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Abstract We discuss t h e  i n t r o d u c t i o n  o f  a  term depending on t h e  e x t r i n -  
s i c  c u r v a t u r e  t o  t h e  s t r i n g  a c t i o n ,  and r e l a t e d  non l i n e a r  sigmamodels 
def i ned on a  symmetr i c  space SO (D) /S0 (2) x SO ( D- 2 ) .  Coupl i n g  t o  fermions 
a r e  a l s o  t r e a t e d .  

S t r i n g  t h e o r i e s  have been used t o  understand low energyphenom- 

enology t h e  so c a l l e d  o l d  dual modes (which rnust a c t u a l l y  be descr ibed  

us ing  t h e  L i o u v i l l e  theory  t o  a v o i d  t h e  c r i t i c a 1  dimension),as w e l l  as 

c r i t i c a l  phenornena. However, t h e  most e x c i t i n g  p o s s i b i l i t y  i s  the  de- 

s c r i p t i o n  o f  a11 elernentary i n t e r a c t i o n s  f rom a u n i f i e d  (super) s t r i n g  

p o i n t  o f  view. 

The s t a r t i n g  p o i n t  o f  s t r i n g  theory  ( i n  t h e  bosonic  c a s e )  i s  

t h e  Nambu-Goto a c t i o n  

where 

We have adopted an euc l idean  f o r m u l a t i o n  which i s  more s u i t a b l e  t o  t h e  

c o n s t r u c t i o n  which w i l l  f o i  low. The c o n s t r u c t i o n  o f  t h i s  f i r s t  p a r t  'is 

due t o  POI yakovl. 

Th is  work was p a r t i a 1  l y  supported by CNPq and FINEP ( ~ r a z i  l i a n  Govern- 
ment ~ g e n c i e s )  . 
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The equat ion2 

i def ines Kab , where r i s  the C h r i s t o f f e l  symbol , and ( ~ ~ 1 ,  i  = 1 , .  . .,D-2 

i s  a se t  o f  D-2vectors perpendicular t o  the wor ld sheet: 

The i n t r i n s i c  curvature i s  g iven by 

The Gauss-Bonnet 

s ions 

( 3 )  

theorem s ta tes  tha t  the E ins te in  ac t i on  i n  two dimen- 

i s  a topological  quanti t y ,  the integrand being a t o t a l  divergence. As 

a consequence i t  does not  con t r i bu te  t o  the p a r t i t i o n  func t i on  (a t  l eas t  

i n  per turbat ion  theory) . However, the Nambu-Goto ac t i on  can be modif ied 

t o  

1 i b  i a  d 2 ~ G + - \ d 2 5 4  2f I$, g (5) 

since the second term i s  conformal ly  i nva r i an t  i n  D dimensions. 

Le t  us discuss the new term i n  more d e t a i l .  We sha l l  use the 

orthogonal gauge 

Fi a x a x  = g a b -  a  b l i  - P6ab ( 6 )  

I t i s  possib le t o  rewr i  t e  the new term i n  other forms. We compute 

where 
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Subst i t u t  ing t back we have 
!Jv 

L = fi /gab aat,,vabt,,v 

= 1 gabEcdcef taaaex,,azvaeagxsai(v + acx, ,aaa~abaex, ,a~v 
6 

where eq .  ( 2 )  has been used .  

The r 's j o i n  i n  a term propor t iona l  t o  

b (rabc) - (ra b ) 2  

which i s  zero i n  the conforma1 gauge. For the K ' s  we have 

1 ab Eed Eef L = -  . K i  K i  
G~ 2.gdf a e b e 

We conclude w i t h  the  equa l i t y  
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We can a l so  prove equivalence ó f  the prev ious ly  def ined a c t i o n t o a  s ig -  
ik 

ma rnodel ac t ion .  I f  we def ine  a  gauge f i e l d  Aa by 

then we have 

This model i s  def ined on a symmetric space SO(D)/{SO(~) d s O ( D - ~ ) ) .  I t  

i s  not  d i f f i c u l t  t o  see tha t  w e  have the equa l i t y  

i b i a  1 .r d25 J g  K a K = .r d2< J g  1- aa 
J9 

At the conforma1 gauge, the ac t i on  turns 

6 Fba,xv 1' 

ou t  t o  be: 

We shal l compute  t h e  one loop renormal i z a t i o n  constants o f  

the above theory. 

