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Abstract We present  a new technique f o r  d e r i v i n g  t h e  s h o r t - t i m e  appro- 
x imat ion  o f  Agrawal and Mehta. The technique i s  a p p l i e d  t o  t h e  nonl inear  
problem o f  genera t ion  o f  h igher  o r d e r  Stokes r a d i a t i o n .  We s t a r t  by ap- 
p l y i n g  the  t i m e - t r a n s l a t i o n  o p e r a t o r  t o  the  boson o p e r a t o r s  t h a t  c r e a t e  
t h e  photons invo lved .  T h i s  generates a power s e r i e s  i n  the  e v o l  u t i o n -  
- t ime v a r i a b l e  t which, when t runca ted  a t  t2, y i e l d s  t h e  s h o r t - t i m e  ap- 
prox i rnat ion.  We show how one can o b t a i n  h igher- order  a p p r o x i m a t i o n s .  
F u r t h e r m r e  we show how t o  c a l c u l a t e  the  j o i n t  norrnal ly-ordered quantum 
c h a r a c t e r i s t i c  f u n c t i o n  and how t o  d e r i v e  the  covar iance and var iance  
f u n c t i o n s .  

I .  INTRODUCTION 

Raman s c a t t e r i n g  processes occur  when i n c i d e n t l i g h t p h o t o n s  a r e  

i n e l a s t i c a l l y  sca t te red .  A photon o f  frequency wL, i n c i d e n t  on a Raman 

a c t i v e  mediurn, i s  a n n i h i l a t e d  g i v i n g  r i s e  t o  a photon o f  frequency wp 

and a Stokes photon w i t h  frequency wS = wL - wp. A l t e r n a t i v e l y ,  an i n -  

c i d e n t  l a s e r  photon may be a n n i h i l a t e d  toge ther  w i t h  a phonon w h i l e  an 

an t i - S tokes  photon a t  the  sum frequency wA = w + wp i s  created.  Under 
L 

condi t i o n s  o f  h i g h  Raman ga in ,  t h e  Stokes beam o f  f r e q u e n c y  wS may 
I 

reach a s u f f i c i e n t l y  h i g h  i n t e n s i t y  t o  undergo Stokes s c a t t e r i n g  i t s e l f  

producing 2nd Stokes r a d i a t i o n  wi t h  frequency wS2 = wsl - wp. The i n -  
nd 

t e n s i t y  o f  the  2 Stokes mode c o u l d  a l s o  b u i l d  up t o  serve as the  pump 

o f  jrd Stokes 1 ines and so f o r t h .  I n  s i n g l e  rnode' o p t i c a l  f i b e r s '  Stokes 

l ines  up t o  the  1oth o r d e r  a r e  observed whereas, due t o  phase mismatch, 

no an t i - S tokes  mode was observed. 

I n  t ; ~ e  p resen t  paper we d iscuss  a mathematical a p p r o a c h  t h a t  

renders the  s tudy o f  c o r r e l a t i o n s  between the  l a s e r  and the  Stokes modes 

amenable. We show t h a t  i t  con ta ins  the  shor t- t ime approx imat ion,  and we 

d e r i v e  genera l  equat ions f o r  the two mode c o r r e l a t i o n  f u n c t i o n s  which 

y i e l d ,  as  a p a r t i c u l a r  case, the  va r iance .  

We acknowledge f i n a n c i a 1  suppor t  f rom CNPq and FINEP o f  B r a s i l .  
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The choice o f  the Hami l t o n i a n  descr ib ing the dynami cs  o f  the 

processes i s  discussed i n  sec. 2, together w i t h  the equations o f  m t i o n  

o f  the c rea t i on  and a n n i h i l a t i o n  operators o f  the photons involved. Sec. 

3 contains the discussion o f  the way o f  ob ta in ing  the e x p l i c i t  time de- 

pendente o f  the operators s t a r t i n g  w i t h  the t ime t rans la t i on  operator .  

The quantum c h a r a c t e r i s t i c  f unc t i on  i s  obtained i n  general form f o r  two 

modes i n  sec. 4. The variance and covariance funct ions are c a l c u l a t e d  

i n  sec. 5. Results and conclusions are  discussed i n  sec. 6. 

