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Abrtract A m a t r i c i a l  approach f o r  the Dirac-Kahler for;mal i sm i s c o n -  
sidered. I t  i s  shown tha t  the m a t r i c i a l  approach i )  b r ings  a great  com- 
puta t iona l  simpl i f i c a t i o n  compared t o  the common use o f  d i  f f e r e n t i a l  
forms and tha t  i i )  by an appropr iate choice o f  no ta t ion ,  i t can be ex- 
tended t o  the l a t t i c e ,  inc lud ing a ma t r i x  Dirac-Kahler equation. 

1. INTRODUCTION 

The Dirac-Kahler formalism has been invest igated by some authors. 

The most extensive study on the subject  has a p p e a r e d  i n  t h e  work  o f  

Becher and ~ o o s '  where the formalism i s  discussed i n  the l i g h t  o f  d i f -  

f e r e n t i a l  forms w i t h  very l i t t l e  a t t e n t i o n  t o  the m a t r i c i a l  approach. In  

add i t ion ,  the study o f  the Dirac-Kahler formalism on the l a t t i c e  has not  

been considered i n  the ma t r i c i a  l approach. 

I n  t h i s  paper we intend t o  review the Dirac-Kahler formalism ac- 

cording t o  the m a t r i c i a l  approach. I t  w i l l  be shown tha t  t h i s  approach 

provides a great  computational s i m p l i f i c a t i o n .  I n  p a r t i c u l a r ,  i t  i s  very 

useful  i n  ob ta in ing  proofs and o ther  resu l t s  where long and tedious c a l -  

cu la t i ons  are required by the d i f f e r e n t i a l  form approach. 

The D i  rac-Kahler d i f f e r e n t i a l  formal ism, through the equivalence 

between the Dirac-Kahler equation and the usual Dirac equation, has as- 

sumed relevance by a l lowing the study o f  fermion f i e l d s  using a n t i s y m -  

met r ica l  tensors associated t o  d i f f e r e n t i a l  f ~ r m s ~ ' ~ .  But t h i  s  conse- 

quence has become more important because the  l a t t i c e  fermion energy de- 

generacy"4'5 can be solved i n  a natura l  way i n  the l a t t i c e  Dirac-Kahler 

formal ism. ' x 

The l a t t i c e  f i e l d  theory has become very important mainly a f t e r  

app l ica t ions  t o  Q C D ~ ,  which o f f e r  many important resu l t s ,  as f o r  example, 

quark confinement, through Monte Carlo s imulat ions7.  
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I t  i s  bel ieved tha t  the Dirac-Kahler formal ism o f f e r s  a proper 

mathematical s t ruc tu re  f o r  the l a t t i c e  f i e l d  theory developments. 

There i s  a po in t  t o  be mentioned: when we demnst ra te  the equi- 

valente between the usual D i  rac and the Dirac-Kahler equations, t h i  s 

equivalence i s  t r ue  on l y  a f t e r  the minimal l e f t  ideal  reduct ion o f  t h e  

d i f f e r e n t i a l  form space. This i s  because the four  dimensional d i f f e r e n-  

t i a 1  form space i s  equivalent  t o  the 4x4 ma t r i x  space, and the m i n i m a l  

l e f t  ideal  reduct ion corresponds t o  the column ma t r i x  reduct ion o f  t h e  

ma t r i x  space, each column represent ing a Dirac spinor.  

We know tha t  a general d i f f e r e n t i a l  form def ined i n  a four-di-  

mensional space has 32 degrees o f  f reedom, whi l e  a D i  rac spi nor has 8. 

However, the ma t r i x  equivalent  t o  a general d i f f e r e n t i a l  form has exac- 

t l y  the same 32 degrees o f  freedom, hence there i s  the necessí ty tomake 

a reduct ion i f + w e  intend t o  represent a Dirac spinor by a d i f f e r e n t i a l  

form: Otherwise, we can p r o f i t  from t h i s  degree o f  freedom redundance , 
as f o r  example i n  the supe r f i e l d  formalism8, where we may represent the 

N=8 extended supersymmetric charges by 4x4 complex matrices. This sug- 

gests t h a t  we can b u i l d  the ~ = 8  supe r f i e l d  on s u p e r s p a c e  where t h e  

spinor cooqdinates are  elements o f  the 4x4 complex mat r ix .  Actually,one 

purpose o f  t h i s  w r k ,  e x a l t i n g  the ma t r i x  representation, i s  j u s t  t o  

prepare f o r  the study o f  t h i s  p o s s i b i l i t y .  We can f o r e s e e  tha t  from 

ch i  r a l  reduct ions we can obta i n  the severa 1 N=8 supersymmetr i c  represen- 

ta t ions ,  a t  same time tha t ,  from fermionic var iab les  reduction, calcu- 

l a t i o n s  may become feas ib le .  