I f  we s p l i t  the f i e l d s  i n t o  slow and f a s t  components, we can 

in tegra te  out  the f a s t  components, analogously t o  the background f i e l d  

method: 

where 

Cons ider 

where 
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We f i n d  t h e  p r o p a g a t o r s .  

At zeroth 
loop order,  we read o f f  eq. (16) t ha t  

We must f i n d  the X -two po in t  funct ion.  To do so, we in tegra te  
1 

out  X,: 

The l a s t  term cont r ibu tes ,  i n  momentum space, as 

where aa<abt  = po 6& has been used. 

I n  order  t o  compute the h,-propagator we j u s t  take the inverse 

(see eq. (23) f o r  f u r t h e r  de ta i  1s); 

cd <kbAab (k) kdXl ( -k)> = - Ik- gac fo 
1 

0: 

We can compute the 1-loop X1-propagator 
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Rela t ion  (21) provides a f i r s t  counterterm t o  S o ,  when subs- 

t i tu tec i  i n  5':) D:) i s  t rea ted as a pe r tu rba t i ve  marr, i n  the sense 

tha t  5'g) has higher order der ivat iver ] .  

which i s  a f i r s t  counterterm. 

We come back t o  

Using the decornposition 

We can read o f f  the propagators 

<Ja(k)fb(-k)>= - &ab 

and from the diagram 
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we f ind the i n teg ra l  ( a t  each v e r t e r  f h e r e  i r a factorb:) depending on 

The counterterm reads 

The one loop e f f e c t i v e  ac t i on  i s  g iven by the expression 

Renorrnalization i s  achieved by 

I t  i s  important t o  note tha t  

PhysicaZ Interpretution 

I f  there i s  no (non t r i v i a l )  f i xed  po in t ,  then <hab> = gab, 

rneaning tha t  the increase o f  the coupl ing constant w i l l  be stopped by 
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-- 1/2 
the forrnation o f  the average Lagrange r n u l t i p l i e r .  As i t  turns out ,X  

i s  a c o r r e l a t i o n  length f o r  the  norrnals t o  the s t r i n g  surface. 

The e f f e c t i v e  ac t i on  i n  the i n f ra red  region i s  g iven by 

which leads 

which canno 

t o  the L i o u v i l l e  theory3. The s t r  

t be made zero by ad jus t ing  p o .  Th 

ing  tension i s  g iven by X, 
i s  i s  the creased s t r i n g ,  

and the Regge t r a j e c t o r i e s  are  s t r a i g h t  1 i n e s .  

QCD and I s i ng  s t r i n g s  do not  belong t o  the above class,  s ince 

they must present c r i t i c a l  behavior, and must go t o  zero, wi t h  a c r i  t i -  

ca l  e x p o n e n t  d e f i n e d  by theanomalous dimension. Thecorresponding 

s t r i n g  must be smooth. 

It i s  conceivable t ha t  a 8 term could induce non pe r tu rba t i be  

con t r i bu t  ions t o  the 6-funct ion  through instanton;, generat ing  a non 

t r i v i a l  zero. 

ReZated sigma modets 

Suppose tha t  an SO(D) valued f i e l d  g i s  given, t r a n s f o r r n i n g  

under a gauge group H =  SP(D-P)  C3 SO(P). That f i e l d  can be w r i t t e n  

under the f o l  lowing form (Z and Y are  rectangular  rnatrices) 

g = ('DW 'DBD-P 1 ( 3 3 )  

fn the case o f  i n t e r e s t  P = 2. The previous f i e l d  ni wi 1 1  correspond 
?J 

t o  Y above. The gauge symmetry i s  implemented by the gauge f i e l d  

and the ac t i on  i s  def ined by 

1 s = 5. tr \ d25 9 D,,g 

where 
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Using t h e  symmetric space c o n s t r a i n t s  

we have i d e n t i t y  

where 

I t  f o l l o w s  t h a t  t h e  theory  c o n t a i n i n g  n (namely Y .  ) can be i z 
rep laced by t h e  theory  c o n t a i n i n g  Zi, i = 1,2. 