2. THE MODEL HAMILTONIAN AND THE EOUATIONS OF MOTION 

The non- l inear problem we are  consider ing has been t reated,wi th 

c l ass i ca l  f i e l d s ,  by Bloembergen and shen2 and a modi f ied c lass i ca l  the- 

o r y  has been put  forward by Linde, Maier and 

general ized form o f  the Hamiltonian given by 

higher-order Stokes modes. The r o t a t i n g  wave 

a l l  f i e l d s  quantized: 

H = H, + HI 

~ a i z e r ~ .  We c o n s i d e r  a 

Walls4 t o  take i n t o  account 

approximation i s  taken wi th 

+ 
H, = h  C w a a  ; j = L,S1,S, ,..., Sn,P 

i j ~ j  

H i s  the f r e e  f i e l d  Hamiltonian and H takes i n t o  account the in terac-  
O I s t  

t ions .  The a, a re  boson annihi  l a t i o n  operators f o r  the laser ,  1 Stokes, 
L. 

S t  
etc., modes. K are  the coupl ing constants f o r  the l ase r  and 1 Stokes , R 
lSt and znd Stokes modes, and so on. 

3. THE TRANSFORMATION METHOD FOR THE TIME EVOLUTION OF THE WERATORS 

To determine the t ime dependence o f  the operators, we make use 

o f  the t ime- t rans la t ion  operator 

~ ( t )  = e x p { i ~ t / h l  = exp{i(H0+HI)t/A) , (4 ) 

where H, and H a r e  g i v e n  i n  e q s .  ( 2 )  and ( 3 ) .  ~ u e  t o  the energy 
I 

conservation cond i t ion ,  wll = wQ+] + up, the Hamiltonians H and HI com- 
o 
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mute. This make it possible to write the operator S(t) as a product of 

two factors. One of these is the un-i tary operator for transformatíon 

to the interaction representation 

Therefo 

of s(t) 

where 

re, in Heisenberg's picture we have, due to the factorization 

I a. (t) = exp{iH0t/fi) a ex~{-i~,t/E) 
3 i (7) 

is the operator ai in the interaction representation, From eqs. (7) 
and (2) we obtain 

which, with the help of eq.(6), leads to 

Final ly, through the Baker-Hausdorff identi ty5, keeping terms up to the 

second power i n  t ,  we get 

These equations are the same as those obtained with the short-time ap- 

proximation6. We shall refer to this approximation as the STL appro- 

ximtion. It renders possibie the determination of the time dependence 

of the boson operators by just doing two comutators 
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4. THE Q U A N N M  CHARACTERISTIC FUNCTION 

To describe the statistical. properties of the non-linear inter- 

actiori in higher order Raman scattering we calculate the jointnormally 

ordered characteristic function. For two different mdes i and j it is 

defined by the relation 

lhe densi ty operator p(O) ,  for coherent laser and Stokes modes and 

chaotic phonons is written ass 

where n i s  the average number of phonons at t=O and 
P 
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the  5 .  being complex numbers. 
3 

The l i n e a r  combinat ions o f  c r e a t i o n  and a n n i h i l a t i o n  o p e r a t o r s  

i n  t h e  exponen t ia l s  i n  e q .  ( 1 3 )  a r e  o b t a i n e d  as e x p l i c i t  f u n c t i o n s  

o f  t ime  i n  t h e  STL approx imat ion.  The r e s u l t  i s  

The commutators can be c a l c u l a t e d ,  f o r  each s p e c i f i c  p a i r  o f t h e  i n d i c e s  

i,j, f r o m  e q s .  ( 1  1 )  a n d  ( 1 2 ) .  I t  can be e a s i l y  shown t h a t  

T h i s  then a l l o w s  us t o  c a l c u l a t e ,  w i t h i n  the  STL approx imat ion,  

+ = exp (viai + y a:) + O! .t + (d'! + L  6' ' 
3 5 23 z,j 2 ij 

)tTJ (22) 

I t  f o l l o w s  t h a t  t h e  second exponen t ia l  f a c t o r  i n  e q .  ( 1 3 )  can be 

w r i  t t e n  as a product  o f  exp(-y% - y?a.) t imes a p o l  y n o m i a l  o f  t h e  
.ti 3 3  

second degree i n  t. 

F i n a l l y ,  t h e  c h a r a c t e r i s t i c  f u n c t i o n  f o r  two modes i s w r i t -  

t e n  i n  genera l  form as  

C,(Bi,Bj) = ~ r i p ( O ) $ ~ ( t ) }  (23) 

where 

364 
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and. p ( 0 )  given i n  e q .  ( 1 4 ) .  