1 " -  t h e  s t u d y  o f  ma t r i x  representat ion,  the p o s s i b i l i t y  has 

appeared t o  extend i t  on the l a t t i c e ,  which hasn' t  been done a t  present 

because the l a t t i c e  basis elements don ' t  s a t i s f y  the C l i f f o r d  algebra. 

However, we can extend the ma t r i x  representat ion t o  the l a t t i c e  i f  we 

def ine  the e x t e r i o r  product and cont rac t ion  t o  ac t  on Dirac matr ices i n  

much the same way as they a c t  on d i f f e r e n t i a l  forms. While i t  makes ob- 

scure the f i e l d  geometric i n te rp re ta t i on
g
,  there i s  simpl i f i c a t i o n  f o r  

ca lcu la t ions .  

The plan o f  t h i s  paper i s  as fo l lows:  i n  sec t ion  2 the mathe- 

mat ical  p r e l  iminar ies are  given, where def i n i t i o n s  and nota t ions  are  es- 

tabl ished.  Section 3 i s  concerned w i t h  the study o f  the continuum Dirac-  
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Kahler  formal ism i n  a m a t r i c i a l  approach. The Lorentz  t rans fo rmat ions ,  

t h e  s c a l a r  p roduc t  and c u r r e n t s  a r e  a l s o  considered.  I n  s e c t i o n  4, t h e  

m a t r i c i a l  approach f o r  t h e  Di rac-Kahler  fo rma l i sm i s  extended t o  t h e  

l a t t i c e ,  and t h e  m a t r i x  Di rac-Kahler  f i e l d  equat ions on t h e  l a t t i c e  a r e  

ob ta  ined. 

T h i s  work i s  p a r t  o f  the  a u t h o r l s  d o c t o r a t e  thes is1°  presented 

a t  t h e  I n s t i t u t o  de F í s i c a  Teór i ca  - São Paulo. 

I am g r a t e f u l  t o  Dr. Wa ld i r  L e i t e  Roque f o r  u s e f u l  d i scuss ions  

as w e l l  as f o r  t h e  E n g l i s h  t r a n s l a t i o n .  To P r o f .  A. H. Zimerman and H. 

A ra tyn  my thanks f o r  u s e f u l  d iscuss ions.  

2. MATHEMATICAL PRELIMINARES 

L e t  us cons ider  t h e  f o u r  dimensional Minkowski spa'ce w i t h  t h e  

m e t r i c  gUv = d i a g ( + l ,  - 1 ,  -1, - 1 ) .  For t h e  D i r a c  mat r i ces ,  which as  we 

know, s a t i s f y  the  C l i f f o r d  a lgebra  

and generate the  16 dimensional C l  i f f o r d  space, we s h a l l  use t h e  Weyl 

rep resen ta t ion .  A s u i t a b l e  cho ice  f o r  t h e  bas is  o f  t h i s  C l i f f o r d  space 

i s 

and so 

U l  < v 2  < . v 3  < "' 

s a t i s f y  t h e  or thogonal  i t y  and completeness r e l a t i o n s ,  respec t i ' ve ly  

and 
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where 

and 

H 
Thus any 4x4 matr ix ,  $, can be expanded i n  terms o f  l' as 

Any d i f f e r e n t i a l  form can be w r i t t e n  as 

H 
where the bases {h 1 and {hH) are def i ned as 

hP1 n df2 , ... 1 

H 
The coeff i c i e n t s  @H(x) and @ (x) a re  given by 

and 

w i t h  111 < p 2  < 113 <... . I f  we introduce the symbol E ~ ~ ,  which i s  s imi-  

l a r  t o  a truncated completely antisyrnmetric Lev i - C iv i t a  tensor w i t h  the 

value +I f o r  E ... when p1 < p2 < p 3  < .,. and i nve r t i ng  the s ign 
111p2p3 

f o r  each permutation between two o f  the indices, we can define the ex- 

t e r i o r  product and cont rac t ion  as 

and 
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respect ively.  Here, H and K are ordered sets o f  indices and HAK i s  the 

symnetrical d i f fe rence which contains the elements o f  H and K tha t  do 

not  appear simultaneously i n  H and K. We a l so  use the other f a m i l i a r  set 

theory operations. 

Because the elements ( indices) o f  H and K are  ordered, then f o r  

H = {  ) o r K = {  3,we have 

E+,K = EH,$ = + I . 

Also, the con t rac t i on  w i t h  the upper ind ices  gives 

which obvious l y  s a t i s f i e s  the usual d e f i n i t  

e' J hV = gllV 

With the e x t e r i o r  product and contract ion,  l e t  us def ine  the 

C 1  i f f o r d  product 

I t  i s  easy t o  see tha t  the elements hFi provided w i t h  the C l  i f f o r d  pro- 

duct, v, generate the C l  i f f o r d  algebra 

dX' v dZv + h" V da:' = 29PV * 

i n  a s i m i l a r  way t o  the Dirac matrices, y' (w i t h  the usual ma t r i x  mul- 

t íp l  i ca t i on ) .  