We s h a l l  work wi t h  t h e  complex f i e l d s  Z, and 3 def  ined by 

i n  terms of which t h e  f o l l o w i n g  c o n s t r a i n t s  h o l d  

w h e r e  we i n t  r o d u c e d  a  coupl i ng  cons tan t  fo/D. The p a r t i t i o n , f u n c t i o n  

can be d e f i n e d  by 

where D = ap + i/fi lu, and the  f i e l d s  a, B, B implement t h e  con- 
!J 

s t r a i n t s  eq, ( 3 9 ) ,  and X 1 i n e a r i z e s  the  2-f i e l d  equat ion.  
!J 

Imposing t h a t  the  vacuum expec ta t ion  v a l u e  o f  vanishes ( o r  

e q u i v a l e n t l y ,  g i v e s  the  mass m2) we have' 
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Rewri t i n g  f + f D / 2  t o  compare wi  t h  t h e  p rev ious  r e s u l  t, we have (compare 

w i t h  eq . (31) ) :  

Moreover we can compute t h e  X propagator  by s u m i n g  t h e  one u 
loop,  Z-diagrams, which i s  e q u i v a l e n t  t o  t a k i n g  D+m: 

where 

A í p )  = 
1 

2 . ~ r J p ~ ( ~ ~  + 4m2)' 

The above i m p l i e s i n  a massless po le .  I t  f o l l o w s  t h a t  Z i s  con f ined ,  and 

a normal t o  t h e  s t r i n q  w o r l d  sheet cannot be d e f i n e d  a t  f i n i t e  separ- 

a t i o n .  The s t r i n g  i s  severe ly  creased, conf  i rming p rev ious  r e s u l  t s 4 .  

A s imp le  t o y  model (non ~ u ~ e r s y m m e t r i c )  i s  g i v e n  by (seecomment 

b e f o r e  eq. (48). and ref . (5) ) .  

Using t h e  sane techniques, we can compute t h e  1 two-point  f u n c t i o n .  The u 
fermion c o n t r i b u t i o n  i s  g i v e n  by a cons tan t  ( I h ) ,  which i s  t h e  usual 

anomal y 
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impl y ing disappearance of the massl ess pol e. 

However we have yet similar conclusions 

with a non zero mass gap (mass transmutation), implying short distance 

correlation, and the string i s  creased, implying Regge behavior. 

It can be proved that thea-model is integrable5, and the S- 

-matrix is known up to bound state poles. 

Generally, non'linear sigma models interacting with fermions can 

be defined in a geometrical way, considering the fermion as belonging 

to some representation of the gauge group H '. In the previous case $ 

belongs to the di rect representation. I t has been proved tha t i f X 

belongs to the adjoínt representatíon, then there is a supersymmetry 

transformation leaving the action invariant. The usual supersymmetric 

partner is 'def ined by 

$=a (48) 

where 
g = (z Y) 

obeys the previous constraints eq.(36). 

However, we have now extra constraints defining the fermionic 

interaction, which arise as follows. 

The field x is related to $ as 

is the adjo 

impose the 

int representation of the gauge group SO(P) @sO(D-P), 

constraints5 

(49) 

and 
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a1 so 

The supersymmetric lagrangian reads 

with the supersymmetry transformations given by 

The fol lowing set of  identi ties can be deduced using eqs. (36) 

and (50): 

Sx = i iT+2 + f G T q Y  + ~ Z y U J , ~ 2  + iYy",, qY 

(53 1 
where 

Using the identities 

~i~ = (zz+ + yy+)ijiY = zz+$Y = -zii2+y í54a) 

we have 
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and it follows that 

The conclusion is that the full action may be written com- 

pletely in terms of Zand $', or equivalently Y and @ as below: 

with the constraints 

and similarly for Y and 9 respectively. 
The forces in this model are all short ranged: 

The supersymmetric string is also creased, with Regge behavior. 

On shell scattering can be def ined, and computed (up to bound state 

pol es) 
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The 6-funct ion 'has the same previous value 

The model can be coupled t o  loca l  supersymmetry, w i t h  s i m i l a r  

conclusions, the on ly  d i f f e rence  being a long ranged grav i ton  and gravi- 

t i n o  f ie lds .  

The onl  y d 

mions and the purely 

f o rce  i n  the bosonic 

tens ion . 
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