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Abstract A k i n e t i c  theory f o r  the r a r e f i e d  gas cons is t ing  o f  roughsphe- 
r i c a l  molecuies i s  developed, i n  which a macroscopic s t a t e  i s charac- 
te r i zed  by the 29 scalar  f i e l d s  o f  density, ve loc i t y ,  pressure tensor, 
temperature, t r ans la t i ona l  heat f l u x ,  ro ta t i ona l  heat f l u x ,  s p i n  and 
spin f lux.  The r e l a t i o n s  o f  Navier-Stokes and Four ier  a re  obtained by 
the use o f  an i t y r a t i o n  method ak in  t o  the Maxwel l ian procedure. 

1. INTRODUCTION 

I n  t h i s  work a k i n e t i c  theory o f  a r a r e f i e d  polyatomic gas con- 

s i s t i n g  o f  spher ical  m l e c u l e s  w i t h  ro ta t i ona l  energy i s  developed. 

The model used i s  t ha t  o f  Bryan (seel) which assumes the sphe- 

r i c a l  molecules as p e r f e c t l  y rough, e l a s t i c  and r i g i d .  Thi s mdel  states 

tha t  the m l e c u l e s  g r i p  t o  each other w i thout  s l i p p i n g  dur ing a binary 

c o l l i s i o n  such tha t  the r e l a t i v e  v e l o c i t y  o f  po in ts  o f  contact i s  re-  

versed. 

We f o l  low2 and character i ze a macroscopic s ta te  by the 29 scalar  

f i e l d s  o f  densi ty,  l i n e a r  momentum, pressure tensor, t r ans la t i ona l  heat 

f l ux ,  temperature, ro ta t i ona l  heat f l ux ,  dens i ty  o f  sp in  and spin f l u x .  

The corresponding balance equations are obtained from a general equation 

o f  t r ans fe r  derived from the Boltzmann equation. 

I n  order t o  get the r e l a t i o n s  o f  Navier-Stokes and Four ier  we 

;se an i t e r a t i o n  method ak in  t o  the Maxwel 1 i an  procedure3.~he resul  k g  

t ranspor t  c o e f f i c i e n t s  agree w i t h  those obtained from thechapman-Enskog 

method'. 

Cartesian no ta t i on  f o r  tensors i s  used and 

i) angular parentheses around two i n d i c e s  d e n o t e  the  symrnetric 

and t race less  pa r t  o f  a tensor; f o r  example 
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i i )  brackets i nd i ca te  the antisymmetric pa r t  o f  a tensor; f o r  

2. THE DYNAMICS OF A BINARY COLLISION 

We denote respect ive ly  by m, a and I the mass, the diameter and 

the moment o f  i n e r t i a  about an a r b i t r a r y  ax is ,  o f  a spher ical  molecule. 
+ + + + 

Further we denote by (c ,c i )  and (w,wi) the l inear and angular ve loc i  t i e s  
+ + + + 

o f  two m l e c u l e s  before c o l l  i s i o n  wh i le  (cl,c;) and (w',w:) a r e  t h e  

same v e l o c i t i e s  a f t e r  c011 i s i on .  i 

For a b inary  c o l l i s i o n  o f  p e r f e c t l y  rough, e l a s t i c  and r i g i d  

spher ical  molecules, the equations which g i ve  the f i n a l  v e l o c i t i e s  i n  
1 

terms o f  the i n i t i a l  ones are  

I n  eq. (2.1) i s  the u n i t  vector  

j o i n t  the two molecule centers a t  
3 + 

labeled by 1 t o  the o ther ;  g * cl  

and K i s  the dimensionless mment 

i n  the d i rec t i ons  o f  the l i n e  which 

c o l l i s i o n ,  po in t i ng  from the molecule 
+ 

- c  i s  the r e l a t i v e  l i n e a r  v e l o c i t y  

o f  i n e r t i a  def ined by K = 41/(ma2).~he 

values o f  the dimension1,ess moment o f  i n e r t i a  K rnay range f rom z e r o ,  

which corresponds t o  a concentrat ion o f  the mass a t  the center  o f  the 

molecule,to 2/3 which corresponds t o  a uni form d i s t r i b u t i o n  o f  the mass 

on the surface o f  the spher ical  mÓlecule. 

