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Abstract A spinor representat ion f o r  the K-S transformat ion i s  der ived 
by means o f  the Cartan spinor theory. 

INTRODUCTION 

I t  i s  we l l  known tha t  a regu la r i za t i on  o f  the Kepler motion i n  

the t r id imensional  space R3 i s  developed by using a simple mapping o f  a 

four-dimensional space R4 onto R ~ .  This simple mapping i s  known as the 

Kustaanheimo-Stiefel (K- S)  t ransformat ion' .  I n  R4, the equations o f  the 

Kepler motion are  l i n e a r  d i f f e r e n t i a l  equations w i  t h  c o n s t a n t  coef- 

f i c i e n t s  and remain completely regu lar  a t  the c e n t e r  o f  a t t r a c t  i o n .  

These are  equations o f  simple harmonic o s c i l l a t o r  motions. 

The K-S t ransformat ion i s  no t  a complete genera l iza t ion  o f  the 

two-dimensional ~ e v i - c i v i t a 2  transformation, but  on ly  a mapping o f  R' 

onto R3 having the desired behaviour i n  order t o  get  the regu la r i za t i on  

o f  the Kepler motion. 

I n  t h i s  paper we use the Cartan spinor ~ h e o r ~ ~  i n  order t o  get  

a spinor representat ion f o r  the K-S t ransformat ion and reduce the equa- 

t i ons  o f  the Kepler motion i n  a spinor d i f f e r e n t i a l  equation. 

1. THE KS TRANSFORMATION 

The K-S transformat ion re la tes  a vector  r (x, ,x2 ,o,) € R 3  t o  
-+ 

a vector  u E (u, ,u2,u3,u4) € by the fo l l ow ing  r e l a t i o n  

where A(;) i s  a 4x4 mat r ix  
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The main proper t  ies  o f  t h i s  t ransformat ion are: c01 umn o r  1 i ne 
T 

vectors  o f  A(u) a r e  orthogonal t o  each o ther ;  A ($)A@) = the 
3 

1 ength r o f  the posi t ion  vec tor  x € R3 i s  g iven by 

One t roub le  o f  t h i s  t ransformat ion i s  t ha t  i t  i s  no t  one t o  
-b 3 

one. If two vectors u and v E R' a re  re la ted  by 

vi = ul cos O - u 4  sen O v 2  = u2 cos cb + u 3  sen O 
(1.4) 

V, = ul sen O + U' cos O v 3  =-u2sencb + UJ C O S O  

w i t h  a r b i t r a r y  4, they a r e  mapped onto  the same vector  o f  R3. The image 

o f  a p o i n t  i n  R3 i s  a c i r c l e  o f  rad ius  i n  the parametric space 

R' . 
Kustaanheimo and S t i e fe l  showed t h a t  w i t h  R4 parametr izat ion 

we can analyse the map o f  a po lar ized R2 plane onto R ~ .  I f  two vectors 

8 and 3 a r e  any p a i r  o f  vectors of R2 they sa t is fy  the  fo l l ow ing  b i l i n e a r  

r e l a t i o n  

Thls R2 plane i s  conforma1 l y  mapped onto a plane o f  R3 and the 

mapping i s  a o f  Lev i - C iv i t a ' s  type: distances from o r i g i n  a r e  s q u a r e d  

and angles a t  the  o r i g i n  a re  doubled. A g iven po in t  i n  R2 has a po in t  

image i n  R3. The p o s i t i o n  vector  i n  R3 i s  g iven i n  a p a r t i c u l a r  or thog-  

onal basis, where the  vectors o f  t h i s  bas is  a r e  the  column elernents o f  

the Cayley mat r ix :  the well-known Cayley p a r a m e t r  i za t i o n  o f  the ro-  

ta t i ons  i n  the 3-dimensional space. 
3 -f 

I t  i s  important t o  note t h a t  i f  two  v e c t o r s  u and V E R' 
3 + -+ 3 

s a t i s f y  the  b i l  inear r e l a t i o n s  eq. (1.5), then A(u)v = A(V)U. 