At  t h i s  point, i t  i s  convenient t o  de f ine  ma t r i x  operations anal-  

ogous t o  the d i f f e r e n t i a l  form operations. More d e t a i  1s o f  t h i s  a l -  

gebraic s t ruc tu re  i n  the abst rac t  vector  space, r e f e r r e d  t o  a s  the 

Kahler-Atiyah algebra, can be seen i n  the works o f  W. ~ r a f '  and Benn 

and ~ u c k e r ~ .  With t h i s  purpose, we def ine  the ma t r i x  e x t e r i o r  product 
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and cont rac t ion  

The usual ma t r i x  product i s  g iven by the sum 

which i s  equiva 

Vhe su 

l e n t  t o  the d i f f e r e n t i a l  form C l i f f o r d  product. 

i tab le  arrangement f o r  the bases 

and 

leads us t o  def ine  the r i g h t  ma t r i x  e x t e r i o r  product and cont rac t ion ,  r e - -  

spect ivel  y 

r~ A = ' v , ~  r ~ ~ v ;  (2.18) 

and 

w i t h  the ma t r i x  product 

Having introduced these mathernatical too ls ,  l e t  us see how the 

m a t r i c i a l  approach can s i m p l i f y  rnatters. 

3. l H E  CONTIMUUM DIRACXAHLER FORMALISM 

In  t h i s  sect ion we review some aspects o f  the m a t r i c i a l  vers ion 

o f  the continuum Di rac-Kahler formal i sm as introduced by Becher and h s l ,  

whose framework we w i l !  f o l l ow .  
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The Dirac-Kahler  f i e l d  equat ions w r i t t e n  i n  terms o f  d i f f e r e n -  

t i a 1  forms a r e  g iven  by 

where 

i s  a  general d i f f e r e n t i a l  form, which con ta ins  

degrees o f  freedom. The Di rac-Kahler  o p e r a t o r  i s  d e f i n e d  by t h e  e x t e r i o r  

d i f f e r e n t i a t i o n  

d = d s F i ^  a 
1-i 

(3.4) 

and i t s  a d j o i n t  

Thus 

The Hodge s t a r  o p e r a t o r  * a c t s  on t h e  b a s i s  elements o f  t h e d i f -  

f e r e n t i a l  forms space, and t h e  d e f i n i  t i o n  g iven  by Becher and JOOS' i s  

enough f o r  our  purposes. 

I n  some sense, a p a r t  f rom a h igher  number i n  t h e  d e g r e e s  o f  

freedom, t h e  d i f f e r e n t i a l  Di rac-Kahler  equa t ion  i s  e q u i v a l e n t  t o  t h e  

usual D i r a c  equat ion.  To show t h i s  equiva lence,  we use t h e  a u x i l i a r y  

b a s i s  f u n c t i o n s  Z which connect t h e  d i f f e r e n t i a l  form v e c t o r  spaceand 
ab 

the  m a t r i x  v e c t o r  space, 

such t h a t  the  genera l  d i f f e r e n t i a l  form (3.2) can be w r i t t e n  as 
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N o t i c e  t h a t  t h e  a u x i l i a r  b a s i s  f u n c t i o n  Z cannot be seen as a m a t r i x  

w h i l e  b a s i s  o f  d i f f e r e n t i a l  form space, b u t  as a s e t  o f  d i f f e r e n t i a l  

forms z d e f  ined on each m a t r i x  component. 
ab 

From the  or thogonal  i t y  eq. (2 .4) ,  we o b t a i n  

which i n s e r t e d  i n t o  eq. (3.8) r e s u l  t s  

where 
1 = r ;  t r [ rH+(x ) ]  . (3.11) 

N o t i c e  t h e  s i m i l a r i t y  between t h e  m a t r i c i a l  expansion and the  genera l  

d i f f e r e n t i a l  form (3.2) .  Here + i s  a 4x4 m a t r i x  w i t h  t h e  same degreesof 

freedom as the  genera l  d i f f e r e n t i a l  form, Suppose t h a t  the  4 x 4  m a t r i x  

+ (x )  i s  e q u i v a l e n t  t o  the  d i f f e r e n t i a l  form @ ( x ) ;  f rom now on we w i l l  

denote t h i  s equiva lence by 

@(x)  - +(c) . 