For the case o f  smooth spheres, any d i r e c t  c01 1 i s i o n  t a k i  ng 
+ 

(;,Ol) as the i n i t i a l  v e l o c i t i e s ,  (:',c:) as the f i n a l  v e l o c i t i e s  and I: 
as the d i r e c t i o n  o f  the apsidal  l i n e ,  a l l ow  an inverse c o l i s i o n  tak ing  

(2:;) as the i n i t i a l  v e l o c i t i e s ,  (C,:,) as the f i n a l  v e l o c i t i e s  and -I: 
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as t h e  d i r e c t i o n  o f  the  a p s i d a l  l i n e .  

For t h e  case o f  rough spheres no such inverse  c o l l i s i o n  e x i s t s  
+ + +  

and we denote by (O*, c:, w*, w:) the  i n i t i a l  v e l o c i t i e s  which c o r r e s-  
+ +  + +  

pond t o  the  f i n a l  v e l o c i t i e s  (c,cl,w,wl) and t o  the  d i r e c t i o n  o f  the  

a p s i d a l  l i n e  -z. 

3. THE GENERAL EQUATION OF TRANSFER 

The s t a t e  o f  t h e  gas i s  c h a r a c t e r i z e d  by t h e  d i s t r i b u t i o n f u n c -  
+ -+ + + + +  + + -+ 

t i o n  f(x,c,w,t) such t h a t  f(x,c,w,t)& dc dw g i v e s  a t  t ime  t t h e  num- 
+ + + 

ber  o f  molecules i n  t h e  volume element between x and x+&, w i t h  l i n e a r  
+ + -+ + 

v e l o c i t i e s  between c and c+dc and angu la r  v e l o c i t i e s  b e t w e e n  a n d  

W+&. 
+ + + 

The d i s t r i b u t i o n  f u n c t  i o n  f(x,c,w,t) rnust s a t i s f y  the  Bol tzmann 

I n  equa t ion  (3.1) Fi i s  t h e  s p e c i f i c  e x t e r n a l  body f o r c e  a n d  i t h a s  

been assurned t h a t  t h e r e  a r e  no e x t e r n a l  torques.  We have a l s o  i n t r o -  
+ +  -+ + +  + 

duced t h e  a b b r e v i a t i o n s  f l  5 f(x,cl,wl,t), f* E f(x,c*,w*,t) and f i  
-++  + 

f(s,c:,w:,t). Moreover dz = s i n  O dO dC, and O and C a r e  p o l a r  coor-  
-+ 

d i n a t e s  s p e c i f y i n g  the  d i r e c t i o n  o f  z; O i s  t h e  ang le  between g and $ 
-+ + 

w h i l e  C i s  t h e  ang le  between t h e  p lane  c o n t a i n i n g  k a n d  g a n d  a re -  
+ 

ference p lane  through g.  

The genera l  equa t ion  o f  t r a n s f e r  f o l l o w s  through t h e  m u l t i p l i -  
+ + +  

c a t i o n  o f  t h e  Boltzmann equa t ion  by an a r b i t r a r y  f u n c t i o n  $'$(x,c,w,t) 
+ + 

and t h e  i n t e g r a t i o n  over  a l l  va lues o f  c and w. 

where 
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In  order t i  get  the two terms on the r ight-hand s ide  o f  eq.(3.2) 

one must proceed as fo l lows.  

It i s  s t ra igh t fo rward  t o  prove from eq. (2.1) t ha t  

-+ -f + + 
In  equations (3.3) $I, g* and %* are given by $' = c:-;', 2 = c: - c* 

-i -i 
and k* = -k. 

