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Abstract A p o s s i b l e  geometr ic  j u s t i f i c a t i o n  f o r  the  i n c l u s i o n  o f  t h r e e  
v e c t o r  p o t e n t i a l  s  t rans fo rming  under a common compact and s imple gauge 
group i s  presented i n  terms o f  t h e  s p o n t a n e o u s c o r n p a c t i f i c a t i o n  o f  a 
h igher- dimensional  theory  o f  coupled Y a n g - M i l l s - g r a v i t y  w i t h  n o n - t r i v i a l  
t o r s i o n .  

ment o f  

r i e s  f o r  

spread v 

Nature o 

Taking f o r  g ran ted  a l l  t h e  b e n e f i t s  stemming f rom t h e  r e q u i r e -  

oca1 gauge i n v a r i a n c e  i n  t h e  f o r m u l a t i o n  o f  i n t e r a c t i n g  theo- 

massless and massive spi n-1 p a r t i c l e s ,  and adop t ing  the wide- 

ewpoínt o f  bas ing  t h e  d e s c r i p t i o n  o f  t h e  fundamental f o r c e s  o f  

l o c a l  gauge symmetries, o u r  e f f o r t s  i n  r e f s . l , 2  have been an 

a t tempt  t o  extend t h e  n o t i o n  o f  gauge principie through the  i n t r o d u c t i o n  
/ o f  more than jus) one gauge p o t e n t i a l  i n  a s s o c i a t i o n  w i t h  a s i n g l e  com- 

pac t  and sirnple gauge group. 

An immediate consequence f o l l o w i n g  from such an approach would 

be the  p o s s i b i l i t y  o f  hav ing a u n i f i e d  d e s c r i p t i o n  o f  massless and mas- 

s i v e  gauge bosons w i t h o u t  t h e  need o f  i n t r o d u c i n g  f a m i l i e s  o f  s c a l a r  

p a r t i c l e s  t o  spontaneously break t h e  gauge symmetry. Issues l i k e  t h e  

p roo f  o f  t h e  r e n o r m a l i s a b i l i t y  and u n i t a r y  f o r . t h i s  k i n d  o f  extended 

gauge t h e o r i e s  have been completed f o r  t h e  U (1 )- case. The non-Abel i a n  

v e r s i o n  i s  s t i l l  l a c k i n g  a b e t t e r  understanding o f  the  s t r u c t u r e  o f  the  

g l o b a l l y  conserved c u r r e n t s  t h a t  a r e  p resen t  i n  t h e  theory  a long w i t h  

the  l o c a l  gauge c u r r e n t .  T h i s  would be an e s s e n t i a l  s tep  i n  the  p r o -  

gramme o f  p r o v i n g  t h a t  p o s s i b l e  unphysica l  modes c a r r i e d  by the  e x t r a  

gauge p o t e n t i a l s  e f f e c t i v e l y  decouple f rom the p h y s i c a l  ampl i tudes.  I n  

r e f .  3, t h e  Hami l ton ian  q u a n t i s a t i o n  and t h e  c o n s t r u c t i o n  o f  a  r e l a -  

t i v i s t i c  f u n c t i o n a l  i n t e g r a l  a r e  d iscussed f o r  a  m a s s i  v e  Yang- Mi  11 s  

model where two gauge p o t e n t i a l s  a r e  assoc ia ted  w i t h  a s i n g l e  non- com- 
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pact gauge group, which the author takes t o  be sL(2,C). 

I n  the case where three gauge po ten t i a l s  a re  present , we s t a r t  

by pos tu la t i ng  the fo l l ow ing  t ransformat ion laws 

where the f i e l d s  A B and F,, a re  a l l  valued i n  the L i e  algebra o f  a 
1-1' lJ 

given compact and simple gauge group G w i t h  generic t ransformat ion law 

represented by U. 

I t  i s  worthwhile t o  s t ress  here that ,  though the three poten- 

t i a l s  undergo exact ly  the same transformations, they do not  d i f f e r  from 

one another by a pure gauge. Ac tua l ly ,  by analysing the possib le gauge- 

- invar ian t  Lagrangeans b u i l t  up from A,,, B and F,,, one can checkthat  u 
they can be d is t ingu ished by the f a c t s  t ha t  they obey d i f fe rentequat ions  

o f  motion, a re  c l a s s i f  ied  by d i f f e r e n t  quantum numbers (such as mass, for 

exampl e) and ca r r y  d i  f f e r e n t  numbers o f  degrees o f  f reedom, as di scussed 

i n  r e f .  1. 