F i x i n g  H and d e f i n i n g  $ = 1 i n  eq.(3.10), we o b t a i n  t h e  equ i -  
H 

v a l  ence 

d3C - rH 
(3.13) 

and a l s o  From e a r l  i e r  d e f i n i  t i o n s ,  

Using these equiva lence i n  the  Di rac-Kahler  eq. (3.1), we ob- 

t a i n  
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which shows the equivalence between the D 

D i  rac-Kahler d i f f e r e n t i a l  form equation 

(d-6)$ = O - y% 

Including a mass term, we have 

rac ma t r i x  equation and the 

J , = o  . 

Not ice tha t  the equivalence (3. 

f e r e n t i a l  forms and 4x4 matr ices.  This 

take i n t o  account t ha t  the d i f f e r e n t i a l  

12) and (3.15) are  between d i f -  

i s easy t o  understand when we 

form space d i f i n e d  by the 16 
H dimensional basis (h ) i s  a C l i f f o r d  space analogous t o  the 16 dimen- 

H 
sional  ma t r i x  space def ined by the basis {r 1. 

I f  we wish t o  take i n t o  account a one-to-one equivalence between 

the Dirac spinors and d i f f e r e n t i a l  forms, we must take the minimal l e f t  

idea ls  reduced d i f f e r e n t i a l  form space, equivalent  t o  the column ma t r i x  

space. So, the general d i f f e r e n t i a l  form and i t s  4x4 mat r ix  equivalent  

contain four Dirac spinors, t o  which we r e f e r  as the spinor four m u l t i -  

p l  i c i t y  representat ion.  

3.1 - The Lorentz transformations 

I n  t h i s  subsection we w i l l  study the proper t ies  o f  the Lorentz 

transformations"  o f  the ma t r i x  iI, which i sequ i va len t  t o  the d i f f e r e n t i a l  

form 4. Ac tua l ly ,  we transpose t o  ma t r i x  formalism the treatment which 

has been done by Becher and ~ o o s '  on the subject  i n  t h e  d i  f f e r e n t  i a 1  

form formal i sm. 

The coordinate transformations are 

v ";i = A,, zv , 
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where, due t o  the m e t r i c  invar iance ,  we have 

A,' = ( A - ' ) ~ ,  . (3.18) 

By c o n s t r u c t i o n ,  t h e  d i f f e r e n t i a l  form i s  a Loren tz  s c a l a r ,  

@ ' ( x l )  = @ ( x )  , (3 .19)  

(~'(2) = O + ( A - i )  + A (A-'x)& 
F; v 

+ I A  'A (A-'x)&' ^hv + ... 
2 1 i V P U  

= O $ ( ~ - ' x )  + ( J , ( A - ' ~ ) ( A - ~ ) ~ ~ ~ U  + 

1 + -  2 p/u ( A - ' X ) ( A - ' ) ~ ~ & ~  A ( A - ' ) ' d  F; + ... 

= +(A-'x) , (3 .20)  

which i s  e q u i v a l e n t  t o  t h e  matr 

$ '  (x)  = O @  (A- 

, i x  expansion 

Using t h e  e q u a l i t y  

A1 though eq. (3 .12)  shows an equiva lence under Loren tz  t ransform-  

a t i o n s ,  t h e  d i f f e r e n t i a l  forms and t h e  mat r i ces  t rans fo rm i n  d i f f e r e n t  

ways, see eqs. (3.20) and (3 .23) .  T h i s  .is so because i n  the  change o f  

the  coord ina tes ,  the  elements hU t rans fo rm as 
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whi l e  the Di rac matr ices y' are chosen t o  remain i n  the same represen- 

t a t i on .  

The l e f t  .matrix t ransformat ion 

ac t s  on a ma t r i x  row, 

corresponding t o  a spinor t ransformat ion i f  we consider the 4 x 4  mat r ix  

$(x) contain ing four  Dirac spinors i n  i t s  four  co lumns ,  each  co lumn  

equivalent  t o  the minimal l e f t  ideal decomposed d i f f e r e n t i a l  form. Now, 

the r i g h t  m a t r i x  m u l t i p l i c a t i o n  i s  a @suor t ransformat ion which mixes 

the four  columns, t ha t  i s, the minimal l e f t  ideal  subspaces, 

In t l i i s  sense, the Lorentz coordinate transformations induce i n t e r n a l  

t ransformat ions on the flavor space. I f  we consider the Dirac space as 

element o f  some reduced minimal l e f t  ideal ,  the flavor t ransformat ion i s  

o f  no matter .  On the o ther  hand, i f  we consider the fou rmu l t i p l i c i t i es , '  

we w i l l  have an i n te rna l  simmetry transformation, because  t h e  r i g h t  

ma t r i x  m u l t i p l i c a t i o n  does not  a f f e c t  the Dirac-Kahler f i e r d  equation. 