Further by tak ing  i n t o  account equations (3.3) one can w r i  t e  

the i n teg ra l  I 

i n  the form o f  

f i n a l  

by $* 

-b -+ 
Since (~*,w*,~:,w:) a re  i n i t í a i  v e l o c i t i e s  corresponding t o  the 

+ + - +  -+ 
v e l o c i t i e s  (c,w,c,,w,) and the d i r e c t i o n  o f  the apsidal  l i n e  given 

- i++  + 
= -$, we may re labe l  the i n i t i a l  v e l o c i t i e s  as (c,w,ci,wl), the 

-+ 
f i n a l  v e l o c i t i e s  as (;I, 51, :i, w l )  and the d i r e c t i o n  o f  the apsidal  

l ine as %. Hence, equat ion ( 3 . 5 )  becomes 

+ -+  -+ 
1 = f $(z,c' ,wl,t)ffl a2(G+z)dz  dl & 

Then 

= / (+-+ ' ) f f l  a2($.%)dZ&, A, dC& . (3.7) 

Now the change o f  ro les  o f  the c o l l i d i n g  molecules i n  eq. (3.7) 

impl ies  
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The r ight-hand s ide o f  eq. (3.2) can  be o b t a  i n e d  now f rom 

equation (3.7) and (3.8). 

4. THE BALANCE EQUATIONS 

The macroscopic s ta te  o f  a polyatomic gas can be d e s c r i  bed by 

the 29 sca lar  f i e l d s  o f  dens i ty  0, l i n e a r  momentum Pui, pressure tensor 

pij, temperature T, t r ans la t i ona l  heat f l u x  qi, ro ta t i ona l  heat f l u x  hi, 

densi ty o f  spin PYi and spin f l u x  m.., defined by: 
23 

I n  eq. (4 .1) 'k  i s  the Boltzmann constant, C. = c - v t h e  p e c u l  i a r  
z i i  

l i nea r  v e l o c i t y  and i = Ui- si the pecu l ia r  angular ve loc i t y .  More- 

over si = (m/ l )y.  i s  the spin v e l o c i t y .  z 
The balance equations fo r  the 29 scalar  f i e l d s  (4.1) a r e  ob- 

ta ined by choosing $ i n  the general equation o f  t r ans fe r  (3.2) equal t o  

i )  Balance of m s s :  Ji = m 

i i ) Balance of linear momentwn: J I  = mei 

a ~ i  a - +-  
at a? ( p i j  + pv 2.3 .v .) = P F ~  . 



Revista Brasileira de Física, Vol. 17, nP 3, 1987 

i i i ) Balance o f  pressure tensor: J, = mCiCj 

ap . . a e + $ (p i j k  + pi jvk )  + Pki  axk P.. . 
23 

(4.4) 

i v )  Balance of translational heat  fZw: J, = $ c2ci 

a t ,  
j avi Pki aPkj - - - =  Pm a ~ i j  

a t  i j k  ã;;; + ' j  Z'j - T a x j  2p a~ 
j 

(4.5) 

1 
V )  Balance of energy: J, = 7 (me2 + I w2 ) 

I v i )  Balance of rotational heat flux: $=T R2ci 

k Prr a P i j  m . .  
-(3;T-+ -. -!?.!L? M 

aa: Z r p  j '  
j 

vi i )  Balance of density of  spin: J, = I  wi 

vi i i) Balance o f  spin flua:: J, = I R .C 
z i 

In the d e r i v a t i o n  o f  e q .  ( 4 . 5 )  and ( 4 . 7 )  we have used t h e  e q s .  