We can therefore obtain the two-rnode character is t ic  function, as 

g i v e n  i n  e q .  (231, w i t h  t h e  h e l p  o f  eqs.  ( 1 7 )  t h r o u g h  (19 ) ,  

from the commutators o f  eqs.  ( 1  1 )  and (121, for  each specif ic case. 

In par t icu lar  we have performed the calculat ions for (i,j) = ( L ,  si), 

(L,sz), (s1,s2) 
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5. PHOTONPHOTON COVARIANCE AND VARIANCE FUNCTIONS 

The photon s t a t i s t i c a l  p roper t ies  we are in teres ted i n  can be 

obtained f rom the j o i n t  normal 1 y  ordered charac ter i  s t i c  funct ion.  

The c o r r e l a t i o n  between the number o f  photons o f  species i and 

j i s  studied through the photon-photon covar iance func t ions7 

The f l u c t u a t i o n  i n  i n t e n s i t y  o f  rnode i i s  studied by meansofthe 

variance7, def i ned as 

<(hi) '> =<az2 (t)ai(t)> - <a;(t)ai(t)>' 

Not ice tha t  from eq. (371, 

Therefore, w i t h  the help o f  the commutation r e l a t i o n  f o r  boson creat ion  

and a n n i h i l a t i o n  operators and eq. (37), eq. (38) becomes 

so tha t  the no ta t i on  can be somewhat misleading. - - 
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The c o r r e l a t i o n  funct ions (e i t he r  covariance o r  v a r  i a n c e )  can 

have: a) p o s i t i v e  values, i n  which case we say tha t  the p h o t o n s  show 

cor re la t ions ,  b) negative values, when the photons are  an t i co r re la ted ,  

and c) zero values when the photons involved a re  s t a t i  s t i c a l  1 y inde- 

pendent (uncorrelated) . 
From eqs. (32) and (36) we have obtained the fo l l ow ing  covar i -  

ance funct  ions 

and 

I n  eqs. (40) t o  (451, the phase-angles Jlk, 
bv 

6. CONCLUSIONS 

The equations f o r  the covariance and variance 

S2, a re  def ined 

(46 

f unc t i o n s  tha t  

were obtained here, eqs. (40) through (451, are exac t 1 y t h e  same as 

those obtained by two o f  the authors i n  a previous work9, employing the 
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short- t ime approximation and a d i r e c t  ca l cu la t i on  o f  the covariance and 

variance funct ions,  t h a t  i s  through eqs. (36) and (37), wi thout  com- 

put ing  the c h a r a c t e r i s t i c  funct ion.  We present here a new way o f  de- 

r i v i n g  the short- t ime approximation t h a t  can, i n  p r i n c i p l e ,  be extended 

t o  inc lude powers higher than t2, as i n  eq. (10).  We have f u r t h e r  shown 

how t o  obta in  i n  a consistent  way the cha rac te r i s t i c  func t ion  f o r  two 

modes, from which covariance and variance funct ions o f  any  o r d e r  are  

e a s i l y  obtained. I t  can be seen wi thout  much d i f f i c u l t y  t ha t  the commu- 

t a t i o n  r e l a t i o n s  o f  eqs. (20) and (21) can be w r i t t e n  f o r  th ree o r  more 

d i f f e r e n t  modes, a l lowing the c a l c u l a t i o n  o f  multimode c h a r a c t e r i s t i c  

funct  ions. 
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Apresentamos uma nova técnica para obter  a aproximação de tem- 
pos cur tos  de Agrawal e Mehta. A técnica é apl icada ao problema não li- 
near de geração de radiação Stokes de ordem-superior, O operador de 
translação temporal é apl icado aos operadores de bosons que cr iam os vá- 
r i o s  fotons envolvidos. Um desenvolvimento em sé r i e  de potenc ia is  de t, 
a var iáve l  tempo de evolução, truncado em t2, dá a aproxização de tem- 
pos curtos.  E indicada a maneira para se obter  aproximaçoes de ordem 
super ior .  Ainda mais, mostra-se como ca l cu la r  a função c a r a c t e r i s t i c a  
quânt i ca  com ordenação normal e como deduzi r as funções var iânc ia  e co- 
var iânc ia .  