Aside from these considerat ions o f  a more physical  nature, one 

can a l so  t r y  t o  r e a l i s e  the d i s t i n c t i o n  between the po ten t i a l s  *v, B!J 
and F on more geometrical grounds. Indeed, as al ready discussed i n  re f .  

5, two among the three po ten t i a l s  ( l e t  us take A and B ) can be shown 
Ir lJ 

t o  appear i n  the four-dimensional wor ld w i t h  the transformations eq r ( l a )  

and (I b) upon spontaneous compact i f i c a t  ion o f  a higher-dimensional mat- 

t e r - g r a v i t y  i n te rac t i ng  theory. By studying the pure ly  g r a v i  t a t i o n a l  

sector o f  such a theory, i t  can be shown tha t  f o r  a non-vanishing t o r -  

sion, the v i e l b e i n  and spin-connection f i e l d s  g ive  r i s e  i n  M i n k o w s k i  

space t o  the po ten t i a l s  A and B both transforrning under the a c t i o n  
11 v '  

of  the loca l  isometry group ( the  gauge group G) o f  the interna1 compact 

homogeneous space which emerges as a so lu t i on  o f  the coupled higher-di -  

mensional equations o f  m t i o n .  

Motivated by what has been exposed i n  the previous paragraph, we 

would l i k e  i n  t h i s  work t o  t r y  t o  understand how we could t race  back the 

o r i g i n  o f  the t h i r d  po ten t i a l ,  F,,, a t  the leve1 o f  the coupled matter-  



Revista Brasileira de Física, Vol. 17, nP 3, 1987 

-g rav i t y  theory i n  more than four dimensions. Since we have e x h a u s t e d  

the geometrical s t ruc tures  tha t  p o t e n t i a l l y  contain the possib le gauge 

f i e l d s  i n  four dimensions, namely, the v i e l b e i n  and spin-connection,the 

appearance o f  the f i e l d  F can on ly  be understood i n  terms o f  the Yang- 
1-i 

- M i l l s  sector o f  h igher dimensions. A f t e r  a l l ,  Yang-Mills f i e l d s  have 

t o  be al ready present i n  the i n i t i a l  theory i f  one has t o  i n v o k e  the 

mechanism o f  spontaneous compact i f i ca t ion  t o  j u s t i f y  the interna1 sym- 

metr ies o f  the four-dimensional world. 

The D-dimensional (I)--4+K) gravi  ty-matter  coupled theory i s  de- 

scr ibed by the fo l l ow ing  se t  o f  f i e l d s :  

A 
the v ie lbe in ,  EM (2) , 

the spin-connection, 

z' 
the Yang-Mills f i e l d ,  AM (a) , 

wi t h  Lagrangean given by 

where E.= det{E;(z)), K and g are respect ive ly  the g r a v i  t a t i o n a l  and 

gauge coupl ing constants, A i s  the D-dimensional cosmological constant 

and 

RMNAB = a M  BNAB + BNAC BMcB - ( M ++ N ) , (3a) 

stands fo r  the Chr i s to f f e l  symbol and X f o r  the contors ion ten- 
MN 

sor. 

It would be wortwhi le t o  g i ve  now some explanat ion o f  o u r  c o n -  

ventions: 
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- zM denotes the  coord ina tes  o f  t h e  D-dimensional space-time, 

2 = (x',ym), where x' stands f o r  t h e  coord ina tes  o f  the  f o u r - d i m e n -  

s iona l  Mlnkowski space and ym p a r a m e t r  i s e s  t h e  i n t e r n a l  c o m p a c t  

space (m = 1,2, ..., K ) ;  
- the  midd le  a lphabet  l e t t e r s  M,N,P ,... = 1,2 ,,.., D a r e  w o r l d  i n -  

d i ces ;  

- A ,  B ,  C, ... = 1,2 ,..., D a r e  l o c a l  frame l a b e l s ;  

- 2, 3, k a r e  the  i n d i c e s  o f  the  a d j o i n t  r e p r e s e n t a t i o n  o f  t h e  