(4 .3)  and ( 4 . 8 ) .  Moreover , we have def i ned 
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p i j k ,  qij, mijk and hij are  c a l l e d  the moments o f  the d i s t r i b u t i o n  func- 

t i o n  whi l e  P i j ,  Q M M . .  and H. a re  the product ion terms. i' i' z j  z 

5. THE DISTRIWTION FUNCTION 

I n  order  t o  get the d i s t r i b u t i o n  funct ion c lose t o  equ i l i b r i um 

we seek the extremum o f  the entropy densi ty pn u n d e r  t h e  const ra in ts  

eq. (4.1) (see5). The entropy densi t y  i s  def ined by 

t i o n a l  

This problem i s  equivalent  t o  f i n d i n g  the extremum o f  the func- 

- A..mC.C. - 
23 2 3 

T A, A:, A:, Aij , h ,  Ai, 

not depend on the d i s t r  

R Ai and Aij are  Lagrange m u l t i p l  i e r s  which do 

but ion  func t ion  f. 

Now we set  the f i  r s t  der 

f equal t o  zero and get  the d i s t r  

entropy dens i ty  under the constra 

i v a t i v e  o f  eq. (5.2) wi t h  respect t o  

i but ion  func t ion  which maximizes the 

i n t s  ( 4 . 1 ) .  
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I n e q .  ( 5 .  3 )  we have  s p l  i t t e d  the Lagrange m u l t i p l i e r  
E 

i n t o  two par ts  X and XNE 
corresponding respect ive ly  t o  the values o f  

i n  equ i l i b r i um and i n  non-equil ibrium. 

Since we are  in teres ted i n  processes c lose t o  equ i l i b r i um we 

can use the approximation exp(-X) " I-x f o r  the second exponent ia1 func- 

t i o n  and w r i t e  f = f,(l+iP). f, i s  a Maxwellian d i s t r i b u t i o n  func t i on  and 

4 i t s  deviat ion.  

I N E  + - X R . C .  + A (2 + m ij .z J 

I n  order t o  get  the Maxwellian d i s t r i b u t i o n  func t ion  i n  equi-  

l i b i i u m ,  we i d e n t i f y  the Lagrange m u l t i p l i e r  AE as the reciproca1 o f  the 
E 

absolute temperature, i .e., A = 1/T. 

For the determination o f  the other Lagrange mu 1 t i  p l  i e r  s we 

i nse r t  the d i s t r i b u t i o n  func t i on  (5.4) i n t o  the d e f i n i t i o n s  (4.1) and 

get  a f t e r  some ca l cu la t i ons  

m.. 2 p = .?2 m u m W , hij F - x m  , A ,  =-  (qi+hi) , fl. = O . 
m2 p I~T' pk~' 

2 
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Now it follows from eqs. (5.4) and (5.5), by neglecting a11 non 

-linear terms, that 

In eqs. (5.5) and ' (5.6) p<ij> represents the pressure deviator (the 

traceless part of the pressure tensor), whi le p* = p,,/3-kpT/m i s  the 

dynamic pressure. 

6. THE EVALUATION OF THE PRODUCTION TERMS AND OF T6SE MOMENTS OF THE 
DISTRIBUTION FUNCTION 

The mments of the distribution function PijkB 
qij, mijk and 

h.. can be determined by insertion of the distribution function (5.6) 
L7 
into t h e  eqs. (4. 10. 1 ) - ( 4 . 1 0 . 4 )  and integration: 

In the derivation of eq. (6 .1 )  we have used eqs. ( ~ . 1 )  and (A.2). 

The evaluation of the production terms P. ., Qi, Mi, 
?-J 

Z j  and 
H. is a routine but laborious work, and a scheme of the calculation is 
Z 
given in the appendix. 
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I n  eq. (6.2) A = ( ~ ~ ' n k / m ~ ) ' / ~  i s  a constant .  

7. THE FIELD EQUATIONS 

Without loss o f  genera l i ty ,  we may take the spin v e l o c i t y  'i 
equal t o  zero s ince we have made the assumption tha t  the r a r e f i e d  gas 

under study i s  f r ee  o f  externa1 torques. For t h i s  reason we sha l l  no t  

take i n t o  account the balance o f  the dens i ty  o f  spin eq.(4.8) and o f  

the spin f l u x  eq.(4.9) i n  the fo l lowing analysis.  