These proper t ies  o f  the K-S t ransformat ion have one fundamen- 

t a l  r o l e  i n  the quantum appl i c a t i o n  o f  the K-S t ransformat ion i n  the 
3 3 

Coulomb problem: the operators associated t o  u and V a re  quantumcanoni- 

cal  conjugates and the operator  associated t o  the  b i l i n e a r  r e l a t i o n  de- 

termines a cons t ra in t  cond i t ion  i n  the determinat ion o f  the wave func- 
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t ion4. 

By using t h i s  transformation and a t ime transformationdo=dt/r, 

Kustaanheimo-Stiefel showed tha t  the equation o f  the  Kepler motion i n ~ ~  

can be w r i t t e n  i n  the form 

w i t h  w2 

ta t iona 

coef f i c 

o r i g i n  

=M/4ao, whereM i s  the product o f  t h e  m a s s  and t h e  grav i -  

constant and a, i s  a semi-major ax i s  o f  the o r b i t .  

The eqs. (1.6) are  1 inear d i f f e r e n t i a l  equat ions wi t h  constant 

ents. The image-point moves as i f  i t  were connected w i t h  t h e  

y an e l a s t i c  s t r i n g  o f  r i g i d i t y  , w2. I t s  path i s  a conical  sec- 

t i o n  centered a t  the o r i g i n .  

2. SPINOR REPRESENTATION FOR THE K S  TRANSFORMATION 

I n  order t o  get  a spinor representation f o r  the K-S transform- 

a t i o n  we introduce a nu1 1 four- vector xa i n  a Minkowski space with metr ic 
a 

(+I,-1 ,-1 , - I ) .  The components o f  x are 

By the Cartan theory o f  sp inor 3 we can associate t o  xa a 2 x 2  

complex ma t r i x  

o r  equivalent ly,  i n  a tensor form, 

1 c. 
T~~ = 2 '&B 

where the T~~ tensors are  
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and have the  fo l lowings proper t ies  

and 

a 
By eq. (2.2), the components o f  the four- vector  x are  

and the length  o f  xa i s  "given by the determinant o f  TAB wh i c h  i s  nu1 1 .  
a 

The four- vector  x i s  associated w i t h  a s ingu lar  mat r ix ,  hence by the  

Cartan spinor theory there  e x i s t  two complex (1 , l )  spinors $A and 
JiB 

such TAB = $ A $ ~ ,  where the bar means complex conjugate. Therefore we 

can w r i  t e  

and by eq. (2.2) , we have 

i a If the x components o f  the four- vector  x a re  the components 

o f  a vec tor  i n  R ~ ,  then we can i d e n t i f y  eq. (2.6) wi t h  the spinor trans- 

format ion o f  ~ustaanheimo'. 

I n  order  t o  get  the K-S t ransformat ion we make a l i n e a r  corre- 
+ 

spondence between a vector  u i n  the parametric space and the  complex 

spinor (1 , l )  qA. We de f i ne  our complex spinor + i n  terms o f  f ou r  rea l  
A 
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This correspondence i s  l i nea r  

and the length of  the  vector i s  equal t o  the square roo t  o f  the norm o f  

the associated spinor.  

By eq . (2.4) , we have 

which are the re la t i ons  between R3 and R' obtained by the K-S t r a n s-  

format ion. 

The f a c t  t ha t  the K-S transformat ion i s  not  one t o  one can be 

eas i l y  reproduced i n  the spinor space by a simple gauge transformation. 
3 3 

I n  f ac t ,  i f  two vectors u and v € R4 are  re la ted by eq.(1.41, the spinor 
3 

associated t o  u i s  given by 

3 
(2.10) 

The spinor gauge transformat ion $A+$A ei( shows tha t  the K-S trans- 

formation i s  not  one t o  one. 