Nevertheless, i t  i s  not  needed 5hat each column should represent pre-  

c i s e l y  a Dirac spinor i f  we take i n t o  account the whole Lorentz t rans- 

formations. That is ,  we could represent Dirac spinors wi thout  making the 

minimal l e f t  ideal  decomposition. For example, we could make the four 

l e f t  and r i g h t  chi  r a l  decomposi t ions .  

3.2 - Scalar products and cur rents  

The ma t r i x  representat ion o f  d i f f e r e n t i a l  forms i s  very useful  

f o r  p r a c t i c a l  ca lcu la t ions .  Here we w i l l  express the scalar  productsand 
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the conserved currents i n  a matr ix notation. Let us consider two d i f -  

fe ren t i a l  forms, 

and 

with the matr ix representations 

respecti vel y .  

The scalar component o f  the C1 i f f o r d  product between $(x) and 

Z(x) i s  

When we use eq. (3.1 1 ) , we have 

Fixing 4 =Z = 1 i n  the above sum, we have 
H K  
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The general i z a t i o n  o f  eq. (3.36) i s  stra ight forward.  

The Lorentz i nva r ian t  scalar product can be convenientl y de- 

f i ned  as 

where 

E = &c0 
A h1 A d X 2 A  dX3 

This expression f o r  the Lorentz scalar  product has been introduced by 

E. Kahler i n  h i s  o r i g i n a l  work12. He a l so  introduced the generalized p- 

-product (+,Z) 
P' 

The operator 8 '  i s  an anti-automorphism, 

I n  t h i s  work we def ine  the anti-automorphism 6 t o  a c t  i n  much 
u the same way on the Dirac matrices y , 



Revista ~rasileira de Fisica, Vol. 17, no 3, 1987 

The scalar product def ined i n  eq. (3 .37)  i s  a 4-form. A general 

p-product ((,Z)p 1s def ined to give a (d-p)-for., where d i s  the space 

-time dimension. ( l n  our case, A4.). We are considering here only the 

cases p=O, scalar product, and p=l ,  vector product. The l a t t e r  i s  de- 

fined as follows 

Let us consider the action of the Hodge s ta r  operator on the 

contraction, 

From th is .  we can define a current' 

with vector components 

The action of the adjoint operator 6 ,  defined i n  eq.(3.5),  on 

the currents gives 
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which, t o  be conserved, requires 

d(@,z), = o . 
From eq . (3.42) we have 

d(@,z), = A a,, i t r { ( B $ ) ~ ~ ~ } e , ~  E 

A simple inspect ion shows tha t  

&' A ( e ,  J E) = g'v~ , 

Also, from the d e f i n i t i o n  o f  the scalar  product (3.371, we have 

leading t o  the r e s u l t  

This i s  the so-cal led Green's formula. Hence, the cond i t ion  f o r  the cur- 

ren t  conservation demands, f rom eq. (3.511, t ha t  the f i e l d s  @(x) and Z(z) 

both s a t i s f y  the Dirac-Kahler equation, This is a known r e s u l t  ; how- 

ever the m a t r i c i a l  approach has been shown t o  be very handy i n  ob ta in ing  

i t .  As another example o f  the usefulness o f  the rnatricial approach le t  

us consider the product 
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The c a l c u l a t i o n  o f  the  C l i f f o r d  p roduc t  i n  d i f f e r e n t i a l  forms i s  a very 

hard task,  though w i t h  t h e  a i d  o f  t h e  m a t r i x  represen ta t ion ,  we see 

t h a t  i t  i s  

which i s  a s imp le r  express ion.  

Here, $(x)  and ~ ( x )  a r e  t h e  rna t r i x  represen ta t ions  o f  the  d i f -  

f e r e n t i a l  forms + ( r )  and Z(x ) ,  r e s p e c t i v e l y .  The t r a c e  i s  on t h e  D i r a c  

rnat r ices products ,  and i t s  e v a l u a t i o n  i s  w e l l  known. 

4. THE LATTICE DIRAC-KAHLER FORMALISM 

For t h e  sake o f  sirnpl i c i t y ,  we use t h e  e a r t e s i a n  c o o r d i n a t e  

system, and we p resen t  some c u r r e n t  fundamental d e f i n i t i o n s .  For a com- 

p l e t e  and more p r e c i s e  d e f i n i t i o n s  we r e f e r  t h e  reader t o  B e c h e r  and 

Joos 's  work l. We must mention a l s o  t h a t  the  l a t t i c e  i s  b e t t e r  d e f  i n e d  

on Eucl i d i a n  space-time. 