Hence, i nse r t i on  o f  the product ion terms (6.2) and o f  the mo- 

ments o f  the d i s t r i b u t i o n  func t i on  (6.1) i n t o  the balance equations (4.2) 

through (4.7) leads t o  the fo l l ow ing  f i e l d  equations f o r  the 17 scalar  

f i e l d s  P, vi, T, p*, p,ij, , qi , hi: 
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Eqs. ( 7 . 1 . 3 ) ,  ( 7 . 1 . 4 )  a re  respect ive ly  the t race and the t race less  

p a r t  o f  eq.  ( 2 . 4 ) .  M o r e o v e r ,  a dot denotes the mater ia l  time de- 

r i v a t i v e .  

8. THE RELATIONS OF NAVIERSTOKES ANO FOURIER 

The sys tem o f  eqs .  ( 7 . 1 )  represents the f i e l d  equations 

o f  extended thermódynamics o f  an idea l  gas w i  t h  an interna1 va r i ab le  i n  

the absence o f  externa1 torques6. 

I n  ord inary  thermodynamlcs t h i s  system reduces t o  the f i e l d  

equations o f  balance o f  mass (7.1. I ) ,  1 inear momentum (7.1.2) and in -  

terna1 energy (7.1.6). (*) Horeover, the f i e l ds  p*, p,ij>, qi and 
hi 

a re  re la ted  t o  the baslc f i e l d s ,  p, T and V by c o n s t i t u t i v e  funct ions.  i 

(*) For an ideal  gas the thermodynamic pressure j3 and the spec i f  i c  i n -  
te rna i  energy E are  re la ted  by P = kpT/m = 2pe/3. 
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I n  o r d e r  t o  ge t  c o n s t i  t u t i v e  equat ions f o r  the  f i e l  ds p*, P,~.,, 
q .  and h. we use the  rernaining e q s .  ( 7 . 1 . 3 1 ,  ( 7 . 1 . 4 1 ,  ( 7 . 1 . 5 )  and 

(7.1.7) and an i t e r a t i o n  rnethod a k i n  t o  the  Maxwel l ian procedure3.  

We beg in  w i t h  the  

u s e  o f  e q . ( 7 . 1 . 6 ) :  

Npw we i n s e r t  the  

e l i r n i n a t i o n  o f  T f rorn e q .  ( 7 . 1 . 3 )  b y  t h e  

(8.1) 

(0) - (0) (0) e q u i l  ibr iurn va lues p* - O, p. = O,qi 

= O and h:') = O i n t o  f h e  l e f f  hand s i d e  o f  eqs.(7.1 .4),  (7.; .5),(7.1.7) 

and (8.1).  By n e g l e c t i n g  a l l  non- l inear  terms we g e t  t h e  f i r s t  i t e r a t e d  
' ('I and h:') on t h e  r i g h t  hand s ide:  va lues P* , P < i j > ,  qi 

Frorn eq.(8.2) i t  f o l l o w s  t h a t :  

E q s .  ( 8 . 3 .  1 )  , ( 8 . 3 . 2 ) .  r e p r e s e n t  t h e  Navier-Stokes r e l a t i o n s  w h i l e  

e q s .  ( 8 . 3 . 3 ) ,  ( 8 . 3 . 4 )  r e p r e s e n t  t h e  F o u r i e r  r e l a t i o n .  Hence we 
T i d e n t i f y  p as t h e  shear v i s c o s i t y ,  0 as the  volume v i s c o s i t y ,  h as t h e  
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R 
t r a n s l a t i o n a l  thermal c o n d u c t i v i t y  and h as  the  r o t a t i o n a l  thermal con- 

d u c t i v i t y .  Moreover we have 

Now we d e f i n e  the  t o t a l  heat  f l u x  qf as the  sum o f  
Z 

l a t i o n a l  and r o t a t i o n a l  heat  f l u x :  

I n  eq.(8.5) the  thermal c o n d u c t i v i t y  h i s  g i ven  by: 

t h e  t rans -  

(8.5) 

The r e s u l t s  i n  eqs. (8.4) and (8.6) a r e  t h e  same as  those ob ta ined  

by the  use o f  the  Chapman-Enskog method (see r e f  . I ) .  