Yang-Mi 1 1 s gauge group G. 
N o t i c e  t h a t  i n  o u r  d e f i n i t i o n  eq. (3b)  o f  t h e  Yang-Mi l ls  f i e l d  

s t r e n g t h ,  we have w r i t t e n  the  c o v a r i a n t  d e r i v a t i v e ,  d e s p i t e  t h e  a n t i -  

syrnmetry i n  t h e  i n d i c e s  M and N. The reason i s  t h a t  we a r e  going tocon-  

s i d e r  the  general case o f  a  non- vanish ing 

so t h a t  the  connect ion c o e f f i c i e n t  do n o t  

lower ind ices ,  

t o r s i o n  tensor ,  
A 

T~~ 

(M++N) , (4)  

exhi  b i  t symmetry i n  t h e i  r two 

'NOW, suppose t h a t  the  m a t t e r  f i e l d s  (here, the  ~ a n g - ~ i  11s f i e l d s )  

coupled t o  the  g r a v i t a t i o n a l  degree o f  freedom induce t h e  mechanism o f  

spontaneous ~ o m ~ a c t i f i c a t i o n ~ ' ~ ,  t h a t  i s ,  t h e  equat ions o f  m t i o n  o f  the  

coupled system f a c t o r i s e  t h e  ground s t a t e  geometry accord ing  t o  M~ X 8 ,  

where M4 i s  the  four- dimensional  Minkowski space and 8 i s  a  K-dimen- 

s iona l  compact Riemannian man i fo ld .  For exarnple, i n  the  case i n  which 

$( i s  a compact homgeneous space o f  the form 8 = G/H, i t i s  s u f f  i c i e n t  

t o  consider  an H- i n v a r i a n t  Yang-Mi 11s background con f  i g u r a t i o n  t o  ensure 
K 

spontaneous c o m p a c t i f i c a t i o n  on G/H " l n  such a  case, B i s  i n v a r i a n t  

under t h e  l e f t - a c t i o n  o f  the  compact L i e  group G and such t h a t  any o f  

i t s  p o i n t s  can be t ransformed i n t o  any o t h e r  by the  a c t i o n  o f  the  e l -  

ements o f  G. 

The c o m p a c t i f i c a t i o n  ansatz a c t u a l l y  c o n s i s t s  i n  t a k i  n g  o u r  

background f i e l d  c o n f i g u r a t i o n s  g iven  by: 

Z 
<A ( z )>  = O , 

Fi 
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and 

where 8;(x;y) denotes the v i e l  bein o f  the i n te rna l  mani fo ld #. Here, 

a  and a label  the frame indices o f  the externa1 non-compact and i n te rna l  

compact spaces respect i v e l  y. A 
The background geometry spec i f  i ed  by <EM has the usual 

Poincaré syrnmetry.lts loca l  G-invariance cons is ts  o f  x-dependent l e f t -  

- t rans la t ions ,  

and loca l  frame ro ta t i ons  i n  8. The combination o f  coordinate t rans- 

forrnations and frarne ro ta t i ons  leav ing the v i e l b e i n  form- invar iant  i s  

ca l  l ed  an isomet'ry. 

Under the isornetries o f  the i n te rna l  manifold, the fo l l ow ing  

t ransformat ions hold
7
:  

and 

g (x) be 

space . 
ing  a  t ransformat ion o f  the group G as the po in t  x  o f  Minkowski 

In f in i tes i rna l  l y ,  the isometries o f  B~ are s p e c i  f i e d  by the 
i 

K i l l i n g  vectors, (i i s  the index o f  the a d j o i n t  representa t ionof  the 

isometry group G), and a  c e r t a i n  numQer o f  parameters known as K i I  l ing 

angles. 

Now, some care has t o  be taken i n  consider ing the background 

con f i gu ra t i onso f  the Yang-Mills f i e l d .  They could, i n  principie, break 
K 

the isometrygroupG o f B  , but t h i s  i s  exact ly  what we would l i k e  t o  

avo idJhe reason  i s  tha t ,  as discussed i n  r e f .  5, the four-dimensional 

po ten t i a l s  A and B o f  eqs. ( l a )  and ( I b ) ,  which come from t h e v i e l b e i n  u Fi 
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and spin-connection, a re  gauge po ten t i a l s  o f  G, which appears as the 

four-dimensional gauge group by v i  r t u e  o f  t h e  s p o n t a n e o u s  com- 

p a c t i f i c a t i o n  the theory undergoes. Therefore, we should take the Yang- 

- M i l l s  background conf igura t ion  i n  such a way t o  s t i l l  g u a r a n t e e  tha t  

the whole G be the four-dimensional Yang-Mills gauge group. 
t 

I n  order t ha t  the conf i gu ra t i on  F ( x ; y )  respect the isometry 
m 

group o f  $(, one has t o  consider sui  t ab le  gauge t ransformat ion of  , 
-i which combined wi t h  the isometry t ransformat ions o f  #, leave ~,(z;y) 

i nva r i an t  i n  form. By consider ing the ac t i on  o f  an isometry, 

i n  assoc ia t ion  w i t h  a &transformation, 

- 
i t  i r  possib le t o  have a b a c k g r o ~ n d / T i , ( ~ ; ~ )  which dqes not  break the 

isornetry group. For t h i s ,  one can f i n d  a gauge t r a d f o r m a t i o n  u which 

i s  g-dependent ( recal  1 t ha t  one +s y -+ y '  = F(CJ(X) ;s ) )  and compensates - 2' the isometry transforrnation o f  ÃZ However, one should stress tha t  A, m' 
breaks the Yang-Mi 1 1  s group 5. 