We need t o  show tha t  wi t h  eq. (2.4) we can reproduce the map o f  

a po lar ized R' plane onto t h e R 3  and the mapping i s  o f  L e v i - C i v i t a ' s  

t Y  Pe 
3 -+ 

Let u and v be two orthogonal un i t- vectors  i n  R4 spann i n g  a 

plane R* through the o r i g i n  
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and bu i ld ing  a cartesian coordinate-system i n  R ~ .  They a l s o  sa t i s f y  

the b i l i n e a r  r e l a t i on  given by eq.(1.5) 

If w i s  the po la r i za t ion  angle, then t h i s  system o f  two 1 i- 
-% 

near equations i n  the components o f  v has i t s  so lu t ion i n  the form 

V 1  = U2C0s O + U3 sen o V, = ul cos w + 7.4, sen w 
(2.13) 

v 4  = -u2 senw +u, cosw V, = u ,  senw - u, cosw 

Consider a given po int  i n  having polar coordinates p and 

0 w i t h  respect t o  the basis (;,$I i n  R2. The vector representing t h i s  

po in t  i s  given by 

-% -% + 
p = p sen Ou + p cos 0 v  

+ 
By the correspondente i n  eq. (2.7) and eq. (2.8) the spinor $(p) 

-+ 
associated t o  p, i s  given by 

By using eqs. (2.4) and (2.13) we can see, a f t e r  some straighforward 

computation, tha t  the image o f  t h i s  po in t  i n  R3 i s  given by 

I x 3 j  

+ p2 COS w I sen 28 + p2 sen w I 2(u,u3 - u2u,)' 

I 
2 (u,u, + u,u,) 

-u2-u2+u2+u2 
1 2 3 4 2  

sen 20 

(2.15) 
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o r ,  i n  the Kustaanheimo-Stiefel abbreviat ion,  

$ = P2 [COS 28 a + [- cos w + C sen w l  sen 2e] (2.16) 

3 3 
The two vectors a and cos w + c sen w a re  orthogonal . This f o l  lows from 

the Cayley parametr izat ion o f  the ro ta t i ons  i n  the 3-dimensional space. 

As the x O  component i s  the length  o f  the image po in t  i n  R ~ ,  we have 

tha t  the mapping i s  o f  Lev i - C iv i t a ' s  type. 

We note tha t  the spinor t ransformat ion given by eq.(2.4) con- 
3 

t a i ns  a l so  the e igh t  s i g n i f i c a n t  rea l  sca lars  o f  the K-S theory. If u 
3 3 

and S are  two vectors i n  R~ and +(u) and +(v)  a re  the c o r r e s p o n d i  ng 

spinors i n  the sp ino r i a l  space, then by eq. (2.4) we can see tha t  Re(lço) 
3 -+ 

i s  the sca lar  product (u,v) and - lm(x0)  i s  the b i l  inear r e l a t i o n  given 
-+ 3 

i n  eq. (1.5) ; Re(;ci) a re  the f i r s t  th ree components o f  ~ ( u ) v  and lm(xi) 
3 + 

are  the three components o f  the skew-symnetric cross product uxv. 

With t h i s  f i n a l  v e r i f i c a t i o n  we can conclude tha t  w i t h a l i n e a r  

correspondence between a vector  i n  R' and a complex s p i  n o r  ( 1 ,I ) de- 

f ined i n  terms o f  f ou r  rea l  parameters by eq. (2.7), the K-S t r a n s -  

formations a re  completely described by the  spinor t ransformat ion given 

by eq. (2 .4) .  

Using t h i s  p a r t i c u l a r  spinor representat ion i n  eq.(1.6)wehave 

tha t  the four d i f f e r e n t i a l  equations f o r  the Kepler motion can be trans- 

formed i n t o  a two component spinor d i f f e r e n t i a l  equation 

where the dots means d i f f e r e n t i a t i o n  w i t h  respect a õ. 
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Resumo 

Deriva-se uma representação sp inor ia l  para a transformação K-S 
usando-se a t e o r i a  dos spinores de Cartan. 