APPENDIX 

A. l  - Some r e s u l t s  on i n t e g r a t i o n  

I f  $ i s  a  v e c t o r  i n  a  3-dimensional vector- space V, then  (see 

f o r  example r e f . 7 ) :  
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The f o l  lowing de f  i n i t e  i n t e g r a l s  can be found i n  s t a n d a r d  

t a b l e s  o f  i n t e g r a l s :  

(A. 2) 

On t h e  o t h e r  hand, t h e  f o l l o w i n g  formulae a r e  v a l i d  f o r  a11 

One can d e r i v e  t h e  formulae ( ~ . 3 )  u s i n g  the  metiiod descr ibed  on pages 

319-321 o f  r e f . 1 .  

A.2 - The c a l c u l a t i o n  o f  the  p r o d u c t i o n  terms ' 

F i r s t  we b u i l d  f rom eq.(5.6) t h e  p roduc t  ff' and neg lec t  a l l  
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non-l inear terms: 

m.. 

m 

9 1 
{2GC [% ( G 2 i V g 2 )  - + m g g ~  SkT i r r  } 

h .  
+ zr (E) ' I 

p k~ k~~ (2' + 2') - j + 
gierZr }} . 

+ 
l n  eq. (A.4) g i s  the l i n e a r  r e l a t i v e  ve loc i t y ,  8 the l i nea r  mean ve l -  

+ 
o c i t y ,  z  the angular r e l a t i v e  v e l o c i t y  and 3 the angular mean ve loc i t y ,  

which are def ined by 

From equations (A.5) i t  fo l lows tha t  

Since the scheme o f  the ca l cu la t i on  f o r  a11 product ion terms 

eq.(6.2) i s  the same, we sha l l  i l l u s t r a t e  i t  by the ca l cu la t i on  o f  P. .. 
ti7 

According' to eq.(4.10.5) P i s  given by 
ij . 

On the other hand i t  fo l lows from equation (2.1): 
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Now we , i n se r t  eqs. (A.6) and (A.8) i n t o  eq. (A.7) and i n t e g r a t e  

w i t i í  respect  t o  the angles O and C us ing  eqs. (A.3) 

Fina1l.y we i n s e r t  e q . ( ~ . 4 )  i n t o  e q . ( ~ . 9 )  and i n t e g r a t e  bymak iq  

use o f  eq.(A. l )  and ' e q . ( ~ . 2 ) ,  and neg lec t i ng  a l l  non- l inear  terms leads 

t o  : 

a2 a k T 1 / 2  P P.. = - (---I 8 [- xp*6.. - (13K+6) pCijd. @.]O) 
za (K+I l 2  ta  
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Resumo 

Desenvolve-se uma t e o r  i a  c i n é t i c a  para um gás r a r e f e i  t c ,  cons- 
t i t u í d o  de moléculas e s f é r i c a s  e rugosas, ca rac te r i zada  por  29 campos 
esca la res :  densidade, ve loc idade,  tensor  pressão, temperatura, f l u x o  de 
c a l o r  t r a n s l a c i o n a l ,  f l u x o  de c a l o r  r o t a c i o n a l ,  s p i n  e f l u x o  de spin.As 
re lações de Navier-Stokes e F o u r i e r  são o b t i d a s  a t r a v é s  da u t i l i z a ç ã o d e  
um método de i t e r a ç ã o  semelhante ao método de i t e r a ç ã o  de Maxwell .  


