCLUSION 

The approach developed here e x h i b i t s  the  E ins te in- Car tan  model, 

i n  a bundle o f  1 i near  frames and cons ider ing  t h e  ~ Ó i n c a r é  group. Wi th  

the  assumption o f  a Hermi t ian  m e t r i c  f o r  space-time, we have p o i n t e d  

o u t  t h e  e x i s t e n c e  o f  a core,  embedding the  o r i g i n ,  whidh a v o i d s  t h e  

s i n g u l a r i t y  a t  r = O .  The r e d s h i f t  has a small  c o r r e c t i o n ,  compared t o  

GR theory ,  w h i l e  t h e  bending o f  l i g h t  and the  s h i f t  o f  t h e  p e r i h e l i u m  

o f  Mercury have no s i g n i f i c a n t  c o r r e c t i o n s .  
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Resumo 

Um modelo g r a v i  t a c i o n a l  com uma m é t r i c a  hermi t iana  é proposto 
aqu i .  Este modelo leva  às equações de Einste in-Cartan,  para campos não 
s i m é t r i c o s .  Por meio de um l i m i t e  mínimo, es tabe lec ido  para a  coordena- 
da r a d i a l ,  a  s i n q u l a r i d a d e  na or igem é e l iminada.  O redshift, o  desv io  
do r a i o  de l u z  e  o  do p e r i h é l  i o  do Mercúr io  são examinados. 