The l a t t i c e  analogous o f  t h e  d i f f e r e n t i a l  form (see eq.(3.2)) i s  

t h e  co-chain, which has the  genera l  form 

where t h e  elements a r e  t h e  elementary co-cha 

ementary cha in  E, H], and de f  ined t o  s a t i  s f y  

ins ,  dual t o  the  e l -  

j u s t  t o  a l l o w  t h e  i n t e g r a t i o n  (sum) o f  the  co-chains on the  l a t t i c e  

space . 
The l a t t i c e  v e r s i o n  o f  t h e  Di rac-Kahler  equa t ion  i s  

where 
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and 
1 

A- 1i +(a) = - @(x)  - 4 (r-e')] (4.5) 
e" 

are  the up and dom f i n i t e  d i f ferences,both approaching the usual con- 

tinuum de r i va t i ve  a i n  the continuum l i m i t ,  and the element d' i s  de- ' 
fined  as the sum 

o r  i n  general, 

The symbol v means the C l i f f o r d  product operator, defined as the sum o f  

the e x t e r i o r  product and the contract ion.  The l a t t i c e  e x t e r i o r  product 

i s  def ined as a non- local operat ion by 

which leads t o  

and the cont rac t ion  by 

From t h i s ,  we have 

where we have used 

Due t o  the non l o c a l i t y  o f  the e x t e r i o r  p r o d u c t  t h e  l a t  

elements d' together wi t h  the C 1  i f f o r d  product v do n o t  s a  t i s f  y 
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C l i f f o r d  algebra. Thus we cannot define any l a t t i c e  Dirac equation i n  

mat r ix  representat ion founded on ly  on the usual ma t r i x  product. However, 

we have a way t o  int roduce a rnatr ix  representat ion on the l a t i cce :  l e t  

us def ine  the a u x i l i a r y  l a t t i c e  basis funct ions given by 

where 

Here, we w r i t e  

w i t h  the lower Lorentz indices as def ined i n  eq. (2.10), and the l a t t i c e  

elements w i t h  the upper indices, analogous t o  the c o n t  inuum e l -  
H 

rnents dx defined i n  eq.(2.9). 

A f t e r  a sirnple manipulation, we obta in  

and, i n  the new basis eq.(4.13). 

tha t  i s ,  

1 
$(x,H) = t r {$ (x ) rH1  

On the other hand, by eq. (4.151, 
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which when compared w i t h  eq.(4.16) above g ives  

$(x) = 1 @(%H) (4.19) 
H 

Th is  i s  the  m a t r i x  represen ta t ion  o f  the  co-chain. 

I n s e r t i n g  these resu l  t s  i n t o  t he  l a t t i c e  Dirac-Kahler  eq.(4.3), 

we o b t a i n  

which g i ves  the m a t r i c i a  

Fi 
Y A  

where $(x)  i s  a  4x4 matr 

Di rac-Kahler  equa t ion  f o r  the  l a t t i c e ,  

x .  We can in t roduce  the  gauge i n t e r a c t i o n  by 
3. 

making the  s u b s t i t u t i o n  A- + D', where D' a r e  the  gauge cova r i an t  de- 
Fi P lJ 

r i v a t i v e s .  Then, w i t h  the  gauge i n t e r a c t i o n ,  the m a t r i c i a l  Di rac-Kahler  

equat ion f o r  the  l a t t i c e  becomes 

We n o t i c e  t h a t  the  gauge cova r i an t  d e r i v a t i v e s  as r e f e r r e d  t o  above a r e  

we l l  de f ined  o n l y  i n  the  a d j o i n t  represen ta t ion14 ,  a n d  t h e i  r p rec i se  

geometr ica l  i n t e r p r e t a t i o n s  a r e  considered by Ara tyn  and ~ i m e r m a n ' ~ .  
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4.1 - Scalar  p roduc ts  and c u r r e n t s  

L e t  us cons ider  two general co- chains denoted as + and '2, re-  

s p e c t i v e l  y ,  

4 = 1 ~ ( x , H ) c ~ ' ~ -  
x,H 

and 

We w ish  t o  d e f i n e  a s c a l a r  p roduc t  between them i n  t h e  usualway, 

t h a t  i s ,  as a Loren tz  i n v a r i a n t  express ion  

as i n  t h e  continuum. I n  t h e  l a t t i c e  we cannot d e f i n e  the  s c a l a r  product  

as (64 v 2) A E because o f  t h e  n o n - l o c a l i t y  o f  the  C l i f f o r d  p r o d u c t .  