Once the background geometry has been set ,  we can w r i t e  t ha t  

the f i e l d s  o f  the theory are  s p l i t  according t o  

and 

where the 6 's indi'cate f l uc tua t i ons  around the respect ive b a c k g r o u n d  

conf igura t ion .  As concluded i n  r e f .  5, the four-dimensional gaugepoten- 

t i a l s  A and B are located i n  the space-time components eU'(x;y) and 
1J Fi Fi 

B~O'Ú;~)  o f  the v i e l b e i n  and spin-connection. 
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A 

i 
The higher-dimensional gauge po ten t i a l  AM (2) can i n t r o d u c e  

2' 
another four-dimensional gauge potent ia1 through i t s  component A (x;y) . 

Fi 
This can be seen from the f a c t  t ha t  under an x-dependent - t  r a n s f o r -  

mation, u (x ) ,  i t  transforms as 

5 
Under the same transforrnation, the cornponent A ~ ( X ; Y )  changes homogen- 

eousl y according t o  
4. 

corresponding t o  scalar  modes o f  the four-dimensional world. Therefore, 

the component o f  the higher-dimensional gauge f i e l d  t ha t  i s  re levant  f o r  
2' 

whak we wish t o  do i s  A (x;y) :  i t  c a r r i e s  s p i n - 1  and t r a n s f o r m s  u 
i nhomogeneousl y under u ( x )  , a gauge transformat ion  o f  c. 

Now, the w?le problem l i e s  i n  the fo l l ow ing  question: could 
z i 

we e x t r a c t  ou t  o f  A (x;y) a four-dimensional mode, F (x), transforming 
Fi Fi 

under the i rometry group G o f  $ ! To be convinced tha t  t h i s  i sposs ib le ,  

one should def ine  the po ten t i a l  A ' ( X ; ~ )  i n  terms o f  the fo l lowing mode 
Fi 

expan s i on : 

i 
where F (x) represents a vector  f i e l d  propagating i n  f o u r - d i m e n s i o n a l  

1-i 
space-time. With such a decomposition, one can check tha t  t h e  v e c t o r  

i 
modes represented by F (x) behave as add i t i ona l  gauge modes: they t rans- 

Fi 
form i n  the a d j o i n t  representat ion o f  the ( l e f t - )  isometry g r o u p  a c -  

where g (x )  i s  a l e f t - i somet ry  t ransformat ion.  

Br inging t h i s  conclusion together w i t h  the r e s u l t s  o f 5 ,  one can 

f i n a l  l y  s t a t e  t ha t  a coupled gravi ty-Yang-Mi l ls  (4+~)-dimensional  theory 

may, under special ansatze, compactify on a K-dimensional homogeneous 
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space GIH and g i ve  r i  se t o  three fami 1 i es  o f  four-dimensional gauge po- 

t e n t i a l s  a l l  transforming under the a c t i o n  o f  a comrnon compact  gauge 

group, G, according t o  the t ransformat ion laws eqs. ( l a ) ,  ( I  b) and ( lc) .  

The gauge po ten t i a l s  A ( x )  and B (s) or ig ina tes  from the grav i ta t iona l  
Fi )-i 

sector, whereas the po ten t i a l s  F ( x )  comes from the Yang-Mills sector  
Fi 

o f  the higher-dimensional theory. 

Though i t has not  been our purpose here t o  discuss the issue 

o f  how the i n i t i a l  gauge group G breaks through the compact  i f i c a t  i o n  

mechani sm, one can say t ha t  the f i n a l  gauge group o f  the e f f ec t i ve  four -  

-dimensional theory w i l l  be o f  the form G x G, where c? i s  the unbroken 

subgroup o f  c. However, i t i s important t o  s t ress  (and t h i  s i s the t rue  

m t i v a t i o n  o f  our work) t ha t  the three fam i l i es  o f  gauge p o t e n t i a l s  A u '  
B and F transform i n  the a d j o i n t  representat ion o f  the fac to r  G and 
Fi Fi 

do not  su f fe r  the a c t i o n  o f  the remnant o f  the higher-dimensional gauge 

group G. 
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