However, i t  can be w e l l  d e f i n e d  i f  we adopt  t h e  m a t r i x  r e p r e s e n t a t i o n  

d i r e c t l y  

(+.Z)O = 4 1 t r { ( B $ ) I l  E , (4.26) 
x  

where $ (x )  and ~ ( x )  a r e  t h e  m a t r i x  e q u i v a l e n t s  o f  t h e  co-chains 4 and 

2, r e s p e c t i v e l y ,  w i t h  
& = (ILÇP1234 

From t h i s  d e f i n i t i o n ,  we can see t h a t  t h e  s c a l a r  p roduc t  i s  sym- 

m e t r i c  i n  @ and 2, 

(+,Z),, = (Z,@), . (4.28) 

We w ish  t o  de f ine  a v e c t o r  p roduc t  (+, 211, i n  o r d e r  t o  o b t a i n  

a s imple express ion  f o r  the  conserved c u r r e n t .  N o t i c e  t h a t  i f  we use 

the  analogous express ion on t h e  l a t t i c e  ob ta ined  from t h e  continuurn, 
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we do not have the syrnmetry between the 4 and Z f i e l d s ,  due t o  the non 

loca l  i t y  o f  the C l i f f o r d  product. Also, the d i r e c t  use o f  the ma t r i x  

representation, as i n  the scalar  product (4.26), i s  not  useful  because 

we cannot show cur rent  conservation i n  a simple manner. 

A b e t t e r  way t o  def ine  the vector  product (@,Z) 1 would be such 

tha t  i t  were symnetric on the l a t t i c e  as we l l .  I n  the continuum, t h i s  

symmetry i s  a consequence o f  the e q u a l i t i e s  

(&"A +,z)o = (+,e' -' -i) O (4.29) 

and 

( e ' ~  +,Z) O = (+, c$' I\Z) O , (4.30) 

which g i ve  

(d v +,a 0 = (4, &' v Z) 0 . (4.31) 

Because o f  these, we can def ine  the vector  product i n  the con- 

tinuum as 

where the symmetry between 4 and Z f i e l d s  appears e x p l i c i t l y .  I n  the 

continuum, we have the equivalences 

and 

(see eq.(3.14)). On the l a t t i c e ,  we have 

and 
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I t  i s  the non l oca l  i t y  o f  the e x t e r i o r  product 8 A 4 t ha t  makes , 

eqs.(4.29) and (4.30) f a i l  on the l a t t i c e .  To co r rec t  them, we can use 

the t r a n s l a t i o n  operator T defined as 

which provides the equivalence 

and 

The symmetric vector  product ($,Z), can be def ined now as 

where the symmetry o f  + and Z f i e l d s  i s  evident. 

From the def i n i  t ion o f  the scal a r  produc (4.26), we have 

If we apply the operator  

t o  the l e f t  hand s ide o f  eq.(4.41) above, and a f t e r  some manipulations, 

we get  



Revista Brasileira de Física, Vol. 17, r19 3, 1987 

Now t h e  d e f i n i t i o n  o f  the  s c a l a r  p roduc t  and t h e  equivalentes 

y i e l d  

The e q u a l i t i e s  ( 4 . 3 9 )  a n d  ( 4 . 4 0 )  g i v e  

and t h e r e f o r e  
v v 

I (+ ,z ) ,  = ((1-'I)m,z), + cm, (A-v)z>,  . 
T h i s  i s  the  l a t t i c e  v e r s i o n  o f  the  Green's formula (3.51). 

1 
The Hodge s t a r  o p e r a t o r  on l a t t i c e  i s  d e f i n e d  b y  

where CH i s  t h e  cornplementary se t  o f  H, which i n  the f o u r  dirnensional 

space i s  

CX = H,\H = (12341 \ H  
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Then 

(e" J SE) = 2-&~ 

We can def ine  the cur rent  as 

j  = I j P ( x ) d * "  = *-'(m,z), 
2 

w i t h  components 

1 j"(z) = 6 t r { ~ & "  A $ ( ~ t e ' ) ]  X ( X )  + 

+ @+(r) [Y" A x (x+eU)]  3 . 
The divergence o f  t h i s  cur rent  i s  

o r ,  i n  terms o f  the Hodge s t a r  operator, 

The cur rent  i s  conserved i f f  

t ha t  i s ,  i f  the f i e l d s  @ and Z both s a t i s f y  the Dirac-Kahler equation, 

as shown by Green's formula ( 4 . 4 4 ) .  

5. CONCLUSION 

I n  the Dirac-Kahler formalism, the very hard task are rnathemat- 

i c a l  ca l cu la t i ons  which invo lve  C l  i f f o r d  products w i t h i n  d i  f f e r e n t i a l  

forms space. To avoid t h i s ,  the suggestion i s  t o  work w i t h  the ma t r i -  

c i a l  approach, which a c t u a l l y  s i m p l i f i e s  these ca icu la t ions ,  as we have 

shown i n  t h i s  paper. 
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One o f  t h e  main r e s u l t s  ob ta ined  i n  t h i s  p a p e r  i s  t h e  i n t r o -  

d u c t i o n  o f  the  e x t e r i o r  product  and c o n t r a c t i o n  d e f i n e d  on the m a t r i x  

space i n  analogy w i t h  these o p e r a t i o n s  d e f i n e d  on the  d i f f e r e n t i a l  form 

space. Through these o p e r a t i o n s  i t  i s  p o s s i b l e  t o  o b t a i n  a m a t r i c i a l  

Di rac-Kahler  equa t ion  on t h e  l a t t i c e .  

T h i s  work i s  an a t tempt  t o  show the  power fu lness  o f  the  m a t r i -  

c i a l  D i rac- Kah le r  formal ism and as such many m r e  d e v e l o p m e n t  s a r e  . 

needed i n  t h i s  d i r e c t i o n .  

REFERENCES 

1 .  P. Becher and H. Joos, Z. Phys ik  C15, 343 (1982). Th is  

re ference.  Any d i f f i c u l  

t h a t  a r e  n o t  presented 

i t  and t o  the  f o l l o w i n g  

P . B e c h e r  and H. Joos, 

R e a l i s t i c  Model o f  QCD, 

i s  the  bas ic  

t y  regard ing  n o t a t i o n s ,  d e f i n i t i o n s  and soon 

i n  t h i s  paper can be so lved  by r e f e r r i n g  t o  

On the  Geometric L a t t i c e  Approx imat ion t o  a 

DESY 82-088. 

P. Becher. The Di rac-Kahler  L a t t i c e  R e g u l a r i z a t i o n  o f  the Fermionic 

Degrees o f  Freedom, t a l  k g iven  a t  "The 7th John Hopkins Workshop on 

Cur ren t  Problems i n  High Energy P a r t i c l e  Theorytl, June 21-23,1983. 

M.Gockler and H. Joos, On K a h l e r ' s  Geometric D e s c r i p t i o n  o f  D i r a c  

F i e l d s ,  l e c t u r e  g iven  a t  t h e  1983 Cargese Sumrner School on "Progress 

i n  Gauge F i e l d s  Theory". 

2. W. Graf ,  Ann. I n s t .  Henr i  Poincarè A29, 85 (1978). 

3. I.M. Benn and R.W. Tucker, Comm. Math. Phys. 89, 341 (1983). 

4. J.M'. Rabin, Nucl .  Phys. B 201, 315 (1982). 

5. L.H. Karsten and L. Smit,  Nucl.  Phys. B 183, 103 (1981). 

6. K.G. Wilson, Phys. Rev. D 10, 2445 (1974); J.B. Kogut, Rev.Mod.Phys. 

55 ,  775 (1983). J .  Kogut and L. Susskind, Phys. Rev. DIZ, 399(1975). 

7. M. Creutz ,  Phys. Rev. D21, 2308 (1980); M. Creutz, L. Jacobs and C .  

Rebbi, Phys. Rep. 95, 201 (1983). 

8. A .  Salam and J .  St rathdee,  Phys. Rev. D l l ,  1521 (1975). A. Salamand 

J. St rathdee,  F o r t s c h r i t t e  der  Physik  26, 57 (1978). P. Fayet and 

S.Ferrara, Phys. Rep. 32, 249 (1977). P. van Niewwenhuizen, Phys. 

Rep. 68, 189 (1981). 



Revista Brasileira de Física, Vol. 17, nP 3, 1987 

9. A. P h i l l i p s ,  Ann. Phys. 161, 399 (1985). M. Luscher, Comm. Math. 

Phys. 85, 39 (1982). 

10. M. Goto, Formal ismo de Di rac-Kahler  e Modelo de Yang-Mi l ls  com Su- 

p e r s i m e t r i a  N=2 na Rede, d o c t o r a t e  t h e s i s  presented a t  I n s t i t u t o  de 

F í s i c a  Teór i ca ,  são Paulo, B r a s i l ,  1985. 

1 1 .  See, f o r  example, P. Ramond, FieLd Theory, Benjamin/Cumming, 1981, 

o r  any ReZat iv is t ic  FieZd Theory books. 

12. E. Kahler ,  Recondicont i  d i  Mat. 21, 425 (1962). 

13. T .  Nakano, Prog. Theor. Phys. 21, 241 (1959). 

14. G .  Mack, Nucl.  Phys. 8235, 197 (1984); H. Aratyn,  M. Goto, and A.H. 

Zimerman, I1  Nuovo Cimento A84, 255 (1984). 

15. H. Ara tyn  and A.H. Zimerman, Phys'. Rev. D33, 2999 (1986). 

Resumo 

Uma versão m a t r i c i a l  do formal ismo de Di rac-Kahler  6 a p r e s e n t a-  
da. Pode-se mostrar  que a versao m a t r i c i a l  i ) permi te  uma grande simpl i - 
f i c a d o  nos c á l c u l o s  comparado com a versão d i f e r e n c i a l  e que i i )  po r  uma 
escolha adequada de notaçao, pode ser  estendida para a rede, i n c l u s i v e  
com uma equação m a t r i c i a l  de Di rac-Kahlar .  


